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Visual microphone

https://people.csail.mit.edu/mrub/VisualMic/ 

https://people.csail.mit.edu/mrub/VisualMic/








What are we trying to achieve?
• Expand tools from 2D lattice-based image processing to more complex 

domains (sphere, 3D surfaces)


• We will have good success !


• Build in symmetries and regularities about the world into our solutions


• e.g. invariance to shifts, rotation, scale, 3D transformations


• With the hope that it helps when data is scarce


• The jury is still out on this one. 
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Geometric guarantees (equivariance)

CNN

Figures source: 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How can we find a steerable basis for a given transformation?

In following slides, we’ll see applications in Neural Nets!

https://github.com/QUVA-Lab/e2cnn


Steerability at a high level 
• Group of transformations G (e.g. 2D rotations SO2, (circular) shifts)


• For a given vector/signal/image/function 


• Discrete, finite, basis of outputs


• Can reconstitute the full group output


• If we are lucky (shifts), the basis is the same for all vectors


• Globally steerable


• Warning: tends to require some form of compactness



Steerability in orientation

Input

2 basis filters

Output

Filter at 
arbitrary 
orientation 

= a + b



Steerable Filters



Steerable Filters



Steerable Filters



Steerable Filters



Basis not always rotationally symmetric

https://visionbook.mit.edu/spatial_filter_sets.html 

https://visionbook.mit.edu/spatial_filter_sets.html


Steerable Bases: shift

< [cos θ −sin θ
sin θ cos θ ], [a

b] >

Express in  
(cos, sin) basis

Translation group acts 
via rotation of 
coefficients!
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More high level discussion
• Transformations (rotations, translations, etc.)  

and operators (e.g. filter, Laplacian)


• Various good properties: 


• Steerability for one vector  
(for each input vector, there exists discrete basis that gives output for full group) 


• Global steerability (same basis for all vectors)


• Even better : diagonal steerability (true for shifts but not SO3 rotations)


• Basis is orthogonal


• Equivariance : transformation commutes with operator  
(no notion of basis / representation)



Commutativity

• a b = b a 
• multiplication on scalars (yes!)  

matrices (usually no!)
• Connection to eigenbases
• If share the same eigenbasis, then commutative
• Diagonalization brings us back to scalars!
• But not a requirement

• A group where elements commute is called Abelian  
(another 19th century mathematician!)



Recipe for finding a (globally) steerable basis  
in which group action is “simple”

1. Find a linear operator such that…
1. …it commutes with the group action. This means that its 

eigenspace is unchanged under the group action.
2. …its eigenvectors are guaranteed to be a complete basis for the 

function space (it is self-adjoint).
2. Compute its Eigendecomposition.
3. The eigenfunctions then must form a steerable basis for the 

group transformation!



Step 1: Find a self-adjoint operator that 
commutes with translations.

Any convolution with a centered, symmetric kernel will do!

Laplace operator Gaussian Blur



Step 2: Compute its Eigenspectrum



Eigenfunctions



Eigenfunctions



Eigenfunctions



Eigenfunctions Eigenvalues

One “zero” eigenvalue

Then, pairs of equal 
eigenvalues



Eigenfunctions Eigenvalues

One “zero” eigenvalue

Then, pairs of equal 
eigenvalues



Eigenfunctions Eigenvalues

One “zero” eigenvalue

Then, pairs of equal 
eigenvalues

We just derived the Fourier Transform only from considering  
shifts of functions!



Recall: Circular Shift in Fourier Basis
ℱTℱ−1T



Recall: Circular Shifts in Fourier Basis
ℱTℱ−1

cos θ1 −sin θ1 0 0 0 0
sin θ1 cos θ1 0 0 0 0

0 0 cos θ2 −sin θ2 0 0
0 0 sin θ2 cos θ2 0 0
0 0 0 0 cos θ3 −sin θ3

0 0 0 0 sin θ3 cos θ3
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Recall: Circular Shifts in Fourier Basis
ℱTℱ−1

cos θ1 −sin θ1 0 0 0 0
sin θ1 cos θ1 0 0 0 0

0 0 cos θ2 −sin θ2 0 0
0 0 sin θ2 cos θ2 0 0
0 0 0 0 cos θ3 −sin θ3

0 0 0 0 sin θ3 cos θ3

Each 2x2 block of the shift operator only mixes coefficients  
that have the same eigenvalue!



