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The curse of dimensionality

Things get weird in higher dimensions 

• Numerical instability


• Increased variance (see bias-variance tradeoff)


• Distance functions



Ways to mitigate the CoD

• Regularization (e.g., ridge regression)


• Feature selection (pick only some columns of X)


• Dimensionality reduction - unsupervised (usually)



Goals of dimensionality reduction
• Have fewer features 


• Speed things up


• Reduce variance


• Better numerical stability


• Keep “important” information


• Visualize  things (e.g., in 2 or 3 dimensions)


• Anomaly detection (find data that is unusual)



“Important” information?

Many choices


• Euclidean distances


• Inner product distances


• Correlations with target variable


• Etc 



Naive dimensionality reduction
Throw out some features
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PCA

Goal: Find the k-dimensional 
subspace that minimizes the 
projection error

Projection of x onto unit 
vector v:

Subspace

Projection of x

x

Basic idea: if data lies in a subspace, there are 
redundant dimensions (i.e., the data looks flat)



PCA

Subspace

x

Projection of x

Goal: Find the k-dimensional subspace that minimizes 
the projection error

An algorithm 

1. Start with X (n x d)


2. Recenter. Subtract mean from each row: 
Xc = X - mean(X)


3. Compute covariance 

4. k eigenvectors of C with highest 
eigenvalues are a basis for the subspace

C =
1

n
XT

c Xc
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PCA

Subspace

x

Projection of x

Projection of x onto unit vector v:

Goal: Find the k-dimensional subspace that minimizes 
the projection error

argmin
v

nX

i=1

||xi � Pvxi||2
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Find:

s.t. ||v|| = 1
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PCA
argmin
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nX
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||xi � Pvxi||2
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<latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit>
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PCA
argmin

v

nX

i=1

||xi � Pvxi||2
<latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit><latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit><latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit><latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit>

= argmin
v

nX

i=1

||xi||2 �
nX

i=1

(xT
i v)

2

<latexit sha1_base64="7LAstVH1uBMpRWtYDJGOPo2hE0o="></latexit><latexit sha1_base64="7LAstVH1uBMpRWtYDJGOPo2hE0o="></latexit><latexit sha1_base64="7LAstVH1uBMpRWtYDJGOPo2hE0o="></latexit><latexit sha1_base64="7LAstVH1uBMpRWtYDJGOPo2hE0o="></latexit>

= argmax
v

nX

i=1

(xT
i v)

2

<latexit sha1_base64="nhtUscBPM3VBGZOoCjl/5A8Qol8="></latexit><latexit sha1_base64="nhtUscBPM3VBGZOoCjl/5A8Qol8="></latexit><latexit sha1_base64="nhtUscBPM3VBGZOoCjl/5A8Qol8="></latexit><latexit sha1_base64="nhtUscBPM3VBGZOoCjl/5A8Qol8="></latexit>

