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Goal for today

Generic MAP regression

* multivariate gaussian observation
noise

* multivariate gaussian prior on
parameters



Approach we’ll take

Generalize our current MAP estimate a bit at a time

* Weighted least squares: Remove the “identically
distributed” assumption from the output noise z (where

y = f(x) + 2)

 (Generalized least squares: Remove the “independent”
assumption from z

» MAP with colored noise: Remove I.1.d assumptions
from parameter prior
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Revisiting the iid assumptions

OLS assumptions
yi = f(T;) + 2 Zi%N(OJQ)
—T

Equivalent to the following:
7~ N(0,0%])
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Deriving the WLS optimization problem

WLS assumptions
v = f(Z;) + 2 ENN(G,EZ) (T% e 0

Key idea

Find a transformation that turns this problem into OLS.
The reparameteriziation trick.
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Deriving the WLS optimization problem

WLS assumptions

v = f(Z;) + 2 ENN(G,EZ) (T% e 0
1 1 s
Yoty ~ N2 2 Xw, I) 0 -+ o2
Derivation of WLS
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WLS intuition

T
A . 1 )
Wwirs = alg i E :p(yz’ — Z; w)

=1 ¢

e Same as OLS, except the loss for each data point is scaled
by some factor

* Probabilistically, this factor is the inverse of the variance

 Data points assumed to have more noise should be given
less weight



T
A _ : 1 ST N2
Wwirs = alg i p(yi — Z; w)
i=1 ¢

— argmin(y — Xw)' Q(y — Xw) () = diag (

w

— argmin(y — Xw)TQY2QY2(y — Xw)

w

— argmin(QY %y — Q12 Xw)T (QY2y — QY2 X w)

_ ((Ql/ZX)T(Q1/2X>> ! (Ql/ZX)T Ql/Z
— Y

= (XTaX) " XTQy

WLS optimization problem




WLS summary

Probabilistic assumptions
v = f(Z;) + 2 ENN(G,EZ) (T% e 0

Optimization problem

,\ el )
WwLs = argmin Z ;(yz — & w)* = arg min(y — Xw)" Qy — Xw)
i=1

Solution
bwrs = (XTQX) " XTQy
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OLS assumptions

GLS assumptions

= (&) + 2 >~ /\/(6‘7 >,) Y. = Any covariance

T matrix

Neither independent nor
iIdentically distributed!
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The reparameteriziation trick.
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Deriving the GLS optimization problem
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Derivation of GLS
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Deriving the GLS optimization problem

GLS assumptions

yi = f(%;) + 2 7~ N(0,%,) .. = Any covariance
matrix

Derivation of GLS
Wars = argmin(y — Xw)' 2. (y — Xw)

w

Spectral decomposition of Sigma
21, = Q diag(af, T UTQL)QT

1 1 1
= quag(L L)g

01 On



Deriving the GLS optimization problem

GLS assumptions

yi = f(%;) + 2 7~ N(0,%,) .. = Any covariance
matrix
Derivation of GLS

Wars = argmin(y — Xw)' 2y — Xw)

w

= arg min(y — Xw)TZ_%Z_% (y — XW)

w

= argmin(Z_%y — Z_%Xw)T(Z_%y — X 2 XW)

| R
= (@73 X)T(37X))  (ZTEX)Tn Ty
— (xTs7'Xx) " XTxrly



')—|—Zi ENN(G,EZ)

GLS summary

Probabilistic assumptions

>, = Any covariance
matrix

Optimization problem

Wars = argmin(y — Xw)' 22y — Xw)

w

Solution
bers = (XTS71X) T X7 ly
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Review of MAP

fo = Family of models, e.g., fo(z) = 6Tz
) = argmax,L(0; D)

MLE: L(0;D) = p(data =D | model = fj)

MAP: L(0;D) = p(model = fy | data = D)



Review of MAP

éMLE — arg ming — log p(data =P ‘ model = f@)

éMAP = arg min, — logp(data = D | model = fy) — log p(model = fy)

—— ——T——

Same as MLE Prior
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. ud j 2
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Orviap = arg min ;(yi — fo(x;))?
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i - 11d j 2
Assumption: 67 ~ N (i ;0 05 00)

n 2
A , o
Oviap = argmin Z(yz — fH(xZ))Q -

0 i—1 Oprior



Review of MAP

. ud j 2
Assumption: 67 ~ N (i ;0 05 00)

0.2

n d
A : 2 ' | 2
Oriap = arg m@m 2(% — fo(xi))” 2 2:1(93 - M%rior)
1= =

Oprior :




Review of MAP

Assumption: g7 S N ( - Ugrior)

lLLpHOI"
n 0_2 d
) _ : _ )2 j_ 7 2
QMAP — al'g méln ;(yz f@ (sz)) | O_grior 22:(9 luprior)
assume (i o = 0 let A = —

Ridge regression



MAP with dependent parameters

Assumption: 67 ~ N (upmr O rior)



MAP with dependent parameters

a - a L '] Zd /\ ] a 2
v m U v pI‘lOI" W, pI’lOI‘

Assumption: 6 ~ N (ug, )

Can we transform back to the original problem?
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MAP with dependent parameters

Probabilistic assumptions

yi = f(Zi) + 2 Z~ N(6> dz) >, = Any covariance
Yi — QZTQ + Z; 0 ~ ,/\/'(,u% Z@) . martrix
0 =Xgu+po u~N(OI)
Derivation
y— Xpg = (ng) w4z
l ~I
J X Standard ridge
J=Xu+7 regression with
lambda = 1
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Probabilistic assumptions
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A 1
0 =X u+ e



MAP with dependent parameters

Probabilistic assumptions
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— ¥z (
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Probabilistic assumptions
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|
/7 N\
N\

T o
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MAP with dependent parameters

Probabilistic assumptions

yi = f(Zi) + 2 Z~ N(6> dz) >, = Any covariance
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b= ((s ( TXTXY? +I) T SETXT(y— Xpg) + o
1
)T (XX + (35, 7)75, 7 ) %
S

¥,



MAP with dependent parameters

Probabilistic assumptions

yi = f(Zi) + 2 Z~ N(6> dz) >, = Any covariance
Yi — QZTQ + Z; 0 ~ ,/\/'(,u% Z@) . martrix
0 =Xgu+po u~N(OI)
Derivation

A 1 1 1 -1 1
h =3 ((zg TXTXS? + 1) (S2)TXT (y — X pag) + o
1y — 1
— (XTX 4+, Xy — Xpug) + o



Summary of linear regression
MLE, iid noise MLE, MVG noise
Oorg = (XTX)_lXTy éGLS _ (XTEZ_lX)_lXTZZ_ly

MAP, iid noise and parameters

A\

Oridge = (X' X + XI)7' X"y
MAP, iid noise, MVG parameters
Oviap = (XTX + 3,07 X (y — Xpo) + po

MAP, MVG noise, MVG parameters
bamapr = (XTES'X + 3, XISy