Spherical 
harmonics



Something new!

Is there a rotation-steerable basis for these functions?
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Recipe for finding a steerable basis

1. Find a linear operator such that…
1. …it commutes with the group action. This means that its 

eigenspace is unchanged under the group action.
2. …its eigenvectors are guaranteed to be a complete basis for the 

function space (it is self-adjoint).
2. Compute its Eigendecomposition.
3. The eigenfunctions then form a steerable basis for the group 

transformation!



Cutting to the Chase:  
The Laplace-Beltrami Operator

Swiss Army Laplacian, Solomon, Crane and Vouga, https://www.cs.cmu.edu/~kmcrane/Projects/Other/SwissArmyLaplacian.pdf

(Δu)i ≈
1

2αi⏟
M

∑
j∈𝒩(i)

(cot αij + cot βij)(xi − xj)

C

user10024395 (https://math.stackexchange.com/users/139772/user10024395), How to intepret cotangent laplacian?, URL (version: 2017-11-09): https://math.stackexchange.com/q/2512014

L = MC

Equivalent of Laplacian on surfaces

On meshes: 

https://www.cs.cmu.edu/~kmcrane/Projects/Other/SwissArmyLaplacian.pdf


Eigenbasis of Laplace Beltrami on sphere ?

• Spherical harmonics !

Merci Laplace



The Spherical Harmonics
1. A Fourier Basis for functions on the sphere!
2. Rotation-steerable



Formulas
• Combination of complex exponentials and Legendre polynomials

https://mathworld.wolfram.com/SphericalHarmonic.html



Other visualization



Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 
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f(Rn) = [ℱ−1
S2 D(R) ℱS2 f ]](n)



Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 
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f(Rn) = [ℱ−1
S2 D(R) ℱS2 f ]](n)

Just as was the case for shifts and the Fourier Transform, each 
sub-block of the Wiegner-D matrix only mixes coefficients of the 

same eigenvalue (=frequency)



Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 

. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .

f(Rn) = [ℱ−1
S2 D(R) ℱS2 f ]](n)



Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 

. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .

f(Rn) = [ℱ−1
S2 D(R) ℱS2 f ]](n)



. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .

f(Rn) = [ℱ−1
S2 D(R) ℱS2 f ]](n)

Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 



. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .

f(Rn) = [ℱ−1
S2 D(R) ℱS2 f ]](n)

Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 



Also Spherical Harmonics are just very pretty :)

Mikhailov et al. High-Degree Models of the Earth’s Gravity Field: History of Development, Assessment of Prospects and Resolution. Seism. Instr. 57, 446–461 (2021).
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SH application: 
directional 
representation



Applications of Spherical Harmonics in Differentiable Rendering



Applications of Spherical Harmonics in Differentiable Rendering





Original NERF: no output directionality



Applications of Spherical Harmonics in Differentiable Rendering



Applications of Spherical Harmonics in Differentiable Rendering



Recap: NERF SH



They also distill NERF into a non-neural 
representation based on octrees



Applications of Spherical Harmonics in Differentiable Rendering



Applications of Spherical Harmonics in Differentiable Rendering



Interesting lessons

• Spherical harmonics are a nice representation of directional info 
• Reconstruct naturally into smooth functions
• They don’t directly reconstruct their octree representation
• The neural NERF intermediate step appears to help
• Neural networks appear to have good regularization



More recently: Gaussian splatting

• Also rely on spherical harmonics for directional information



2024: Gaussian Splatting
• Represent the scene as a collection of points with size:  

3D Gaussians (mean & covariance) + color & opacity
• Each 3D Gaussian stores a set of spherical harmonic 

coefficients for directional color
Kerbl, B., Kopanas, G., Leimkühler, T., & Drettakis, G. (2023). 3d gaussian splatting for real-time 
radiance field rendering. ACM Transactions on Graphics (ToG)

With per-Gaussian  
spherical harmonics



They go to degree 2







Alternatives: more local / canonical bases

• Geodesic sphere / subdivision of icosahedron
• Cube maps
• Very popular in graphics
• Easier to comprehend,
• But harder to get smooth reconstruction especially 

from low number of samples
• But cheap reconstruction (SH require you to 

evaluate and sum all basis functions to reconstruct 
for one direction)