= argmax
v

(Xv)TXv
<latexit sha1_base64="7sKO9H8wJvKcsFcaol6A1KKpmpI=">AAACHnicbVDLSsNAFJ34rPUVdelmsAh1UxJRdCMU3LiSCn0Emhgm00k7dPJgZlIsIV/ixl9x40IRwZX+jZM2UG09MMO5597Lvfd4MaNCGsa3trS8srq2Xtoob25t7+zqe/ttESUckxaOWMQtDwnCaEhakkpGrJgTFHiMdLzhdZ7vjAgXNAqbchwTJ0D9kPoUI6kkVz+/gjbifWgH6MFN1S8Hnp+OsgxWrVl0ct+EFpzFrl4xasYEcJGYBamAAg1X/7R7EU4CEkrMkBBd04ilkyIuKWYkK9uJIDHCQ9QnXUVDFBDhpJPzMnislB70I65eKOFE/d2RokCIceCpynxDMZ/Lxf9y3UT6l05KwziRJMTTQX7CoIxg7hXsUU6wZGNFEOZU7QrxAHGEpXK0rEww509eJO3TmmnUzLuzSv22sKMEDsERqAITXIA6uAEN0AIYPIJn8AretCftRXvXPqalS1rRcwD+QPv6AUA/opw=</latexit><latexit sha1_base64="7sKO9H8wJvKcsFcaol6A1KKpmpI=">AAACHnicbVDLSsNAFJ34rPUVdelmsAh1UxJRdCMU3LiSCn0Emhgm00k7dPJgZlIsIV/ixl9x40IRwZX+jZM2UG09MMO5597Lvfd4MaNCGsa3trS8srq2Xtoob25t7+zqe/ttESUckxaOWMQtDwnCaEhakkpGrJgTFHiMdLzhdZ7vjAgXNAqbchwTJ0D9kPoUI6kkVz+/gjbifWgH6MFN1S8Hnp+OsgxWrVl0ct+EFpzFrl4xasYEcJGYBamAAg1X/7R7EU4CEkrMkBBd04ilkyIuKWYkK9uJIDHCQ9QnXUVDFBDhpJPzMnislB70I65eKOFE/d2RokCIceCpynxDMZ/Lxf9y3UT6l05KwziRJMTTQX7CoIxg7hXsUU6wZGNFEOZU7QrxAHGEpXK0rEww509eJO3TmmnUzLuzSv22sKMEDsERqAITXIA6uAEN0AIYPIJn8AretCftRXvXPqalS1rRcwD+QPv6AUA/opw=</latexit><latexit sha1_base64="7sKO9H8wJvKcsFcaol6A1KKpmpI=">AAACHnicbVDLSsNAFJ34rPUVdelmsAh1UxJRdCMU3LiSCn0Emhgm00k7dPJgZlIsIV/ixl9x40IRwZX+jZM2UG09MMO5597Lvfd4MaNCGsa3trS8srq2Xtoob25t7+zqe/ttESUckxaOWMQtDwnCaEhakkpGrJgTFHiMdLzhdZ7vjAgXNAqbchwTJ0D9kPoUI6kkVz+/gjbifWgH6MFN1S8Hnp+OsgxWrVl0ct+EFpzFrl4xasYEcJGYBamAAg1X/7R7EU4CEkrMkBBd04ilkyIuKWYkK9uJIDHCQ9QnXUVDFBDhpJPzMnislB70I65eKOFE/d2RokCIceCpynxDMZ/Lxf9y3UT6l05KwziRJMTTQX7CoIxg7hXsUU6wZGNFEOZU7QrxAHGEpXK0rEww509eJO3TmmnUzLuzSv22sKMEDsERqAITXIA6uAEN0AIYPIJn8AretCftRXvXPqalS1rRcwD+QPv6AUA/opw=</latexit><latexit sha1_base64="7sKO9H8wJvKcsFcaol6A1KKpmpI=">AAACHnicbVDLSsNAFJ34rPUVdelmsAh1UxJRdCMU3LiSCn0Emhgm00k7dPJgZlIsIV/ixl9x40IRwZX+jZM2UG09MMO5597Lvfd4MaNCGsa3trS8srq2Xtoob25t7+zqe/ttESUckxaOWMQtDwnCaEhakkpGrJgTFHiMdLzhdZ7vjAgXNAqbchwTJ0D9kPoUI6kkVz+/gjbifWgH6MFN1S8Hnp+OsgxWrVl0ct+EFpzFrl4xasYEcJGYBamAAg1X/7R7EU4CEkrMkBBd04ilkyIuKWYkK9uJIDHCQ9QnXUVDFBDhpJPzMnislB70I65eKOFE/d2RokCIceCpynxDMZ/Lxf9y3UT6l05KwziRJMTTQX7CoIxg7hXsUU6wZGNFEOZU7QrxAHGEpXK0rEww509eJO3TmmnUzLuzSv22sKMEDsERqAITXIA6uAEN0AIYPIJn8AretCftRXvXPqalS1rRcwD+QPv6AUA/opw=</latexit>

