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Announcements

• HW1 due tonight at 10pm on gradescope.


• Extra office hours 4-6pm in Cory 540AB



OpenAI bot beats humans in Dota

https://blog.openai.com/openai-five/

• Challenging problem


• High-dimensional continuous observation 
and action spaces


• Long time horizons (strategy!)


• Simple solution


• Scale up existing RL method (PPO = 
policy gradient variant) to 256 GPUs and 
128,000 CPU cores



Outline for today

• Review of maximum likelihood 
estimation


• Maximum a posteriori


• Bias-variance tradeoff



Outline for today

• Review of maximum likelihood 
estimation 

• Maximum a posteriori


• Bias-variance tradeoff



Four levels for ML problems

1. Data & application


2. Model


3. Optimization problem


4. Optimization algorithm

X, y. Goal: predict y.


Linearly parameterized

min
w
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Justifying least squares

1. Define a probabilistic model for our data


2. Define what it means for a model to be “good” 
probabilistically (i.e., MLE)


3. Do some math to show that the “best” linear 
model probabilistically corresponds to the OLS 
estimate



A probabilistic model for supervised learning
yi = f(~xi) + zi
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What is z?

• Mean = 0


• All z_i are independent 

• Each z_i comes from the same 
distribution (identically distributed)

i.i.d 
assumptions 

(independent 
identically 

distributed)



A probabilistic model for supervised learning
yi = f(~xi) + zi
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What is z?

• zero-mean, i.i.d


• Assume a Gaussian distribution

zi
iid⇠ N (0,�2)

<latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit><latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit><latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit><latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit>

Therefore:
yi

iid⇠ N (f(~xi),�
2)

<latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit><latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit><latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit><latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit>



Maximum Likelihood Estimation
= Family of models, e.g., f✓(x) = ✓Tx

<latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit>

f✓
<latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit>

Each theta gives us an implied value for the probability 
(i.e., likelihood) of the data we observed

The “best” model is the one that maximizes the likelihood

L(✓;D) = p(data = D | model = f✓)
<latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit>

✓̂MLE = argmax✓L(✓;D)
<latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit>



MLE justifies OLS

✓̂MLE = argmin✓

nX

i=1

(yi � f✓(xi))
2

<latexit sha1_base64="zvJ8S8HQen4Bu5DzmH1imbm0HCc="></latexit><latexit sha1_base64="zvJ8S8HQen4Bu5DzmH1imbm0HCc="></latexit><latexit sha1_base64="zvJ8S8HQen4Bu5DzmH1imbm0HCc="></latexit><latexit sha1_base64="zvJ8S8HQen4Bu5DzmH1imbm0HCc="></latexit>

Linear regression model:

✓̂MLE = argmin✓

nX

i=1

(yi � ✓Txi)
2 = ||y �X✓||22

<latexit sha1_base64="OoBSBDUQ80/fQCe6K8JdnTMWmNo="></latexit><latexit sha1_base64="OoBSBDUQ80/fQCe6K8JdnTMWmNo="></latexit><latexit sha1_base64="OoBSBDUQ80/fQCe6K8JdnTMWmNo="></latexit><latexit sha1_base64="OoBSBDUQ80/fQCe6K8JdnTMWmNo="></latexit>



Outline for today

• Review of maximum likelihood 
regression


• Maximum a posteriori 
regression 

• Bias-variance tradeoff



Four levels for ML problems

1. Data & application


2. Model


3. Optimization problem


4. Optimization algorithm

X, y. Goal: predict y.


Linearly parameterized

min
w

<latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit>

||Xw � y||22
<latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit>

ŵ = (XTX)�1XT y
<latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit><latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit><latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit><latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit>



Four levels for ML problems

1. Data & application


2. Model


3. Optimization problem


4. Optimization algorithm

X, y. Goal: predict y.