• Traditional mapping to rectangle, spherical 
coordinates
• Very non-uniform and messy topology at poles 

• Less uniform, not steerable
• But to be fair, people don’t steer SH that often



Discussion
• Perhaps the one case where the spectral basis is used the most 

compared to the canonical one 
• Make its easier to get nice smooth reconstruction
• (The equivalent of Lanczos/bicubic is not easy)
• In general, the canonical representation is messy because the sphere 

doesn’t have a nice lattice like the square grid
• In practice, people usually use cube maps for high resolution and 

spherical harmonics for low resolution (because they reconstruct so 
smoothly) 



PSet 2 is out!
https://github.com/6-8300/pset-2/

Fourier Transform, steerable bases, steerable filters!



Geometric 
signal 
processing



Challenges of geometry processing

The domain is also the range!
With images, there is a clear separation between (x,y) 
2D domain and RGB/intensity range.  In images it’s all 
in (x,y,z)
Order of points is irrelevant/distraction



Extending signal processing to meshes
Start from Fourier’s original perspective (heat transfer / Laplacian)
Extend Laplacian to surfaces: Laplace-Beltrami
Define discrete equivalent for meshes: cotangent Laplacian

Use to define equivalents of convolution/smoothing
Use for PDEs
Compute eigenvectors for fun & profit

(Δu)i ≈
1

2αi⏟
M

∑
j∈𝒩(i)

(cot αij + cot βij)(xi − xj)

C

See e.g. https://ddg.cs.columbia.edu/SGP2014/LaplaceBeltrami.pdf 

https://ddg.cs.columbia.edu/SGP2014/LaplaceBeltrami.pdf




Benefits
Strong math underpinning
Invariance to discretization & parameterization

Mesh with 
irregular 
discretization

With “bad” smoothing, 
the amount of 
smoothing depends on 
discretization

Better smoothing



https://ddg.cs.columbia.edu/SGP2014/LaplaceBeltrami.pdf

https://ddg.cs.columbia.edu/SGP2014/LaplaceBeltrami.pdf




You can’t get everything you want from a discrete Laplacian
https://www.cs.columbia.edu/cg/pdfs/1180993110-laplacian.pdf

https://www.cs.columbia.edu/cg/pdfs/1180993110-laplacian.pdf


Functional 
maps



Similar approach works for correspondences  
on meshes - called “Functional Maps”



Eigenvectors as shape characterization

Regular Euclidean Fourier eigenbases are independent of the signal
But with geometry, domain and signal are conflated
Eigenvectors of Laplace Beltrami depend on the shape



Related to shape of a drum

Mark Kac, 1966, Lipman Bers, Schuster 
1882
The frequencies at which a drumhead can 
vibrate depend on its shape.
Inverse question: can the shape be 
predicted given the frequencies?
Answered in 1990s negatively by Carolyn S. 
Gordon, David Webb and Scott A. Wolpert.
 

https://en.wikipedia.org/wiki/Hearing_the_shape_of_a_drum 

https://en.wikipedia.org/wiki/Hearing_the_shape_of_a_drum


Eigenmodes and corresponding eigenvalues of the Laplace operator on the GWW 
domains

https://en.wikipedia.org/wiki/Hearing_the_shape_of_a_drum 

https://en.wikipedia.org/wiki/Hearing_the_shape_of_a_drum




Functional Maps for Shape-to-Shape Correspondence

Points on M0 to points on M

Points to 
points

[Ovsjanikov et al. 2012]Slide Credit: Justin Solomon



Functional Maps for Shape-to-Shape Correspondence

Functions on M to functions on M0

Functions to 
functions

[Ovsjanikov et al. 2012]Slide Credit: Justin Solomon



Functional Maps for Shape-to-Shape Correspondence

Matrix taking Laplace-Beltrami (Fourier) coefficients 
on M to coefficients on M0

[Ovsjanikov et al. 2012]

Functional map:

Slide Credit: Justin Solomon



Example Maps

Nearly identity:  

Not a mistake!

