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2.1
Logistic Regression



Supervised Learning
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Supervised Learning
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» Learning: Estimate parameters w from training data {(z;, i) }¥,



Supervised Learning

Input Model Output

33—>fw—>y

» Learning: Estimate parameters w from training data {(z;, i) }¥,

» Inference: Make novel predictions: y = fw(x)



Regression

Input
m-’

» Mapping: fw : RY - R

Model

fw

Output

—» 143,52 €



Classification

Input Model Output

—p "Beach"

» Mapping: f,, : RV*H — {“Beach’,"No Beach’}

» Classification will be the topic of today



Logistic Regression
Conditional Maximum Likelihood Estimator for w: (log = natural logarithm)
N

Warp = argmax Y 108 podet (vi[xi, w)
i=1

» We now like to perform binary classification: y; € {0,1}
» How should we choose pioder (y|x, w) in this case?

» Answer: Bernoulli distribution

pmodel(y|xv W) = gy (1 - Q)(l_y)

with ¢ predicted by a model: § = fw(x)



Logistic Regression

We assumed a Bernoulli distribution

1.0
Pmodel (Z/|X, W) = :l)y (1 — g)(lfy) —— Sigmoid
0.8

with ¢ shorthand for § = fw(x).

0.6

a(x)

» But how to choose fw(x)?
0.4

» Requirement: fyw(x) € [0,1]
» Choose fw(x) = o(wx) 02
where ¢ is the sigmoid function:
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Logistic Regression
Putting it together:
N

Warr = argmax » 108 Podet (yilxi, W)
W=t

N
= argmax Z log [Qf” (1- g)i)(l_yi)]

w

=1
N
= argmin Y —y;log g — (1 — y;) log(1 — 5;)
v

Binary Cross Entropy Loss £(9:,y:)

» In ML, we use the more general term “loss function” rather than “error function”
» Interpretation: We minimize the dissimilarity between the empirical data
distribution pyasa (defined by the training set) and the model distribution p,,0qer
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Logistic Regression

Binary Cross Entropy Loss:

L(Gi,yi) = —yilog g — (1 — y;) log(1 — ;) e
—log(1—g;) ify; =0 ’

» Fory;, = 1theloss L is minimizedif g; = 1

» Fory; = 0theloss £is minimizedif g, =0

» Thus, £is minimalif g; = y; o0 o2 o400 o8 Lo

» Can be extended to > 2 classes
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Logistic Regression

A simple 1D example:

1 @ —o0—@ —@ o—
Positive Class
y
Negative Class
0 —0—@ 1@
-3 -2 -1 0 1 2 3 4 5

» Dataset X’ with positive (y; = 1) and negative (y; = 0) samples

Source: https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a 9
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Logistic Regression

A simple 1D example:

:
t

Probability
o o
g d

o
N
w

o
[=]
o
-
(]

» Logistic regressor fw(z) = o(wg + wyz) fit to dataset X

Source: https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a
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Logistic Regression

A simple 1D example:

Probability
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» Probabilities of classifier fi (x;) for positive samples (y; = 1)

Source: https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a
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Logistic Regression

A simple 1D example:

Probability
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» Probabilities of classifier fi (x;) for negative samples (y; = 0)

Source: https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a
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Logistic Regression

A simple 1D example:

Probability
o
g

» Putting both together

Source: https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a


https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a

Logistic Regression

A simple 1D example:

Classification

[ negative
I Positive

Probability
e o o v
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e
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» Let's get rid of the x axis

Source: https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a
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Logistic Regression

A simple 1D example:

Log Loss / Binary Cross-Entropy

I
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» And finally compute the negative logarithm: — log( fw(z:))

Source: https://towardsdatascience.com/understanding-binary-cross-entropy-log-loss-a-visual-explanation-a3ac6025181a
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Logistic Regression

Maximum Likelihood for Logistic Regression:

N
Warr = argmin Y —y;log i — (1 — y;) log(1 — 5;)

7
w ;
=1

Binary Cross Entropy Loss £(9:,y:)

1
1+e®

with § = fw(x) =0c(w'x) and o(z)=

How do we find the minimizer w?
» In contrast to linear regression, the loss L(y;, y;) is not quadratic in w
» We must apply iterative gradient-based optimization. The gradient is given by:

VwLl(@i,yi) = (i — yi)Xi

10



Logistic Regression

Gradient Descent:
» Pick step size n and tolerance e
» Initialize w°
» Repeatuntil [|v|| < e
> v=V.L(y,y) = Ei]\il VwL(3i,yi)
> witl = wt v
Variants:
» Line search (green)
» Conjugate gradients (red)
» |-BFGS




Logistic Regression

Examples with two-dimensional inputs (z;,75) € R%:

» Logistic regression model: fyw(z1,22) = o(wo + w1z + woxs)

1.0

0.0



Information Theory

Maximizing the Log-Likelihood is equivalent to
minimizing Cross Entropy or KL Divergence:

N
W)L = argmax Zlog Prmodel (Yi|Xi, W)

i=1

/

Log-Likelihood

= argmax E,, . [10g Pmoder(Y|x, W)]
w

= argmin :Epdata [10g Prmodet (y]x, W)]

W /

Cross Entropy H(pdata 7pmodel)

= a‘rgmin E’Pdata [].Og Pdata (Z/|X) - logpmodel (Z/|X, W)]
w

= argmin Dk, (pdata Hpmodel )
w

KL Divergence

KL Divergence Large

2 3
X

KL Divergence Small

ot




2.2
Computation Graphs



Logistic Regression

Maximum Likelihood for Logistic Regression:

N
Warr = argmin Y —y;log i — (1 — y;) log(1 — 5;)

W =1

Binary Cross Entropy Loss £(9:,y:)

with @ = fw(x) = U<WTX) and O'(l') = 1 +1e—x

» Minimization of a non-linear objective requires the calculation of gradients V,

» Luckily, in the above case the gradient is simple: Vw £(9s, i) = (9 — yi)Xi
» But this is not true for more complex models such as deep neural networks

» How can we efficiently compute gradients in the general case?



Computation Graphs

Key Idea:
» Decompose complex computations into sequence of atomic assignments
» We call this sequence of assignments a computation graph or source code
» The forward pass takes a training point (x, y) as input and computes a loss, e.g.:

L=— IOngodel(y|X, W)

> As we will see, gradients V£ can be computed using a backward pass

» Both, the forward pass and the backward pass are efficient due to the use of
dynamic programming, i.e., storing and reusing intermediate results

» This decomposition and reuse of computation is key to the success of the
backpropagation algorithm, the primary workhorse of deep learning



Computation Graphs

A computation graph has three kinds of nodes:

Input nodes
@ Parameter nodes
@ Compute nodes

Example: Linear Regression

(1) u=wzx
(2) 9 =wo+u
B) z=9-y
(4) L£=2?




Computation Graphs

A computation graph has three kinds of nodes:

Input nodes
@ Parameter nodes
@ Compute nodes

Example: Linear Regression

(1) g =wo+wiz



Computation Graphs

A computation graph has three kinds of nodes:

Input nodes
Parameter nodes
@ Compute nodes

Example: Linear Regression



Computation Graphs

A computation graph has three kinds of nodes:

Input nodes
Parameter nodes
@ Compute nodes

Example: Logistic Regression




Computation Graphs

A computation graph has three kinds of nodes:

Input nodes
Parameter nodes
@ Compute nodes

Example: Logistic Regression

\Q—>C>Q



Computation Graphs

A computation graph has three kinds of nodes:

Input nodes
Parameter nodes
@ Compute nodes

Example: Multi-Layer Perceptron
(1) h=0(Wx)

j =o(wyh)

(3) L=-ylogg—(1—y)log(l-17)

NN

/070—'.



2.3
Backpropagation



Backpropagation

Goal: Find gradients of negative log likelihood

N
vw Z - log Pmodel (yz ‘Xia W

=1
L(yi,xi,W)

or more generally of a loss function
N
VW[,(y,X,W) :vwz yuxza Zv [’ yl)xl) )
i=1

given a dataset X = {(x;, )}, with N elements. In the following, we consider the
computation of gradients wrt. a single data point: V£L(y;, x;, w). The gradient with
respect to the entire dataset X is obtained by summing up all individual gradients.



