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Linear Image Processing: A Fundamental Toolbox for 
Image Editing & Understanding Edge Detection Blurring

Frequency Analysis Scale Spaces

What is this  
arrow?
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The Discrete Fourier Transform
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The Discrete Fourier Transform

• For each  we compute the dot-product between the discrete signal  
and the cosine and sine.

n x

• This is just a matrix-vector multiplication! 0 Freq
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Why do we care about the basis of our image 
space?

The coefficients of an image for different bases are a simple form of 
image representation, making some information about the image easily 

accessible (locality, spatial frequency, …) 

Some operations are simpler in a different basis, computationally more 
efficient, or easier to interpret.

Let’s look at some linear operators and discuss how they work in 
the pixel basis and the Fourier basis!



Motivation
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Something is up with shifts & the FT…

By understanding this better, maybe we can find efficient 
algorithms for convolutions, shifts, etc!
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CNNs are translation equivariant

Via convolutions
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Geometric guarantees (equivariance)

CNN

Figures source: 
https://github.com/QUVA-Lab/e2cnn
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Geometric guarantees (equivariance)

Equivariant NN

CNN

..

CNNs are not rotation equivariant

..

Figures source: 
https://github.com/QUVA-Lab/e2cnn

We need these tools to build NNs that generalize!

https://github.com/QUVA-Lab/e2cnn
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A critical piece of geometry is not the shape of things themselves, 
but rather, the functions defined on these shapes. 



Geometry is an integral part of human vision

Credit: Helmet and the Norwegian University of Science and Technology's Kavli Institute for Systems Neuroscience


A critical piece of geometry is not the shape of things themselves, 
but rather, the functions defined on these shapes. 

Like here, both the torus and the function defined on the torus  
are important.



“Symmetry” in everyday use

We usually call things “symmetric” 
when they remain unchanged under 

rotations or mirroring:  
rotation symmetry,  
reflection symmetry

Lots of things in nature are 
symmetric!



“Symmetry” in mathematics and Physics

In mathematics, a symmetry of an object (such as a space, function, or 
equation) is a transformation that preserves certain fundamental 

properties of the object, such as distance, angle, or structure.



“Symmetry” in mathematics and Physics

In mathematics, a symmetry of an object (such as a space, function, or 
equation) is a transformation that preserves certain fundamental 

properties of the object, such as distance, angle, or structure.

Have we encountered any symmetries so far?
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Circular Shifts preserve the Fourier Magnitude
Image Fourier Magnitudes



SE(3) transformations preserve distances (vector norms)
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Math Fundamentals: Basics of 
Group Theory



The abstract idea of a group.

19

A group  is a set of elements  equipped with a group operation , a 
function , that satisfies the following four axioms:


• Closure: Given two elements  and  of ,  is also in .


• Associativity: For   is associative, i.e., .


• Identity element: There exists an identity element  such that  for any .


• Inverse element: For each  there exists an inverse element  s.t. 
.

(G, ⋅ ) G ⋅
G × G → G

g h G g ⋅ h G

g, h, i ∈ G ⋅ g ⋅ (h ⋅ i) = (g ⋅ h) ⋅ i

e ∈ G e ⋅ g = g ⋅ e = g g ∈ G

g ∈ G g−1 ∈ G
g−1 ⋅ g = g ⋅ g−1 = e

Slide credit: Erik Bekkers, University of Amsterdam



Translation group (ℝ2, + )

20

The translation group consists of all possible translations in  and is equipped with the group 
operation of addition and group inverse:


   
 


with  and .

ℝ2

g ⋅ g′￼ = (x + x′￼)
g−1 = (−x)

g = (x), g′￼ = (x′￼) x, x′￼ ∈ ℝ2

translate by g
translate by g′￼

translate by g ⋅ g′￼

Slide credit: Erik Bekkers, University of Amsterdam



Roto-ranslation group SE(2)

21

2D Special Euclidean  
motion group

The group    consists of the coupled space  of translations vectors 
in , and rotations in  (or equivalently orientations in ), and is equipped with the group 
product and group inverse:


   
                                . 


with .

