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Derives a basis for rotation-steerable 2D image filters!
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Recipe for finding a steerable basis in which 
group action is “simple”

1. Find a linear operator such that…
1. …it commutes with the group action. This means that its 

eigenspace is unchanged under the group action.
2. …its eigenvectors are guaranteed to be a complete basis for the 

function space (it is self-adjoint).
2. Compute its Eigendecomposition.
3. The eigenfunctions then must form a steerable basis for the 

group transformation!



Step 1: Find a self-adjoint operator that 
commutes with translations.

Any convolution with a centered, symmetric kernel will do!

Laplace operator Gaussian Blur



Step 2: Compute its Eigenspectrum



Eigenfunctions
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Eigenfunctions Eigenvalues

One “zero” eigenvalue

Then, pairs of equal 
eigenvalues



Eigenfunctions Eigenvalues

One “zero” eigenvalue

Then, pairs of equal 
eigenvalues



Eigenfunctions Eigenvalues

One “zero” eigenvalue

Then, pairs of equal 
eigenvalues

We just derived the Fourier Transform only from considering  
shifts of functions!



Something new!

Is there a rotation-steerable basis for these functions?
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Cutting to the Chase: The Laplace-Beltrami 
Operator

Swiss Army Laplacian, Solomon, Crane and Vouga, https://www.cs.cmu.edu/~kmcrane/Projects/Other/SwissArmyLaplacian.pdf

(Δu)i ≈
1

2αi⏟
M

∑
j∈𝒩(i)

(cot αij + cot βij)(xi − xj)

C

user10024395 (https://math.stackexchange.com/users/139772/user10024395), How to intepret cotangent laplacian?, URL (version: 2017-11-09): https://math.stackexchange.com/q/2512014

L = MC

https://www.cs.cmu.edu/~kmcrane/Projects/Other/SwissArmyLaplacian.pdf


The Spherical Harmonics
1. A Fourier Basis for functions on the sphere!
2. Are rotation-steerable



PSet 2 is out!
https://github.com/6-8300/pset-2/

Fourier Transform, steerable bases, steerable filters!



Most Slides Adapted From:

19

Erik Bekkers, Amsterdam Machine Learning Lab, University of Amsterdam 
This mini-course serves as a module with the UvA Master AI  
course Deep Learning 2 https://uvadl2c.github.io/ 

Group Equivariant Deep Learning

Has some of the most amazing material on group theory for a 
computer science audience!

https://uvadl2c.github.io/
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CNN

ℝH×W×3 ℝH×W×N

CNN
Image: Bernhard Kainz



CNN

ℝH×W×3 ℝH×W×N

CNN

“Shift Equivariance”

Image: Bernhard Kainz



Recall: Group Representations

25

A representation  is a function from G to the general linear group 
.


That is  is a linear transformation that is parameterized by group elements 
 that transforms some vector  (e.g. an image) such that


ρ : G → GL(V)
GL(V)

ρ(g)
g ∈ G v ∈ V

ρ(g′￼) ∘ ρ(g)[v] = ρ(g′￼⋅ g) [v]
Slide credit: Erik Bekkers, University of Amsterdam
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Equivariance

26

Φ

Φ

ρX(g) ρY(g)ρY(g) ∘ Φ = Φ ∘ ρX(g)

Equivariance is a property of a function 
 (such as a neural network layer) 

by which it commutes with the group action:
Φ : X → Y

X Y

group representation action on X

Slide credit: Erik Bekkers, University of Amsterdam
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Φ

Φ

ρX(g) ρY(g)ρY(g) ∘ Φ = Φ ∘ ρX(g)

Equivariance is a property of a function 
 (such as a neural network layer) 

by which it commutes with the group action:
Φ : X → Y

X Y

group representation action on XA neural network layer is equivariant wrt to a group  if it 
commutes with the corresponding transformation

G

Slide credit: Erik Bekkers, University of Amsterdam



27

Invariance

Φ = Φ ∘ ρX(g)

Invariance is the special case where the 
action acting on output is identity:

Example: Convolution with rotation-
symmetric kernel is SO(2) invariant
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Φ

Φ
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Slide curtesy of Erik Bekkers from UVA Deep Learning II Course

CNNs are translation equivariant

Via convolutions
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Geometric guarantees (equivariance)

CNN

Figures source: 
https://github.com/QUVA-Lab/e2cnn

https://github.com/QUVA-Lab/e2cnn
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..
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Geometric guarantees (equivariance)

Equivariant NN

CNN

..