Chain Rule

Chain Rule:

Multivariate Chain Rule:

M .
@) o) = Y S o) oo o) = Z o

i=1

20
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Backpropagation

For now: no distinction between node types (input, parameter, compute)

Forward Pass:

. _ 2
(1) y =2 Loss: £ =2z

[ [
» »

21
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Backpropagation

For now: no distinction between node types (input, parameter, compute)

Forward Pass:
Loss: L = 22°

(1) y =2a?
(2) L=2
Backward Pass: % %
o L_0LOL_, ®—0—0
oy 0Ly orc or

» Red: back-propagated gradients » Blue: local gradients
21
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Backpropagation

For now: no distinction between node types (input, parameter, compute)

Forward Pass:

(1) y = a2 Loss: L = 22
(2) L=2
Backward Pass: g_;: g_z % %
o OL_0LOL ®—=0—0
oy  OLOy oL oL oL
x y
@) 0L _0Ldy _oc,

or  Oydxr Oy

» Red: back-propagated gradients » Blue: local gradients
21
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Backpropagation

For now: no distinction between node types (input, parameter, compute)

Forward Pass:

. _ 2
(1) y =2 Loss: £ =2z

Backward Pass:

4x 2
o L_OLOL_, ®=0—=0
4x 2 1

dy LDy
oL 0Ly oL

(1) or  Oydxr Oy .

» Red: back-propagated gradients » Blue: local gradients
21



Backpropagation: A more abstract Example

For now: no distinction between node types (input, parameter, compute)

Forward Pass:
Loss: L(y(x))

(1) y=yx)
(2) L£=L(y)
Backward Pass: oL oy oL oL
(')y ox oL By
o L _0LOL_or . ‘
8y T oL ay 8y ar
oL 0Ly oL

(1) or Oy oz

» Red: back-propagated gradients » Blue: local gradients
22



Backpropagation: Fan-Out > 1
Forward Pass: Loss: ﬁ(u( (7)), v(y(x)))
(1) y=y

(2)
(2) u=u(y)
(2) v=nu(y) / \
(3) L =L(u,v) ‘ _,.

23



Backpropagation: Fan-Out > 1
Forward Pass: Loss: L(u(y(z)), v(y(x)))

(1) y =yl
(2) u=u(y) ‘
(2) v =0(y)

(3) £=Lluw) '_>‘

Backward Pass:
g 0L _0LoL_oc
ou  OLOu  Ou ‘

23



Backpropagation: Fan-Out > 1
Forward Pass: Loss: L(u(y(z)), v(y(zx)

(1) y =y
(2) u(y)
(2) v =0 /
(3) L =L(u,v) —
Backward Pass: ‘ .\
oL oLoL oL
®) Gy~ oLou " au ‘

g 05 _0LOL o
v OLIv v

~—
~—

QJ|Q7

o

./|h
QJ

\

23



Backpropagation: Fan-Out > 1

Forward Pass: Loss: L(u(y(z)), v(y(x)))
(1) v =yl
(2) u=u(y) g%g_z:
@ v =) )
@3) L=C

“ @—@
Backward Pass:

g 05 _0LoL o
ou  OLOu  Ou
g 05 _0LOL o
v OLIv v
) 0L _0LDu LDy
dy  Oudy  0Ovdy

&

h ‘
@‘Qv
oI

SR
|

o
Q
S

23



Backpropagation: Fan-Out > 1

Forward Pass:

(1) vy =yz)
(2) u=u(y)
(2) v =0y
(3) L£=L(u,v)

Backward Pass:
g 0L _0LoL_oc
ou  OLOu  Ou
g 0L _PLOL_OC
v 9L Iv  Ov d ”
gy 0L _0LOu  OLBw 3y~ v) =7

23



Backpropagation: Fan-Out > 1

Forward Pass:

(1) y =yl
(2) u=u(y)
(2) v=nu(y)
(3) L£=L(u,v)

Backward Pass:
g 0L _PLoL ot
ou  OLOu  Ou
3 0L _0LOL oL
v 9L Iv  Ov
o) 0L _OLou_ OLov
dy  Oudy  0Ovdy

All incoming gradients must be summed up!

23



Backpropagation: Fan-Out > 1
Forward Pass:

(1) y =yl
(2) u=u(y)
(2) v=nu(y)
(3) L£=L(u,v)

Backward Pass:

g 05 _0LOL oL
ou 0L Ou  OJu

) 0L _0LOL o
ov 0L Ov ov

o OL_0Lou Lo
Jdy  Oudy  Ov 0y

) PL_oCoy
Jor Oy Ox

All incoming gradients must be summed up!