SE(2) = ℝ2 ⋊ SO(2) ℝ2 × S1

ℝ2 SO(2) S1

g ⋅ g′￼ = (x, Rθ) ⋅ (x′￼, Rθ′￼
) = (Rθx′￼+x, Rθ+θ′￼

)
g−1 = (−R−1

θ x, R−1
θ )

g = (x, Rθ), g′￼ = (x′￼, Rθ′￼
)

roto-translate by g roto-translate by g′￼

roto-translate by g ⋅ g′￼



Representations

22

A representation  is a function from G to the general linear group 
(all invertible matrices) .


That is  is a linear transformation that is parameterized by group elements 
 that transforms some vector  (e.g. an image) such that


ρ : G → GL(V)
GL(V)

ρ(g)
g ∈ G v ∈ V

ρ(g′￼) ∘ ρ(g)[v] = ρ(g′￼⋅ g) [v]
Slide credit: Erik Bekkers, University of Amsterdam
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A representation  is a function from G to the general linear group 
(all invertible matrices) .


That is  is a linear transformation that is parameterized by group elements 
 that transforms some vector  (e.g. an image) such that
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ρ(g−1) = [ρ(g)]−1



Representations
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A left-regular representation  is a representation that transforms functions  by 
transforming their domains via the inverse group action


ℒg f

ℒg[ f ](x) := f(g−1 ⋅ x)

Left-regular

“group action” equals 
group product when 
domain is G
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Group actions
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Group actions

24

Left regular representation (the action on )𝕃2(X)

ℒg f

Slide credit: Erik Bekkers, University of Amsterdam



Group actions
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Left regular representation (the action on )𝕃2(X)

x ∈ ℝ2

g ⊙ x
ℒg f

g ⊙ x

gf

gx

Group action (the action on )ℝd

Slide credit: Erik Bekkers, University of Amsterdam



Shifting a sine wave

sin(x − θ) = sin(g−1x)

This is how we might think 
about translation in 
“coordinate world”



Translating a sine wave in the Fourier Basis

< [cos θ −sin θ
sin θ cos θ ], [a

b], >

Express in  
(cos, sin) basis

Translation group acts 
via rotation of 
coefficients!



Translating a sine wave in the Fourier Basis

< [cos θ −sin θ
sin θ cos θ ], [a

b], >

Express in  
(cos, sin) basis

Translation group acts 
via rotation of 
coefficients!



Circular shifts “act on” functions  
by rotating their fourier coefficients

< [cos θ −sin θ
sin θ cos θ ] [a

b], [cos(x)
sin(x)] > = sin(x − θ)



The 2D rotation matrices are the left-regular 
group representations of the cyclical shift group

ℒg( f )(x) = f(g−1x)

< [cos θ −sin θ
sin θ cos θ ] [a

b], [cos(x)
sin(x)] > = sin(x − θ)



Shifting images

ℒg[ f(x)] = f(g−1x)



Steerable basis

30

A vector  with (basis) functions  is steerable if


,


where  denotes the action of  on  and   is a representation of . 


I.e., we can transform all basis functions simply by taking a linear combination of the 
original basis functions.

Y(x) =
⋮

Yl(x)
⋮

∈ 𝕂L Yl ∈ 𝕃2(X)

∀g∈G : Y(g x) = ρ(g)Y(x)

g x G X ρ(g) ∈ 𝕂L×L G

Slide credit: Erik Bekkers, University of Amsterdam



Translating a sine wave in the Fourier Basis

< [cos θ −sin θ
sin θ cos θ ], [a
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Express in  
(cos, sin) basis

Translation group acts 
via rotation of 
coefficients!