Adapted from slides by Q. Huang, V. Kim

Slide Credit: Justin Solomon



Functional Maps for Shape-to-Shape Correspondence

■Simple Algorithm
▪ Compute some geometric functions to be preserved:  A, B
▪ Solve in least-squares sense for C:  B = C A
■Additional Considerations
▪ Favor commutativity
▪ Favor orthonormality (if shapes are isometric)
▪ Efficiently getting point-to-point correspondences

Ovsjanikov’12Adapted from slides by Q. Huang, V. Kim

Slide Credit: Justin Solomon



Useful Survey
Slide Credit: Justin Solomon



Deep Functional Maps

“Deep functional maps: Structured prediction for dense shape correspondence” (Litany et al. 2017)

Many extensions:
• Incorporate commutativity
• Learn shape features
• Self-supervision

Slide Credit: Justin Solomon



Eigenvectors 
for extrinsic 
geometry



Intrinsic vs. Extrinsic geometry

Laplace Beltrami focuses on intrinsic 
geometry (observable by measurements 
purely on the 2D surface)
Extrinsic geometry refers to the 3D ambient 
space
Sometimes we car about extrinsic geometry

Same intrinsic geometry. 
Different extrinsic



Steklov geometry

Replace heat diffusion on surface to heat diffusion onside volume
Bring back to surface calculations (boundary elements)





Geometric 
Deep 
Learning



Challenges to extend CNNs to meshes / Points

No nice regular lattice domain
Domain and range are conflated 
Convolution not well defined
Point sets and triangle mesh encoded up to 
permutation



14

PointNet pioneered deep learning on point clouds.

MLP

MLP

MLP

MLP

MLP

MLP

N

3

N

K

Pool

PointNet: Deep Learning on Point Sets for 3D Classification and Segmentation. Charles R. Qi, Hao Su, Kaichun Mo, Leonidas J. Guibas

But each point is handled independently!


Plus global max pooling 



PointNet++

Sample subset of points
Build neighborhood (kNN or 
ball)
Compute permutation-
invariant MLP on neighbors 
(max pooling)
Build hierarchy 



PointNet++



Dynamic-Graph CNN

•Challenge: define equivalent of convolution 
operator and CNNs for point clouds
•Previous work (e.g. PointNet) just treats each 
point independently in a neighborhood (CNN on 
a single point plus max pooling)



Dynamic-Graph CNN

•Two main ideas
• general function on neighbors  
(takes xi and xj into account, not just xj)
•Recompute neighborhood (graph) at 
different scales based on previous 
features

Predates but is related to attention







Other approaches

Voxelize everything to get back to 
square lattice

Possibly add sparsity for efficiency
Possibly keep points inside voxel for fine 
details

Sparse voxel CNN, MinkovskiNet, VoxelNet

Hybrid point-voxels (PV-RCNN / PV-
RCNN++ ; SPVCNN / SPVConv)



Equivariant 
deep learning



Goal

Build in symmetries to make learning more efficient
e.g. shift invariance, rotation invariance
Also related to physics-informed deep learning
Form of inductive bias



Vocabulary discussion

Invariant as constant
Invariant as commutative
Equivariant / steerable



Most Slides Adapted From:

93

Erik Bekkers, Amsterdam Machine Learning Lab, University of Amsterdam 
This mini-course serves as a module with the UvA Master AI  
course Deep Learning 2 https://uvadl2c.github.io/ 

Group Equivariant Deep Learning

Has some of the most amazing material on group theory for a 
computer science audience!
Has some of the most amazing material on group theory for a 
computer science audience!

Go there for more complete/serious treatment

https://uvadl2c.github.io/


CNN

ℝH×W×3 ℝH×W×N

Image: Bernhard Kainz
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Fully Connected

Flattened Image

ℝH×W×3
ℝH⋅W⋅3 ℝH⋅W⋅N

ℝH×W×N

Image: Bernhard Kainz



Fully Connected
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Fully Connected

Flattened Image

ℝH×W×3
ℝH⋅W⋅3 ℝH⋅W⋅N

ℝH×W×N

Why is this a bad idea?

???

Image: Bernhard Kainz



CNN

ℝH×W×3 ℝH×W×N

Image: Bernhard Kainz



CNN

ℝH×W×3 ℝH×W×N

Image: Bernhard Kainz



CNN

ℝH×W×3 ℝH×W×N

CNN
Image: Bernhard Kainz



CNN

ℝH×W×3 ℝH×W×N

CNN

“Shift Equivariance”

Image: Bernhard Kainz



To be fancy: Group Representations

99

A representation  is a function from G to the general linear group 
.