CNNs are not rotation equivariant

..

Figures source: 
https://github.com/QUVA-Lab/e2cnn

https://github.com/QUVA-Lab/e2cnn


30

(k ⋆ℝ2 f )(x) = ∫ℝ2

k(x′￼− x)f(x′￼)dx′￼ = (ℒg k , f )𝕃2(ℝ2)

Representation of the translation group!
Cross-correlations

Are convolutions with reflected conv kernels (and vice versa)

Slide credit: Erik Bekkers, University of Amsterdam
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(k ⋆ℝ2 f )(x) = ∫ℝ2

k(x′￼− x)f(x′￼)dx′￼ = (ℒg k , f )𝕃2(ℝ2)

Representation of the translation group!

 
2D convolution kernel

k  
2D feature map

f in  
2D feature map (after ReLU)

f out

⋆ℝ2 =

Cross-correlations
Are convolutions with reflected conv kernels (and vice versa)

Slide credit: Erik Bekkers, University of Amsterdam



Equivariance

31

Φ

Φ

ℒℝ2→𝕃2(ℝ2)
(x) ℒℝ2→𝕃2(ℝ2)

(x)

Representation of the 
translation group

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2)
(x) k , f )𝕃2(ℝ2)

Convolutions/cross-correlations are translation equivariant

Slide credit: Erik Bekkers, University of Amsterdam



Conventional convolutions do not  
commute with Rotations

32

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

Representation of the 
rotation group

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2)
(x) k , f )𝕃2(ℝ2)

ℒSO(2)→𝕃2(ℝ2)
g

Representation of the 
translation group

Slide credit: Erik Bekkers, University of Amsterdam



Conventional convolutions do not  
commute with Rotations

32

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

Representation of the 
rotation group

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2)
(x) k , f )𝕃2(ℝ2)

ℒSO(2)→𝕃2(ℝ2)
g

Representation of the 
translation group

Simple solution: just like we can make copies of the filter across 
2D spatial translations, can we make copies of the filter across 

rotations?

Slide credit: Erik Bekkers, University of Amsterdam



SE(2) equivariant cross-correlations

33

(k ⋆̃ f )(x, θ) = (ℒSE(2)→𝕃2(ℝ2)
g k , f )𝕃2(ℝ2) = (ℒR2→𝕃2(ℝ2)

x ℒSO(2)→𝕃2(ℝ2)
θ k , f )𝕃2(ℝ2)

Representation of the roto-translation group!

translation rotation

Lifting correlations:

Slide credit: Erik Bekkers, University of Amsterdam
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Lifting correlations:

 
Rotated 2D convolution kernel

ℒSO(2)→𝕃2(ℝ2)
θ k  

2D feature map
f in  

3D (SE(2)) feature map (after ReLU)
f out

⋆ℝ2 =
θ

yx

k(R−1
θ (x′￼−x))

Slide credit: Erik Bekkers, University of Amsterdam
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Equivariance

34

SE(2) group lifting convolutions are roto-translation equivariant

planar rotation

periodic shift

planar rotation

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

ℒSO(2)→𝕃2(SE(2))
θ

(k ⋆̃ f )(x, θ) = (ℒR2→𝕃2(ℝ2)
x ℒSO(2)→𝕃2(ℝ2)

θ k , f )𝕃2(ℝ2)

Slide credit: Erik Bekkers, University of Amsterdam
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Φ

Φ
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θ
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θ
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Equivariance

34

SE(2) group lifting convolutions are roto-translation equivariant

planar rotation

periodic shift

planar rotation

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

ℒSO(2)→𝕃2(SE(2))
θ

(k ⋆̃ f )(x, θ) = (ℒR2→𝕃2(ℝ2)
x ℒSO(2)→𝕃2(ℝ2)

θ k , f )𝕃2(ℝ2)

What about 
subsequent layers?