Translating a sine wave in the Fourier Basis

< [cos θ −sin θ
sin θ cos θ ], [a

b] >

Express in  
(cos, sin) basis

Translation group acts 
via rotation of 
coefficients!



......................

......................

=

1 0 0 0 0 0 0
0 cos θ1 −sin θ1 0 0 0 0
0 sin θ1 cos θ1 0 0 0 0
0 0 0 cos θ2 −sin θ2 0 0
0 0 0 sin θ2 cos θ2 0 0
0 0 0 0 0 cos θ3 −sin θ3

0 0 0 0 0 sin θ3 cos θ3

32

Y(α)ρ(−θ) =
L
⊕

l=−L
ρl(−θ)Y(α − θ)

Steering the Fourier Basis



1D Fourier Basis

Any(**) univariate function can be 
expressed as a weighted sum of 
sinusoids of different frequencies (1807)

Jean-Baptiste Joseph Fourier (1768-1830)

Example: series for a square wave
∞

∑
𝑘=1,3,5,…

1
𝑘

sin(𝑘𝑡)

Slide credit: S. Lazebnik, C. Rupprecht
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Let                                 


Then we can steer/shift this function by transforming the weights 





f(α | ŵ) = ŵ†Y(α)

ŵ

f(α − θ | ŵ) = f(α |ρ(θ)ŵ)

Proof:    

                                 

                                 

                                 

                                 


f(α − θ | ŵ) = ŵ†Y(α − θ)
= ŵ†ρ(−θ)Y(α)
= ŵ†ρ(θ)†Y(α)
= (ρ(θ)ŵ)†Y(α)
= f(α |ρ(θ)ŵ)

0 2ππ α

f(α |ρ(θ)ŵ)

1D Fourier Basis
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The Fourier Basis is the  
steerable basis for circular shifts

The Fourier Basis is a steerable basis for circular shifts where they 
become block-diagonal!

Why should you care?

Translations aren’t the only group of interest. You have already seen a 
number of others: SO(2), SO(3), SE(3)… 



1991



1991 More recently :)







Derives a basis for rotation-steerable 2D image filters!



Steerable Filters



Steerable Filters



Steerable Filters



Steerable Filters
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Geometric guarantees (equivariance)
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Equivariant NN

CNN

..

CNNs are not rotation equivariant
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Figures source: 
https://github.com/QUVA-Lab/e2cnn

In the next lecture, we’ll see applications in Neural Nets!

https://github.com/QUVA-Lab/e2cnn
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Geometric guarantees (equivariance)

Equivariant NN

CNN

..

CNNs are not rotation equivariant

..

Figures source: 
https://github.com/QUVA-Lab/e2cnn

How can we find a steerable basis for a given transformation?

In the next lecture, we’ll see applications in Neural Nets!

https://github.com/QUVA-Lab/e2cnn
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Recall: The Eigenvalue Problem

Recall the eigenvalue problem for matrices:

Av = λv .
Eigenvectors  are special vectors whose direction is preserved under the 

action of , though their magnitude may be scaled by the eigenvalue .
v

A λ

Now, what happens if  is replaced by a linear operator  that acts on 
functions? In this case, we look for eigenfunctions, which are functions that 
are preserved in shape, up to a scaling factor, under the action of . The 

eigenvalue  represents how the eigenfunction is scaled.

A L

L
λ
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The Spectrum of Self-Adjoint Operators

Let  be a linear operator on an inner product space , and let . 
Then we call  self-adjoint iff:

T V w, v ∈ V
T

< Tw, v > = < w, Tv > .
For a finite-dimensional , this is equivalent to  being hermitian, or in 

the real case, symmetric.
V T

Fact (special case of the spectral theorem): 
The eigenvectors of a self-adjoint operator form 

an orthogonal basis for the vector space .V

Let’s look at some examples!
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The Spectrum of Self-Adjoint Operators

Let  be a linear operator on an inner product space , and let . 
Then we call  self-adjoint iff:

For a finite-dimensional , this is equivalent to  being hermitian, or in 
the real case, symmetric.