23



Backpropagation: Fan-Out > 1

Forward Pass: Implementation: Each variable/node is an object

1 —
L) v =4la) and has attributes x.value and x.grad. Values
(2) u=uly) are computed forward and gradients backward:
(2) v =1(y)
(3) L= L(u,v) x.value = Input
.value = .val

Backward Pass: y.value = y(x.value)

oL oLoL oL u.value = u(y.value)
®) ou OLOu  Bu v.value = v(y.value)

@ OL_0LOL_or
ov  OLOv  Ov
o OL_0L0u 0L0v

dy  Oudy Ovody
1) JE-0E%
Jxr Oy Ox

L.value = L(u.value,v.value)




Backpropagation: Fan-Out > 1

Forward Pass: Implementation: Each variable/node is an object

1 —
1)y =y) and has attributes x.value and x.grad. Values
(2) u=uly) are computed forward and gradients backward:
(2) v =0y
(3) £ =L(u,v) x.grad =y.grad =u.grad =v.grad =0
L. d=1
Backward Pass: e

- oL _oLoL aoc u.grad+=L.grad x (0L/0u)(u.value, v.value)
ou  OLOu  Ou v.grad+=L.grad x (OL/0v)(u.value,v.value)
oL oLoL oL

(3) 90 9L 0~ v y.grad+=u.grad * (Qu/Jy)(y.value)

) 0L _9LOu 0L y.grad+=v.grad * (Ov/0y)(y.value)
g% gz g??j v dy x.grad+=y.grad x (Qy/0x)(x.value)

(1) 9z 0y 0w

24



Backpropagation: Logistic Regression with 1D Inputs
Forward Pass:
(1) u=wy+wz

2) ¥ =o0(u)
(3) L= —ylogy—(1—y)log(l—7)

BCE(.)
Backward Pass: \
—0-0-0

&

Loss: £ = BCE(o(wo + wiz),y)

25



Backpropagation: Logistic Regression with 1D Inputs
Forward Pass:
(1) u=wy+wz

2) 9
(3) L= —ylogy—(1—y)log(l—7) -

hg Y
BCE(3.y)
Backward Pass: 2L —\‘
&—0—0—0
oL ?

oc :/'

Loss: £ = BCE(o(wo + wiz),y)
=o(u)

25



Backpropagation: Logistic Regression with 1D Inputs
Forward Pass:
(1) u=wy+wz

(2) 9 =0(u)
(3) ﬁz—ylogy—(l— y)log(1 —9) .

()
BCE(y,y) \
Backward Pass: \ OLIL
~ oL 8y
& 5 =55 uw—@—@—
oy 0Ldg  H(1—19)
dy

&

Loss: £ = BCE(o(wo + wiz),y)

25



Backpropagation: Logistic Regression with 1D Inputs
Forward Pass:

(1) u=wy+wzx

o(u)

= —ylogy — (1 —y)log(l —§)
BCE ()

(2) 9=
3) L

Backward Pass:

oL
Ol =

oL

@ 5,

_oLoL
~ac 8;1/

L9y _
0y ou

U=y
y(1—19)

oL
57— o(w)

Loss: £ = BCE(o(wo + wiz),y)

\ 9L ooy oLaoL
&L oL ay b
@) — @—

/ 5

T

25



Backpropagation: Logistic Regression with 1D Inputs

Forward Pass:
(1) u=wy+wz

(2) 9 =0(u)
(3) £=_ylogy— (1—y)log(l —9)
BCE(5.0)

Backward Pass:
(3) oL 0LOL  §—y
o] T oL 8y (1 —1g)
@) G =5 o= Sootu)i - ofw)
oL 0L Ou oL
dwy  Ou dwg ~ ou

Loss: £ = BCE(o(wo + wiz),y)

\ 9L ooy oLaoL
&L oL ay b
@) — @—

dy
Bw() OL du_
‘ Du dwg

T

25



Backpropagation: Logistic Regression with 1D Inputs

Forward Pass:
(1) u=wy+wz

(2) 9 =0(u)
(3) £=_ylogy— (1—y)log(l —9)
BCE(5.0)

Backward Pass:
(3) oL 0LOL  §—y
oy ~ oLay 9(1—9)
@) G =5 o= Sootu)i - ofw)
oL 0L Ou oL
dwy  Ou dwg ~ ou
oL 0L Ou 8£
Ow,  Oudw, 8u

Loss: £ = BCE(o(wo + wiz),y)

i Y
N\ N
dw gL oL 6[1

Ou 8w1 oL 8y
dy

Bw() A ou
‘ Ou Owg

25



Summary
» We can write mathematical

expressions as a computation graph
» Values are efficiently computed
forward, gradients backward

» Multiple incoming gradients are
summed up (multivariate chain rule)

» Modularity: Each node must only
‘know” how to compute gradients
wrt. its own arguments

» One fw/bw pass per data point:

N
Vwl(y, X, w) = > VwLl(yi,xi,w)
e ——

=1 Backpropagation

Compute Loss >
i NN
‘7.—’Q—'.
wo'

Compute Derivatives
<

26



Disclaimer: So far we discussed backpropagation
only for scalar values. In the next lecture, we will
discuss backpropagation with arrays and tensors.



