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Announcements

« HW1 due tonight at 10pm on gradescope.

» Extra office hours 4-6pm in Cory 540AB



OpenAl bot beats humans in Dota

* Challenging problem

* High-dimensional continuous observation
and action spaces

* Long time horizons (strategy!)

e Simple solution

e Scale up existing RL method (PPO =
policy gradient variant) to 256 GPUs and
128,000 CPU cores

https://blog.openai.com/openai-five/
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e Review of maximum likelihood
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Four levels for ML problems

1. Data & application X, y. Goal: predict y.
2. Model Linearly parameterized
3. Optimization problem  min || X¢ — y||3

4. Optimization algorithm & = (XTX) 1 X 7Ty



Justifying least squares

. Define a probabillistic model for our data

. Define what it means for a model to be “good”
probabilistically (i.e., MLE)

. Do some math to show that the “best” linear
model probabilistically corresponds to the OLS
estimate



A probabilistic model for supervised learning

yi = f(Zi) + 2

What is z?
* Mean =0
e All z_i are independent -
 Fach z_I comes from the same assulr.rl;ptions

distribution (identically distributed)
(independent

iIdentically
distributed)



A probabilistic model for supervised learning

yi = f(Zi) + 2
What is z?

e Zero-mean, I.1.d
e Assume a Gaussian distribution
11d
g O (07 0-2>

Therefore:

Yi o (f(f% 02>



Maximum Likelihood Estimation

fo = Family of models, e.g., fo(z) = 6Tz

Each theta gives us an implied value for the probability
(i.e., likelihood) of the data we observed

L(0;D) = p(data = D | model = fy)

The “best” model Is the one that maximizes the likelihood
QMLE — argmaxeﬁ(é’; D)



MLE justifies OLS

OnmLE = argming Z(yz — f@(%))Q

1=1

Linear regression model:

éMLE — argmine Z(yz — HTLUZ')Q — Hy — X@Hg
1=1



Outline for today

e Review of maximum likelihood
regression

« Maximum a posteriori
regression

e Bias-variance tradeoff



Four levels for ML problems

min || X — y||3

W= (X"X)"'X"y



Four levels for ML problems

min || Xw — y||3 +Alwl]3

W= (X"X+N)"'X"y



Justifying least squares

. Define a probabillistic model for our data

. Define what it means for a model to be “good”
probabilistically (i.e., MLE)

. Do some math to show that the “best” linear
model probabilistically corresponds to the OLS
estimate



Justifying ridge regression

1. Define a probabilistic model for our data

2. Define what it means for a model to be “good”
probabilistically (i.e., MAP)

3. Do some math to show that the “best” linear
model probabilistically corresponds to the OLS
estimate



Maximum a posteriori

fo = Family of models, e.g., fo(z) = 6Tz
) = argmax,L(0; D)

MLE: L(0;D) = p(data =D | model = fj)

MAP: L(0;D) = p(model = fy | data = D)



Maximum a posteriori

MAP: L(0;D) = p(model = fy | data = D)

How to compute this quantity?



Maximum a posteriori derivation

9MAP = arg maxyp(model = fy | data = D)

p(data = D | model = fy) - (-)
(+)

— arg maXQ



Maximum a posteriori derivation

9MAP = arg maxyp(model = fy | data = D)

p(data = D | model = fy) - p(model = fy)
p(data = D)

= arg max, p(data =D | model = fy) - p(model = fy)

— arg maXQ

— arg max, logp(data = D | model = fy) + log p(model = fy)
= arg min, — log p(data = D | model = fy) — log p(model = fy)



Maximum a posteriori vs MLE

éMLE — arg ming — log p(data =P ‘ model = f@)

éMAP = arg min, — logp(data = D | model = fy) — log p(model = fy)

—— ——T——

Same as MLE Prior



Maximum a posteriori derivation

11d 2
AssumptIOn 9] i N(l’bprlor7 O-prlOI')

éMAP = arg miny, — log p(data = D | model = fy) — log p(model = fy)

= arg min — log [p(yi | zi,0)] | —logp(6)
(B eebini .0

1=1

" (g — )2 d i _ 0 )2
= arg min Zzzl(yZ f9 (QZ‘Z)) I 2321( _ Iuprlor)
0 2072 20

prior

d

— arg mm Z f@ X, ) | 020 Z o :uprlor




Maximum a posteriori derivation

9 d

o - '
— argmmz — fo(x;))” - 7 Z(W — Iwg)rior)Q

Ridge regression
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Bias-variance tradeoft

D = {(sz,yz) znzl

View X_I as sampled fromr.v. X

Goal: We want to find the model family with the
lowest expected error



Bias-variance tradeoft

Goal: We want to find the model family with the
lowest expected error

(@ f)=E[(f;(&;D) —y)’]| =Ezyp [(f5(&D) —y)?

>

o (Z;D): best model from the family on the given dataset



Bias-variance tradeoft

Goal: We want to find the model family with the
lowest expected error

(7 f)=Ezyp [(f5(T;D) —y)?

Let’s decompose this into parts



Bias-variance tradeoft

Goal: We want to find the model family with the
lowest expected error

e(%; f)=Ezyp [(f5(Z D) —y)°]
Let’s decompose this into parts
= (E[f; (% D)] — E [y])” +Var(f5 (&5 D)) + Var(z)

T

bias2 Variance Irreducible
error




Bias-variance tradeoft

Goal: We want to find the model family with the
lowest expected error

€(; f) =

2y | (fo (T;D) —y)?

Start by analyzing mean & var of y

5 [£(2)

2] = f(7) + Elz] = f(7)



Bias-variance tradeoft

Goal: We want to find the model family with the
lowest expected error

(7 f)=Ezyp [(f5(T;D) —y)?

Add one more lemma (for any RV)

Var(X) =

2 (X —E(X))’|=E [X?] —E[X]

> E[X?] = Var(X) + E[X]°




Bias-variance tradeoft

(7 f)=Ezyp [(f5(T;D) —y)*]

= E(f; (#; D)) +E(y*) —2E [f (#: D) - y
B (Vaf(fé‘(f; D)) +E[f5 (% D)]2>




Bias-variance tradeoft

(T f)=Ezyp [(f5(T;D) —y)?

(E [f5 (% D)] — E[y])* +Var(fy (# D)) + Var(z)

bias2 Variance Irreducible
error