The spectral theorem: 
The eigenvectors of a self-adjoint operator form 

a basis for the vector space .

T V w, v ∈ V
T

< Tw, v > = < w, Tv > .
V T

V
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Then we call  self-adjoint iff:

For a finite-dimensional , this is equivalent to  being hermitian, or in 
the real case, symmetric.

The spectral theorem: 
The eigenvectors of a self-adjoint operator form 

a basis for the vector space .

T V w, v ∈ V
T

< Tw, v > = < w, Tv > .
V T
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Linear Combinations of Eigenvectors  
with the same Eigenvalue

Let  be a set of Eigenvectors of a matrix   
with the same eigenvalue .

v1, . . . , vn A
λ

Consider a linear combination of :v1, . . . , vn

u = c1v1 + c2v2 + . . . + cnvn

Then we have:

Au = A(c1v1 + . . . + cnvn) = c1Av1 + . . . + cnAvn = c1λv1 + . . . + cnλvn = λu

Thus,  is also an eigenvector of . Hence,  spans a vector 
space, which we call an eigenspace. 

u A v1, . . . , vn
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Commuting Matrices

Assume two matrices commute: 
 

 

What can we say about their eigenvectors and eigenvalues?

Assume that  is an eigenvector of  with eigenvalue . Then: 
 

 
 

In other words,  is also an eigenvector of  with the same eigenvalue!

AB = BA

ϕ A λ

ABϕ = λBϕ .

Bϕ A



An operator that commutes with a group action
Assume a self-adjoint operator  and a group transformation  such 

that: 
 

 

Further assume that  is an eigenfunction of . Then: 
 

In words, the transformed eigenfunction is still part of the same  
eigenspace: Its eigenvalue did not change!

L T

LT = TL .

ϕ L

LTϕ = λTϕ
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Assume a self-adjoint operator  that commutes with a group transformation . Then: 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that means that they must be scalar multiples of each other:  for some 

For a degenerate eigenvalue , we know that the eigenvalue hasn’t changed. That means that 
 must be a linear combination of all the eigenfunctions that belong to that eigenvalue: 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An operator that commutes with a group action
Assume a self-adjoint operator  that commutes with a group transformation . Then: 

 

In words, the transformed eigenfunction is still part of the same eigenspace.

For a non-degenerate , since  and  are both eigenvectors of  with the same eigenvalue, 
that means that they must be scalar multiples of each other:  for some 

For a degenerate eigenvalue , we know that the eigenvalue hasn’t changed. That means that 
 must be a linear combination of all the eigenfunctions that belong to that eigenvalue: 

 

In other words,  must be a linear combination of other eigenfunctions in the same eigenspace!

L T

LTϕ = λTϕ

λ1 Tϕ ϕ L
Tϕ = aϕ a .

λ2
Tϕ

Tϕ = ∑
i

cijϕi

ϕ

This is exactly the steerability property!

Finally, b/c  is self-adjoint, we can express any function as a 
linear combination of its eigenvectors!
L



Recipe for finding a steerable basis in which 
group action is “simple”

1. Find a linear operator such that…
1. …it commutes with the group action. This means that its 

eigenspace is unchanged under the group action.
2. …its eigenvectors are guaranteed to be a complete basis for the 

function space (it is self-adjoint).
2. Compute its Eigendecomposition.
3. The eigenfunctions then must form a steerable basis for the 

group transformation!



Recipe for finding a steerable basis in which 
group action is “simple”

1. Find a linear operator such that…
1. …it commutes with the group action. This means that its 

eigenspace is unchanged under the group action.
2. …its eigenvectors are guaranteed to be a complete basis for the 

function space (it is self-adjoint).
2. Compute its Eigendecomposition.
3. The eigenfunctions then must form a steerable basis for the 

group transformation!