Slide credit: Erik Bekkers, University of Amsterdam
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translation rotation

Group correlations:
k(R−1

θ (x′￼−x),Rθ′￼−θ)
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Equivariance
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SE(2) group convolutions are roto-translation equivariant

Φ

Φ

ℒSO(2)→𝕃2(SE(2))
θ

(k ⋆ f )(x, θ) = (ℒℝ2→𝕃2(SE(2))
x ℒSO(2)→𝕃2(SE(2))

θ k , f )𝕃2(SE(2))

ℒSO(2)→𝕃2(SE(2))
θ

Slide credit: Erik Bekkers, University of Amsterdam
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Φ

ℒℝ2→𝕃2(ℝ2)
g ℒℝ2→𝕃2(ℝ2)

g

2D cross-correlation (translation equivariant)

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2))
x k, f )𝕃2(ℝ2)

= ∫ℝ2

k(x′￼− x)f(x′￼)dx′￼

Slide credit: Erik Bekkers, University of Amsterdam
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Φ

ℒℝ2→𝕃2(ℝ2)
g ℒℝ2→𝕃2(ℝ2)

g

2D cross-correlation (translation equivariant)

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2))
x k, f )𝕃2(ℝ2)

= ∫ℝ2

k(x′￼− x)f(x′￼)dx′￼

Φ

plan
plan

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

ℒSO(2)→𝕃2(SE(2))
θ

SE(2) lifting correlations (roto-translation equivariant)

(k ⋆̃ f )(x, θ) = (ℒSE(2)→𝕃2(ℝ2)
g k , f )𝕃2(ℝ2)

= ∫ℝ2

k(R−1
θ (x′￼− x))f(x′￼)dx′￼

Slide credit: Erik Bekkers, University of Amsterdam
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Φ
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plan

Φ

ℒSO(2)→𝕃2(ℝ2)
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θ

SE(2) lifting correlations (roto-translation equivariant)

(k ⋆̃ f )(x, θ) = (ℒSE(2)→𝕃2(ℝ2)
g k , f )𝕃2(ℝ2)

= ∫ℝ2

k(R−1
θ (x′￼− x))f(x′￼)dx′￼

SE(2) G-correlations (roto-translation equivariant)

(k ⋆̃ f )(x, θ) = (ℒSE(2)→𝕃2(SE(2))
g k , f )𝕃2(SE(2)

= ∫ℝ2 ∫S1

k(R−1
θ (x′￼− x), θ′￼− θ mod 2π)f(x′￼, θ′￼)dx′￼dθ′￼

Φ

Φ

ℒSO(2)→𝕃2(SE(2))
θℒSO(2)→𝕃2(SE(2))

θ

Slide credit: Erik Bekkers, University of Amsterdam



Recap: Regular Group Convolutions

38

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)
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Problem: Cost grows linearly with the discretization of the group 
and combinatorially with the number of groups - if you want to be 

scale- and rotation-equivariant, you need to re-scale every rotation 
of every kernel etc…

Slide credit: Erik Bekkers, University of Amsterdam
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Recall: Steerable basis

40

A vector  with (basis) functions  is steerable if


,


where  denotes the action of  on  and   is a representation of . 


I.e., we can transform all basis functions simply by taking a linear combination of the 
original basis functions.

Y(x) =
⋮

Yl(x)
⋮

∈ 𝕂L Yl ∈ 𝕃2(X)

∀g∈G : Y(g x) = ρ(g)Y(x)

g x G X ρ(g) ∈ 𝕂L×L G

Slide credit: Erik Bekkers, University of Amsterdam



......................

......................

1 0 0 0 0 0 0..
0 cos θ sin θ 0 0 0 0..
0 −sin θ cos θ 0 0 0 0..
0 0 0 cos 2θ sin 2θ 0 0..
0 0 0 −sin 2θ cos 2θ 0 0..