That is  is a linear transformation that is parameterized by group elements 
 that transforms some vector  (e.g. an image) such that


ρ : G → GL(V)
GL(V)

ρ(g)
g ∈ G v ∈ V

ρ(g′￼) ∘ ρ(g)[v] = ρ(g′￼⋅ g) [v]
Slide credit: Erik Bekkers, University of Amsterdam
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Equivariance

100

Φ

Φ

ρX(g) ρY(g)ρY(g) ∘ Φ = Φ ∘ ρX(g)

Equivariance is a property of a function 
 (such as a neural network layer) 

by which it commutes with the group action:
Φ : X → Y

X Y

group representation action on X

Slide credit: Erik Bekkers, University of Amsterdam
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100

Φ

Φ

ρX(g) ρY(g)ρY(g) ∘ Φ = Φ ∘ ρX(g)

Equivariance is a property of a function 
 (such as a neural network layer) 

by which it commutes with the group action:
Φ : X → Y

X Y

group representation action on XA neural network layer is equivariant wrt to a group  if it 
commutes with the corresponding transformation

G

Slide credit: Erik Bekkers, University of Amsterdam



101

Invariance

Φ = Φ ∘ ρX(g)

Invariance is the special case where the 
action acting on output is identity:

Example: Convolution with rotation-
symmetric kernel is SO(2) invariant

Slide credit: Erik Bekkers, University of Amsterdam

Well at least that’s one definition  
of invariance :-( depends on context.  
See next slide
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action acting on output is identity:

Example: Convolution with rotation-
symmetric kernel is SO(2) invariant
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Vocabulary discussion

Invariant as constant
Invariant as commutative
Equivariant / steerable



Shift 
invariance in 
CNN?



Slide curtesy of Erik Bekkers from UVA Deep Learning II Course

CNNs are translation equivariant

Via convolutions
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Geometric guarantees (equivariance)

Slide curtesy of Erik Bekkers from UVA Deep Learning II Course

Mostly
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CNNs are translation equivariant

Via convolutions
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Geometric guarantees (equivariance)

Slide curtesy of Erik Bekkers from UVA Deep Learning II Course

Mostly



Slide curtesy of Erik Bekkers from UVA Deep Learning II Course

Actually not 100% shift in/equi-variant by construction

https://richzhang.github.io/antialiased-cnns/ 

The C in CNNs (convolution) is shift in/equi-variant. But NOT the pooling


Their idea: add band limited (blur) before pooling.


Helps when data is limited


But with enough training data the trained network can be

https://richzhang.github.io/antialiased-cnns/


Rotation 
equivariance



Slide curtesy of Erik Bekkers from UVA Deep Learning II Course107

Geometric guarantees (equivariance)

CNN

Figures source: 
https://github.com/QUVA-Lab/e2cnn

https://github.com/QUVA-Lab/e2cnn
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Geometric guarantees (equivariance)

CNN

..

CNNs are not rotation equivariant

Figures source: 
https://github.com/QUVA-Lab/e2cnn

https://github.com/QUVA-Lab/e2cnn
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Geometric guarantees (equivariance)

Equivariant NN

CNN

..

CNNs are not rotation equivariant

..

Figures source: 
https://github.com/QUVA-Lab/e2cnn

https://github.com/QUVA-Lab/e2cnn
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(k ⋆ℝ2 f )(x) = ∫ℝ2

k(x′￼− x)f(x′￼)dx′￼ = (ℒg k , f )𝕃2(ℝ2)

Representation of the translation group!

 
2D convolution kernel

k  
2D feature map

f in  
2D feature map (after ReLU)

f out

⋆ℝ2 =

Cross-correlations
Are convolutions with reflected conv kernels (and vice versa)

Slide credit: Erik Bekkers, University of Amsterdam
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Conventional convolutions do not  
commute with Rotations
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Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

Representation of the 
rotation group

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2)
(x) k , f )𝕃2(ℝ2)

ℒSO(2)→𝕃2(ℝ2)
g

Representation of the 
translation group

Slide credit: Erik Bekkers, University of Amsterdam



Conventional convolutions do not  
commute with Rotations

109

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

Representation of the 
rotation group

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2)
(x) k , f )𝕃2(ℝ2)

ℒSO(2)→𝕃2(ℝ2)
g

Representation of the 
translation group

Simple solution: just like we can make copies of the filter across 
2D spatial translations, can we make copies of the filter across 

rotations?