Let’s see if we can derive the Fourier Basis!!



Step 1: Find a self-adjoint operator that 
commutes with translations.

Any convolution with a centered, symmetric kernel will do!

Laplace operator Gaussian Blur



Step 2: Compute its Eigenspectrum
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One “zero” eigenvalue

Then, pairs of equal 
eigenvalues
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Eigenfunctions Eigenvalues

One “zero” eigenvalue

Then, pairs of equal 
eigenvalues

We just derived the Fourier Transform only from considering  
shifts of functions!
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Recall: Circular Shifts in Fourier Basis
ℱTℱ−1

cos θ1 −sin θ1 0 0 0 0
sin θ1 cos θ1 0 0 0 0

0 0 cos θ2 −sin θ2 0 0
0 0 sin θ2 cos θ2 0 0
0 0 0 0 cos θ3 −sin θ3

0 0 0 0 sin θ3 cos θ3

Each 2x2 block of the shift operator only mixes coefficients  
that have the same eigenvalue!



Something new!

We will use our new-found knowledge to derive a steerable basis that you 
may not yet be familiar with, but which has broad  

applications in vision, graphics, and beyond.
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Consider functions on the sphere - like here, the texture of the sphere 
(the map) or the temperature at every point on the sphere.
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Something new!

Is there a rotation-steerable basis for these functions?
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Recipe for finding a steerable basis

1. Find a linear operator such that…
1. …it commutes with the group action. This means that its 

eigenspace is unchanged under the group action.
2. …its eigenvectors are guaranteed to be a complete basis for the 

function space (it is self-adjoint).
2. Compute its Eigendecomposition.
3. The eigenfunctions then form a steerable basis for the group 

transformation!



Cutting to the Chase: The Laplace-Beltrami 
Operator

Swiss Army Laplacian, Solomon, Crane and Vouga, https://www.cs.cmu.edu/~kmcrane/Projects/Other/SwissArmyLaplacian.pdf

(Δu)i ≈
1

2αi⏟
M

∑
j∈𝒩(i)

(cot αij + cot βij)(xi − xj)

C

user10024395 (https://math.stackexchange.com/users/139772/user10024395), How to intepret cotangent laplacian?, URL (version: 2017-11-09): https://math.stackexchange.com/q/2512014

L = MC

https://www.cs.cmu.edu/~kmcrane/Projects/Other/SwissArmyLaplacian.pdf


The Spherical Harmonics

Link to Colab

1. A Fourier Basis for functions on the sphere!
2. Are they rotation-steerable…?

https://colab.research.google.com/drive/14b0AuTQMI4oEc2mVZsx9fR1x6fKAttle?usp=sharing


Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 
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S2 D(R) ℱS2 f ]](n)



Steering the spherical harmonics basis via the 
“Wigner-D Matrices” 

. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . .

f(Rn) = [ℱ−1
S2 D(R) ℱS2 f ]](n)

Just as was the case for shifts and the Fourier Transform, each 
sub-block of the Wiegner-D matrix only mixes coefficients of the 

same eigenvalue (=frequency)
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Applications of Spherical Harmonics in Differentiable Rendering



Also just very pretty :)

Mikhailov et al. High-Degree Models of the Earth’s Gravity Field: History of Development, Assessment of Prospects and Resolution. Seism. Instr. 57, 446–461 (2021).
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Similar approach works for correspondences  
on meshes - called “Functional Maps”



Functional Maps for Shape-to-Shape Correspondence

Points on M0 to points on M

Points to 
points

[Ovsjanikov et al. 2012]Slide Credit: Justin Solomon



Functional Maps for Shape-to-Shape Correspondence

Functions on M to functions on M0

Functions to 
functions

[Ovsjanikov et al. 2012]Slide Credit: Justin Solomon



Functional Maps for Shape-to-Shape Correspondence

Matrix taking Laplace-Beltrami (Fourier) coefficients 
on M to coefficients on M0

[Ovsjanikov et al. 2012]

Functional map:

Slide Credit: Justin Solomon



Example Maps

Nearly identity:  

Not a mistake!