0 0 0 0 cos 3θ sin 3θ..
0 0 0 0 −sin 3θ cos 3θ

41

Y(x)Y(R−1
θ x)

=

ρ(R−1
θ )=

Circular Harmonics: Rotation-Steerable Functions
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• Consider polar-separable convolution kernel:


,


• with  in an  steerable basis, and  in some radial basis:


,          e.g., with          ,





• Then we may as well write it as





                        (“absorb” weights)


                                       with radius dependent weights 


• Then such kernel is clearly rotation steerable!


k(x |w) = k→(r |w) k↺(α |w)

k↺ SO(2) k→

k↺(α |w) = ∑
l

wlYl(α) Yl(α) = ei l α

k→(r |w) = ∑
m

wmϕm(r)

k(x |w) = ∑
l

∑
m

wmwl ϕm(r) Yl(α)

= ∑
l

∑
m

wml ϕm(r) Yl(α)

= ∑
l

ŵ(r) Yl(α) ŵl(r) = ∑
m

wml ϕm(r)

k(R−1
θ x | ŵ(r)) = k(x |ρ(θ)†ŵ(r))

42

Two dimensional rotation-steerable functions

↺α

→r

l

Re[Yl(α)]

ϕm(r)

m

r

(circular harmonics)

(B-splines)

Slide credit: Erik Bekkers, University of Amsterdam
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42

Two dimensional rotation-steerable functions

↺α

→r

l

Re[Yl(α)]

ϕm(r)

m

r

(circular harmonics)

(B-splines)

Slide credit: Erik Bekkers, University of Amsterdam



Lifting convolution with steerable kernel

= tr ( ̂f(x) ŵ† ρ(h−1))
= tr ( ̂f out(x) ρ(h−1))

(k ⋆̃ f )(x,h)Group convolution ( ):G = ℝd ⋊ H = ∫ℝd

k(h−1(x′￼−x) | ŵ)f(x′￼)dx′￼

Slide credit: Erik Bekkers, University of Amsterdam



 k(x | ŵ)        = ŵ†

......

 Y(x)

Lifting convolution with steerable kernel
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 k(x | ŵ)        = ŵ†
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 = (ρ(h) ŵ)† ̂fY(x)
Freeman, W. T., & Adelson, E. H. (1991). The design and 
use of steerable filters. IEEE Transactions on Pattern 
analysis and machine intelligence, 13(9), 891-906.

!

= ∫ℝd

k(h−1(x′￼x) | ŵ)f(x′￼￼
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analysis and machine intelligence, 13(9), 891-906.

!

= ∫ℝd

k(h−1(x′￼x) | ŵ)f(x′￼￼

Only need to store responses of bases filters in memory!
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Lifting convolution with steerable kernel

44

(k ⋆̃ f )(x, θ)Group convolution ( ):G = ℝd ⋊ H
(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2

= (ρ(Rθ)ŵ)† ̂fY(x)

Slightly awkward: Need to “keep track” of   
to get response for a particular orientation….

ŵ
Slide credit: Erik Bekkers, University of Amsterdam
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!
 = tr( ̂fY(x) ŵ† ρ(h−1) )    and   aT b = tr(b aT) ρ(h)† = ρ(h−1)
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= tr ( ̂f(x) ŵ† ρ(h−1))
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The coefficients  can be absorbed into the features.  
The features for a particular pixel location can then be interpreted 
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ŵ
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Point-wise -Fourier transformH

Regular group convolution
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f (l)

Regular group convolutions: 
Domain expanded feature maps

Steerable group convolutions: 
Co-domain expanded feature 
maps (feature fields)

f (l) : ℝd × H → ℝ

̂f (l) : ℝd→VH

added axis

vector field instead of scalar field 
(vectors in  transform via group  representations)VH H
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We call  a feature vector field, or simply a feature field, if its


codomain   transforms via a representation                     of  

domain       transforms via the action                                of 


Representation  defines the type of the field, and together with the group action of  defines the 
induced representation


                                                    

̂f : ℝd → ℝdρ

ρ(h) H
g−1 G = (ℝd, + ) ⋊ H

ρ G = (ℝd, + ) ⋊ H

(IndG
H[ρ](x, h) ̂f)(x′￼) := ρ(h) ̂f(h−1(x′￼− x))