= argmax
v

vTXTXv
<latexit sha1_base64="8ZY0ovsiCHw3ObPI3TbFuzd03xA=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKiboSCG1dSoS9oYphMJ+3QySTMTIol5E/c+CtuXCgi7vo3TtqAtfXAHQ7n3Mvce/yYUaksa2KsrK6tb2yWtsrbO7t7++bBYUtGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA299sjIiSNeEONY+KGqM9pQDFSWvLMyxvoINGHToievFS/auAH6SjL4C9/bMBOXnOSZ1asqjUFXCZ2QSqgQN0zv51ehJOQcIUZkrJrW7FyUyQUxYxkZSeRJEZ4iPqkqylHIZFuOr0vg6da6cEgErq4glN1fiJFoZTj0Ned+YZy0cvF/7xuooJrN6U8ThThePZRkDCoIpiHBXtUEKzYWBOEBdW7QjxAAmGlIy3rEOzFk5dJ67xqW1X74aJSuy/iKIFjcALOgA2uQA3cgTpoAgyewSt4Bx/Gi/FmfBpfs9YVo5g5An9gTH4AQyKjJw==</latexit><latexit sha1_base64="8ZY0ovsiCHw3ObPI3TbFuzd03xA=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKiboSCG1dSoS9oYphMJ+3QySTMTIol5E/c+CtuXCgi7vo3TtqAtfXAHQ7n3Mvce/yYUaksa2KsrK6tb2yWtsrbO7t7++bBYUtGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA299sjIiSNeEONY+KGqM9pQDFSWvLMyxvoINGHToievFS/auAH6SjL4C9/bMBOXnOSZ1asqjUFXCZ2QSqgQN0zv51ehJOQcIUZkrJrW7FyUyQUxYxkZSeRJEZ4iPqkqylHIZFuOr0vg6da6cEgErq4glN1fiJFoZTj0Ned+YZy0cvF/7xuooJrN6U8ThThePZRkDCoIpiHBXtUEKzYWBOEBdW7QjxAAmGlIy3rEOzFk5dJ67xqW1X74aJSuy/iKIFjcALOgA2uQA3cgTpoAgyewSt4Bx/Gi/FmfBpfs9YVo5g5An9gTH4AQyKjJw==</latexit><latexit sha1_base64="8ZY0ovsiCHw3ObPI3TbFuzd03xA=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKiboSCG1dSoS9oYphMJ+3QySTMTIol5E/c+CtuXCgi7vo3TtqAtfXAHQ7n3Mvce/yYUaksa2KsrK6tb2yWtsrbO7t7++bBYUtGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA299sjIiSNeEONY+KGqM9pQDFSWvLMyxvoINGHToievFS/auAH6SjL4C9/bMBOXnOSZ1asqjUFXCZ2QSqgQN0zv51ehJOQcIUZkrJrW7FyUyQUxYxkZSeRJEZ4iPqkqylHIZFuOr0vg6da6cEgErq4glN1fiJFoZTj0Ned+YZy0cvF/7xuooJrN6U8ThThePZRkDCoIpiHBXtUEKzYWBOEBdW7QjxAAmGlIy3rEOzFk5dJ67xqW1X74aJSuy/iKIFjcALOgA2uQA3cgTpoAgyewSt4Bx/Gi/FmfBpfs9YVo5g5An9gTH4AQyKjJw==</latexit><latexit sha1_base64="8ZY0ovsiCHw3ObPI3TbFuzd03xA=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKiboSCG1dSoS9oYphMJ+3QySTMTIol5E/c+CtuXCgi7vo3TtqAtfXAHQ7n3Mvce/yYUaksa2KsrK6tb2yWtsrbO7t7++bBYUtGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vA299sjIiSNeEONY+KGqM9pQDFSWvLMyxvoINGHToievFS/auAH6SjL4C9/bMBOXnOSZ1asqjUFXCZ2QSqgQN0zv51ehJOQcIUZkrJrW7FyUyQUxYxkZSeRJEZ4iPqkqylHIZFuOr0vg6da6cEgErq4glN1fiJFoZTj0Ned+YZy0cvF/7xuooJrN6U8ThThePZRkDCoIpiHBXtUEKzYWBOEBdW7QjxAAmGlIy3rEOzFk5dJ67xqW1X74aJSuy/iKIFjcALOgA2uQA3cgTpoAgyewSt4Bx/Gi/FmfBpfs9YVo5g5An9gTH4AQyKjJw==</latexit>

s.t. ||v|| = 1
<latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit>



PCA
argmin

v

nX

i=1

||xi � Pvxi||2
<latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit><latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit><latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit><latexit sha1_base64="wKL+FxaHRMvLLeI2jbPsjxetigE="></latexit>

argmax
v

vTXTXv s.t. ||v|| = 1
<latexit sha1_base64="Hyw217vVdRPBcvIxJV0UlvV+zvA="></latexit><latexit sha1_base64="Hyw217vVdRPBcvIxJV0UlvV+zvA="></latexit><latexit sha1_base64="Hyw217vVdRPBcvIxJV0UlvV+zvA="></latexit><latexit sha1_base64="Hyw217vVdRPBcvIxJV0UlvV+zvA="></latexit>

Lagrange multipliers

L(v,�) = vTXTXv � �(vTv � 1)
<latexit sha1_base64="nRdv+KhIJfi02R+7PHNKishpmD4="></latexit><latexit sha1_base64="nRdv+KhIJfi02R+7PHNKishpmD4="></latexit><latexit sha1_base64="nRdv+KhIJfi02R+7PHNKishpmD4="></latexit><latexit sha1_base64="nRdv+KhIJfi02R+7PHNKishpmD4="></latexit>