2.4
Educational Framework



Simple Training Recipe

Gradient Descent with Backpropagation:
» Pick step size n and tolerance e
» Initialize w"
» Repeat until ||v]| < e
> Fori=1.N

» Forward Pass = L(§; = fw(x:), i)
» Backward Pass = VwL(%i,yi)

> Gradientv = 3" Vo L(4i, :)
» Update wit! = w! — v

Let us now implement this in Python code ..

29



Educational Framework

» 150 lines of Python-NumPy code that
implement a deep learning framework

» Allows us to understand the inner workings
of a deep learning framework in depth
» Variables are bound to objects

> Parents: x,y
» Values: value
» Gradients: grad

Wi .

David McAllester
TTI Chicago

» Nodes are implemented as classes:
> Input
» Parameter
» CompNode

30



Educational Framework

class Input:
def __init__(self):
pass

Computation Graph:
Input nodes
Parameter nodes
Compute nodes

def addgrad(self, delta):
pass

class Parameter:
def __init__(self,value):
self.value = DT(value)
Parameters.append(self)

def addgrad(self,delta):

Remark: Specific compute node classes SO 9= mp s, e = O
. . H H def UpdateParameters(self):
(e.g., Sigmoid) inherit from the abstract e v ing ratesselt . grad

base class CompNode.

class CompNode:
def addgrad(self, delta):
self.grad += delta

31



Educational Framework
Forward Pass:

T Y
w —(u —y — (L

Backward Pass:

Parameter Update:

N
witl — wt — "Z VwL(9i, i)
i=1

def Forward():
for ¢ in CompNodes: c.forward()

def Backward(loss):
for ¢ in CompNodes + Parameters:
c.grad = np.zeros(c.value.shape, dtype = DT)
loss.grad = np.ones(loss.value.shape)/len(loss.value)
for ¢ in CompNodes[::-1]:

c.backward ();

def UpdateParameters():
for p in Parameters: p.UpdateParameters ()

Remark: Forward () and Backward () compute the
forward/backward pass over the entire dataset.
Vectorization is more efficient than looping.
Parallel computing can be exploited on GPUs.

32



Educational Framework

Computation Node Sigmoid:
_ 1

Cl4e®

o'(z) = o(z)(1 - o())

o(x)

—— Sigmoid

0.0
-100 -75 -50 -25 00 25 50 75 100
x

class Sigmoid(CompNode) :
def __init__(self,x):
CompNodes .append (self)
self.x = x

def forward(self):
bounded = np.maximum(-10,np.minimum(10,self.x.value))

self.value = 1 / (1 + np.exp(-bounded))

def backward(self):
self .x.addgrad(self.grad * self.value * (1-self.value))

Remark: In the backward pass, the gradient is sent
to the parent node self.x.

33



Educational Framework
Execution Example:
» Load data X and labels y
» Initialize parameters w?

» Define computation graph
» For all iterations do
» Forward Pass
L(9i = fw(xi),ys)
» Backward Pass

VwL(9i,yi)

» Gradient Update

N ~
Wt+1 — Wt —n Zi:1 vWﬁ(yﬂ yl)

import edf

3

data loading

edf .clear_compgraph ()

x
y
x.
y.value = Load(labels)

3

= edf.Input()
= edf.Input()
value = Load(data)

initialization of parameters

params_1 = edf.AffineParams (nInputs,nHiddens)

params_2

#
h
P
L

#

edf .AffineParams (nHiddens ,nLabels)

definition of computation graph

edf .Sigmoid (edf.Affine (params_1, x))
edf .Softmax (edf.Affine (params_2, h))
edf .CrossEntropyLoss(p, y)

gradient descent

for i in range(iterations):

edf .Forward ()
edf .Backward (L)
edf .UpdateParameters ()

34