Slide credit: Erik Bekkers, University of Amsterdam



SE(2) equivariant cross-correlations
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(k ⋆̃ f )(x, θ) = (ℒSE(2)→𝕃2(ℝ2)
g k , f )𝕃2(ℝ2) = (ℒR2→𝕃2(ℝ2)

x ℒSO(2)→𝕃2(ℝ2)
θ k , f )𝕃2(ℝ2)

Representation of the roto-translation group!

translation rotation

Lifting correlations:

 
Rotated 2D convolution kernel

ℒSO(2)→𝕃2(ℝ2)
θ k  

2D feature map
f in  

3D (SE(2)) feature map (after ReLU)
f out

⋆ℝ2 =
θ

yx

k(R−1
θ (x′￼−x))

Slide credit: Erik Bekkers, University of Amsterdam
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Slide credit: Erik Bekkers, University of Amsterdam



Recap: Regular Group Convolutions
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(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=⋆ℝ2

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼ = ∫ℝ2

k(R−1
θ (x′￼−x))f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H = (ℒ(Rd,+)→𝕃2(ℝd)
x ℒH→𝕃2(ℝd)

h k , f )𝕃2(ℝd)

translation 
“template matching”

Rotated  
SE(2)

h

= ∫ℝ2

kθ(x′￼−x)f(x′￼)dx′￼

⋆̃
x

y

(after ReLU)

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2

Slide credit: Erik Bekkers, University of Amsterdam
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Recap: Regular Group Convolutions
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(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=⋆ℝ2

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼ = ∫ℝ2

k(R−1
θ (x′￼−x))f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H = (ℒ(Rd,+)→𝕃2(ℝd)
x ℒH→𝕃2(ℝd)

h k , f )𝕃2(ℝd)

translation 
“template matching”

Rotated  
SE(2)

h

= ∫ℝ2

kθ(x′￼−x)f(x′￼)dx′￼

⋆̃
x

y

(after ReLU)

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2

Problem: Cost grows linearly with the discretization of the group 
and combinatorially with the number of groups - if you want to be 

scale- and rotation-equivariant, you need to re-scale every rotation 
of every kernel etc…

Slide credit: Erik Bekkers, University of Amsterdam



Steerable basis to the rescue
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A vector  with (basis) functions  is steerable if


,


where  denotes the action of  on  and   is a representation of . 


I.e., we can transform all basis functions simply by taking a linear combination of the 
original basis functions.

Y(x) =
⋮

Yl(x)
⋮

∈ 𝕂L Yl ∈ 𝕃2(X)

∀g∈G : Y(g x) = ρ(g)Y(x)

g x G X ρ(g) ∈ 𝕂L×L G

Slide credit: Erik Bekkers, University of Amsterdam



 k(x | ŵ)        = ŵ†

......

 Y(x)

Lifting convolution with steerable kernel

  = (ρ(h)ŵ)† k(h−1 x | ŵ)

= tr ( ̂f(x) ŵ† ρ(h−1))
= tr ( ̂f out(x) ρ(h−1))

(k ⋆̃ f )(x,h)Group convolution ( ):G = ℝd ⋊ H

= ∫ℝd

(ρ(h)ŵ)†Y(x′￼−x)f(x′￼)dx′￼

 = (ρ(h) ŵ)† ∫ℝd

Y(x′￼−x)f(x′￼)dx′￼

 = (ρ(h) ŵ)† ̂fY(x)
Freeman, W. T., & Adelson, E. H. (1991). The design and 
use of steerable filters. IEEE Transactions on Pattern 
analysis and machine intelligence, 13(9), 891-906.

!

= ∫ℝd

k(h−1(x′￼−x) | ŵ)f(x′￼)dx′￼

Only need to store responses of bases filters in memory!

Slide credit: Erik Bekkers, University of Amsterdam
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planar rotation

periodic shift

Feature field and induced representation
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x

h

f(x, h)
Regular  feature maps:  considered so far can be considered feature fields.