Figure adapted from: Weiler, M., & Cesa, G. (2019). 
General e (2)-equivariant steerable cnns. NeurIPS 
See also https://github.com/QUVA-Lab/e2cnn 

g

s
1 ⋅ s

Scalar field (  )ρ(h) = 1

g

v
ρ(h) v

vector field

Slide credit: Erik Bekkers, University of Amsterdam

https://github.com/QUVA-Lab/e2cnn


Feature field and induced representation

49

x

h

f(x, h)
Regular  feature maps:  considered so far can be considered feature fields.
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(ℒg f )(x′￼, h′￼) = f(h−1(x′￼− x), h−1h)
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̂f(x) ̂f(x) = ℱH[ fH(x)]
Steerable  feature fields: Since the fibers  are functions on  we can represent them via their Fourier 
coefficients . These vectors of coefficients transform via irreps 


                       

H fH(x) H
̂f(x) = ℱH[ fH(x)] ρ(h) = ⊕l ρl(h)

(ℒg f )(x′￼, h′￼) ⟺ (IndG
H[ ℒH

h ](x, h) ̂f)(x′￼) ⟺ (IndG
H[ ρ(h) ](x, h) ̂f)(x′￼)
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f in f out

̂f out̂f in

𝒦

𝒦̂

ℱH ℱH

IndG
H[ρX](g) ̂f in

𝒦̂

IndG
H[ρX](g)

IndG
H[ρY](g) ̂f out

IndG
H[ρY](g−1)

If  is linear 


 


and equivariant

 


Then it is a normal convolution


 


but with kernel  satisfying constraint


              

𝒦

𝒦[ ̂f ](x) = ∫ℝd

k(x, x′￼) ̂f(x′￼)dx′￼

𝒦[IndG
H[ρX](g) ̂f ] = IndG

H[ρY](g) 𝒦[ ̂f ]

𝒦[ ̂f ](x) = ∫ℝd

k(x′￼− x)f(x′￼)dx′￼

k : ℝd → ℝdY×dX
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Problem: The -steerability constraint!    [1,2]G

[1] Maurice Weiler, Mario Geiger, Max Welling, Wouter Boomsma, and Taco S. Cohen. 3D steerable CNNs: Learning rotationally equivariant features in volumetric data. In Conference on Neural Information Processing Systems (NeurIPS), 2018a.

[2] Cesa, G., Lang, L., & Weiler, M. (2021, September). A Program to Build E (N)-Equivariant Steerable CNNs. In International Conference on Learning Representations.

Solution: Expand kernel in steerable basis
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Getting neural nets that are 
provably robust to 3D 
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that…
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Toy example: 2D Shifts!

How to find the correct map?

Functional Map

Assumption 1: Our transformations form a group. 
Assumption 2: Our group can be well-approximated by a compact group. 
Peter-Weyl Theorem: There exists a basis for images in which our  
transformations will be block-diagonal!



For shifts, you all know what function basis it is: The Fourier basis!

Functional Map

Learn Function Basis and Solve For Transformation in that 
Basis
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Toy example: Discovering the Fourier Transform



Toy example: Discovering the Fourier Transform

We jointly learned shift-equivariant basis functions (sines and 
cosines) and the shift operator purely by saying “find me a 
basis such that the transform is block-diagonal”



Toy example 2: Discovering the Spherical Harmonics

Data
OperatorLearned Eigenfunctions GT    : Spherical LaplacianLatent Map

NIso Outputs Reference



Latent Space is Equivariant to Learned Transformation!

We use a modified version of Vector 
Neurons [1], which are SO(3) equivariant, 

but can be modified for our purposes! 

[1] C. Deng, et. Al, “Vector Neurons: A General Framework for SO(3)-Equivariant 
Neural Networks”, ICCV 2021
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Performs on Par With Hand-Crafted Equivariant 
Architectures!

Homographic MNIST Conformal Shape Classification

Still only works on relatively simple image  
transformations (homographies etc).  

Still far from solving the general 3D problem.



Summary

• Have learned a framework for understanding how to build neural 
networks that are provably robust to geometric transformations
• Discussed two alternatives: in the “pixel domain” (regular group 

convolutions) and in the “fourier domain” (steerable convolutions)
• Discussed challenges: in computer vision, we are regularly interested in 

3D transformations manifesting in 2D images. That doesn’t fit into 
existing frameworks of equivariant machine learning.
• Discussed a (budding) new research direction: “Symmetry Discovery”: 

Can we learn latent spaces that are approximately equivariant to 
complicated, unknown group transformations?