@L
@�

= 1� vTv
<latexit sha1_base64="BIhrGunct6KCnovMAkcTU8GqEas="></latexit><latexit sha1_base64="BIhrGunct6KCnovMAkcTU8GqEas="></latexit><latexit sha1_base64="BIhrGunct6KCnovMAkcTU8GqEas="></latexit><latexit sha1_base64="BIhrGunct6KCnovMAkcTU8GqEas="></latexit>

@L
@v

= 2XTXv � 2�v
<latexit sha1_base64="BOL6zS9f6mAwAmoWaZAsEN38cqQ="></latexit><latexit sha1_base64="BOL6zS9f6mAwAmoWaZAsEN38cqQ="></latexit><latexit sha1_base64="BOL6zS9f6mAwAmoWaZAsEN38cqQ="></latexit><latexit sha1_base64="BOL6zS9f6mAwAmoWaZAsEN38cqQ="></latexit>

= 0
<latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit><latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit><latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit><latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit>

= 0
<latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit><latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit><latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit><latexit sha1_base64="xSrGNPusFcdyLfeSAg3b9t8aWQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh4MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sM1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv1uzyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVByNMQ==</latexit>

=) vTv = 1, XTXv = �v
<latexit sha1_base64="bRIPUm54yAe11jW34prcYZ4WZjs="></latexit><latexit sha1_base64="bRIPUm54yAe11jW34prcYZ4WZjs="></latexit><latexit sha1_base64="bRIPUm54yAe11jW34prcYZ4WZjs="></latexit><latexit sha1_base64="bRIPUm54yAe11jW34prcYZ4WZjs="></latexit>

So pick the eigenvector with biggest eigenvalue

s.t. ||v|| = 1
<latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit><latexit sha1_base64="sXnc3PGwoYdLndU2OlSFJkQGwdE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BQSEfQiFLx4kgr2A9pQNtttu3SzCbuTYkl68K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5QSy4Btf9tgorq2vrG8XN0tb2zu6evX9Q11GiKKvRSESqGRDNBJesBhwEa8aKkTAQrBEMb6Z+Y8SU5pF8gHHM/JD0Je9xSsBIHfuoDewRUu2Agyc4y0ZZhq+x17HLruPOgJeJl5MyylHt2F/tbkSTkEmggmjd8twY/JQo4FSwSamdaBYTOiR91jJUkpBpP53dP8GnRuniXqRMScAz9fdESkKtx2FgOkMCA73oTcX/vFYCvSs/5TJOgEk6X9RLBIYIT8PAXa4YBTE2hFDFza2YDogiFExkJROCt/jyMqmfO57rePcX5cpdHkcRHaMTdIY8dIkq6BZVUQ1RlKFn9IrerCfrxXq3PuatBSufOUR/YH3+ALR4lUM=</latexit>



PCA

Subspace

x

Projection of x

Projection of x onto unit vector v:

Goal: Find the k-dimensional subspace that minimizes 
the projection error

argmin
v

nX

i=1

||xi � Pvxi||2
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Find:

Start with 1-dim subspace

Eigenvector with largest eigenvalue



PCA
We argued that the ‘best’ 1-dimensional projection is 

onto the eigenvector with the largest eigenvalue


What about k-dimensional?


X^T X is SPD, so it has an orthonormal basis of 
eigenvectors. Hence the best projection orthogonal to 

the first is the eigenvector with the second largest 
eigenvalue, etc



PCA

Subspace

x

Projection of x

Goal: Find the k-dimensional subspace that minimizes 
the projection error

An algorithm 

1. Start with X (n x d)


2. Recenter. Subtract mean from each 
row: Xc = X - mean(X)


3. Compute covariance 

4. k eigenvectors of C with highest 
eigenvalues are basis for the subspace

C =
1

n
XT

c Xc
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PCA intuition
Goal: Find the k-dimensional subspace that minimizes 

the projection error

1. Minimizing projection error is the same as finding the 
directions with largest variance 
 
 
variance of data = captured variance + reconstruction error


2. Reprojecting by the transpose of the projection matrix gives 
the best  rank-k approximate to X

argmin
v

nX

i=1

||xi � Pvxi||2
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= argmax
v

vTXTXv
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Another way of computing PCA
Method 1: eigendecomposition


PCs are eigenvectors of covariance matrix C = (1/n) XTX


Computational complexity: O(n d2)


Method 2: Singular value decomposition


X = U S VT


V are principal components 


Computational complexity: O(n d k) [k is dim you’re reducing to]