           


G f(x, h)

(ℒg f )(x′￼, h′￼) = f(h−1(x′￼− x), h−1h)

fH(x) fH(x) = f(x, ⋅ )
Regular  feature fields: Let  be the field of functions  on the subgroup ,

then the functions (fibers) transform via the regular representation                   (  recall.      )


                 

H fH(x) = f(x, ⋅ ) fH(x) : H → ℝ H
ℒH

h ℒH
h f(h′￼) = f(h−1h′￼)

(ℒg f )(x′￼, h′￼) ⟺ (IndG
H[ ℒH

h ](x, h) fH)(x′￼)

̂f(x) ̂f(x) = ℱH[ fH(x)]
Steerable  feature fields: Since the fibers  are functions on  we can represent them via their Fourier 
coefficients . These vectors of coefficients transform via irreps 


                       

H fH(x) H
̂f(x) = ℱH[ fH(x)] ρ(h) = ⊕l ρl(h)

(ℒg f )(x′￼, h′￼) ⟺ (IndG
H[ ℒH

h ](x, h) ̂f)(x′￼) ⟺ (IndG
H[ ρ(h) ](x, h) ̂f)(x′￼)

Slide credit: Erik Bekkers, University of Amsterdam
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h
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Slide credit: Erik Bekkers, University of Amsterdam



Steerable group convolutions
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f in f out

̂f out̂f in

𝒦

𝒦̂

ℱH ℱH

Group convolution  𝒦[ f ](g) = ∫G
k(g−1g′￼)f(g)dx′￼dg

Normal convolution  


but with kernel  satisfying constraint


              

𝒦[ ̂f ](x) = ∫ℝd

k(x′￼− x)f(x′￼)dx′￼

k : ℝd → ℝdY×dX

∀h∈H ∀x∈ℝd : k(g x) = ρY(h)k(x)ρX(h−1)
Slide credit: Erik Bekkers, University of Amsterdam



Steerable group convolutions
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f in f out

̂f out̂f in

𝒦

𝒦̂

ℱH ℱH

Group convolution  𝒦[ f ](g) = ∫G
k(g−1g′￼)f(g)dx′￼dg

Normal convolution  


but with kernel  satisfying constraint


              

𝒦[ ̂f ](x) = ∫ℝd

k(x′￼− x)f(x′￼)dx′￼

k : ℝd → ℝdY×dX

∀h∈H ∀x∈ℝd : k(g x) = ρY(h)k(x)ρX(h−1)

https://github.com/QUVA-Lab/escnn 

https://github.com/QUVA-Lab/escnn


Applications in 3D Computer Vision



Applications in “2D Computer Vision”

2D shift-equivariance of CNNs and particular positional embeddings is 
useful: better generation, better img2img tasks… Nobody uses MLPs for 

image processing.

Other forms of equivariance have only found applications in niche fields. 
No mainstream neural net for image processing has any kind of hard-

coded equivariance AFAIK.

Why? For simple groups (like rotations etc), we can simply perform 
data augmentation…
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Also the world is full of biases

• The world is not that equivariant to rotations and even translation
• For example: 
• Gravity imposes directional structure
• The Ground imposes translational structure



At the end of the day 
• Shift invariance as captured by the C in CNNs is powerful to make deep 

learning scalable
• But strict shift invariance (in particular of pooling) may not matter
• Sherical harmonics are powerful directional representations especially 

for low-complexity (they reconstruct nice and smooth)
• Extension of Fourier to meshes/geometry has been powerful
• But more fancy versions of equivariance and representation theory 

haven’t panned out as effectively in my experience
• Except maybe special case of physics and data-scarce domains
• Although data augmentation is powerful there. 



The Bitter Lesson: Brute-Force tends to Win

General methods leveraging massive computation (like search and 
learning) consistently outperform human-crafted, task-specific 
systems, even though the latter feel clever initially. Examples: Chess, 
Go, Language Modeling. 

Geometric deep learning in vision is an example of this. Trying to 
manually build models that capture the incredible complexity of the 
real world is possibly futile; we may need to learn these rules from 
data.

How? We don’t know.



But Effective Brute Force takes method and 
intelligence 
• There are many versions of brute force  

and finding the one that works is not so easy
• Developing high performance solutions that allow us to scale up the force 

we deploy is not easy

• Some insights from clever solutions help refine brute force
• e.g. practical geometry processing & physically based rendering have 

been deeply impacted by mathematical analysis
• Casting CNNs and Deep learning in general in terms of linear algebra 

operators has greatly facilitated the development of high-performance 
implementations