Adapted from slides by Q. Huang, V. Kim

Slide Credit: Justin Solomon



Functional Maps for Shape-to-Shape Correspondence

■Simple Algorithm
▪ Compute some geometric functions to be preserved:  A, B
▪ Solve in least-squares sense for C:  B = C A
■Additional Considerations
▪ Favor commutativity
▪ Favor orthonormality (if shapes are isometric)
▪ Efficiently getting point-to-point correspondences

Ovsjanikov’12Adapted from slides by Q. Huang, V. Kim

Slide Credit: Justin Solomon



Useful Survey
Slide Credit: Justin Solomon



Deep Functional Maps

“Deep functional maps: Structured prediction for dense shape correspondence” (Litany et al. 2017)

Many extensions:
• Incorporate commutativity
• Learn shape features
• Self-supervision

Slide Credit: Justin Solomon



What about the group of Camera Transformations, SE(3)?
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World coordinates

t

Xw

Xc
R

X̃C = [R t
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The recipe still works! But everything gets more complicated. 
SE(3) is not compact, its matrix representations for functions over 

 are infinite-dimensional, and so is the steerable basis…ℝ3



Papers!



Real-World Transformations are 
difficult in observation space…

Neural Isometries

…but there must exist a latent 
space where they are simple
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Toy example: 2D Shifts!

How to parameterize the space of  
all maps between these images?



Toy example: 2D Shifts!

Express every pixel as weighted sum of pixels in other image.

Attention Map / 
“Functional Map”



Toy example: 2D Shifts!

Express every pixel as weighted sum of pixels in other image.

Attention Map / 
“Functional Map”



Toy example: 2D Shifts!

How to find the correct map?

Functional Map



Toy example: 2D Shifts!

How to find the correct map?

Functional Map

Assumption 1: Our transformations form a group. 
Assumption 2: Our group can be well-approximated by a compact group. 



Toy example: 2D Shifts!

How to find the correct map?

Functional Map

Assumption 1: Our transformations form a group. 
Assumption 2: Our group can be well-approximated by a compact group. 
Peter-Weyl Theorem: There exists a basis for images in which our  
transformations will be block-diagonal!



For shifts, you all know what function basis it is: The Fourier basis!

Functional Map

Learn Function Basis and Solve For Transformation in that 
Basis
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Toy example: Discovering the Fourier Transform



Toy example: Discovering the Fourier Transform

We jointly learned shift-equivariant basis functions (sines and 
cosines) and the shift operator purely by saying “find me a 
basis such that the transform is block-diagonal”



Toy example 2: Discovering the Spherical Harmonics

Data
OperatorLearned Eigenfunctions GT    : Spherical LaplacianLatent Map

NIso Outputs Reference



Latent Space is Equivariant to Learned Transformation!

[1] C. Deng, et. Al, “Vector Neurons: A General Framework for SO(3)-Equivariant 
Neural Networks”, ICCV 2021
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Performs on Par With Hand-Crafted Equivariant 
Architectures!

Homographic MNIST Conformal Shape Classification



Tommy Mitchel 
Collaborator and honorary 

group member

https://www.scenerepresentations.org/publications/niso/



Summary

• The Fourier Transform does not appear out of nowhere, it is the 
simplest example for a change-of-basis that makes a group 
transformation “simple”.

• Other groups also have steerable bases, although the transformations 
aren’t usually as simple as for the Fourier Basis.
• We talked about the spherical harmonics.
• In your homework, you will re-implement “steerable filters”

• The matrices that effect the group transformations in the steerable basis 
are called the “irreducible representations”. They are always block-
diagonal by virtue of “not mixing” the coefficients of eigenfunctions with 
different eigenvalues.
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