Linearly parameterized

min
w

<latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit>

||Xw � y||22
<latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit>

+�||w||22
<latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit>

ŵ = (XTX + �I)�1XT y
<latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit>



Justifying least squares

1. Define a probabilistic model for our data


2. Define what it means for a model to be “good” 
probabilistically (i.e., MLE)


3. Do some math to show that the “best” linear 
model probabilistically corresponds to the OLS 
estimate



Justifying ridge regression

1. Define a probabilistic model for our data


2. Define what it means for a model to be “good” 
probabilistically (i.e., MAP)


3. Do some math to show that the “best” linear 
model probabilistically corresponds to the OLS 
estimate



Maximum a posteriori
= Family of models, e.g., f✓(x) = ✓Tx

<latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit>

f✓
<latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit>

MLE: L(✓;D) = p(data = D | model = f✓)
<latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit>

✓̂ = argmax✓L(✓;D)
<latexit sha1_base64="FmZgfznBRq7S3rhN8IbQJO2bI2I=">AAACL3icbVDJSgNBEO1xN25Rj14ag6CXMCOCggiCIh5EFIwKmRBqOpWkSc9Cd40YhvkjL/6KFxFFvPoXdhbcHxQ83quiql6QKGnIdZ+ckdGx8YnJqenCzOzc/EJxcenSxKkWWBGxivV1AAaVjLBCkhReJxohDBReBZ2Dnn91g9rIOLqgboK1EFqRbEoBZKV68chvA2U+tZEg53vcJ7ylDHQrhNu8/mn4IVBbgMpO8vWBtvulHeYb9WLJLbt98L/EG5ISG+KsXnzwG7FIQ4xIKDCm6rkJ1exikkJhXvBTgwmIDrSwamkEIZpa1v8352tWafBmrG1FxPvq94kMQmO6YWA7ezea315P/M+rptTcqWUySlLCSAwWNVPFKea98HhDahSkupaA0NLeykUbNAiyERdsCN7vl/+Sy82y55a9863S/ukwjim2wlbZOvPYNttnx+yMVZhgd+yBPbMX5955dF6dt0HriDOcWWY/4Lx/AGrRqn8=</latexit><latexit sha1_base64="FmZgfznBRq7S3rhN8IbQJO2bI2I=">AAACL3icbVDJSgNBEO1xN25Rj14ag6CXMCOCggiCIh5EFIwKmRBqOpWkSc9Cd40YhvkjL/6KFxFFvPoXdhbcHxQ83quiql6QKGnIdZ+ckdGx8YnJqenCzOzc/EJxcenSxKkWWBGxivV1AAaVjLBCkhReJxohDBReBZ2Dnn91g9rIOLqgboK1EFqRbEoBZKV68chvA2U+tZEg53vcJ7ylDHQrhNu8/mn4IVBbgMpO8vWBtvulHeYb9WLJLbt98L/EG5ISG+KsXnzwG7FIQ4xIKDCm6rkJ1exikkJhXvBTgwmIDrSwamkEIZpa1v8352tWafBmrG1FxPvq94kMQmO6YWA7ezea315P/M+rptTcqWUySlLCSAwWNVPFKea98HhDahSkupaA0NLeykUbNAiyERdsCN7vl/+Sy82y55a9863S/ukwjim2wlbZOvPYNttnx+yMVZhgd+yBPbMX5955dF6dt0HriDOcWWY/4Lx/AGrRqn8=</latexit><latexit sha1_base64="FmZgfznBRq7S3rhN8IbQJO2bI2I=">AAACL3icbVDJSgNBEO1xN25Rj14ag6CXMCOCggiCIh5EFIwKmRBqOpWkSc9Cd40YhvkjL/6KFxFFvPoXdhbcHxQ83quiql6QKGnIdZ+ckdGx8YnJqenCzOzc/EJxcenSxKkWWBGxivV1AAaVjLBCkhReJxohDBReBZ2Dnn91g9rIOLqgboK1EFqRbEoBZKV68chvA2U+tZEg53vcJ7ylDHQrhNu8/mn4IVBbgMpO8vWBtvulHeYb9WLJLbt98L/EG5ISG+KsXnzwG7FIQ4xIKDCm6rkJ1exikkJhXvBTgwmIDrSwamkEIZpa1v8352tWafBmrG1FxPvq94kMQmO6YWA7ezea315P/M+rptTcqWUySlLCSAwWNVPFKea98HhDahSkupaA0NLeykUbNAiyERdsCN7vl/+Sy82y55a9863S/ukwjim2wlbZOvPYNttnx+yMVZhgd+yBPbMX5955dF6dt0HriDOcWWY/4Lx/AGrRqn8=</latexit><latexit sha1_base64="FmZgfznBRq7S3rhN8IbQJO2bI2I=">AAACL3icbVDJSgNBEO1xN25Rj14ag6CXMCOCggiCIh5EFIwKmRBqOpWkSc9Cd40YhvkjL/6KFxFFvPoXdhbcHxQ83quiql6QKGnIdZ+ckdGx8YnJqenCzOzc/EJxcenSxKkWWBGxivV1AAaVjLBCkhReJxohDBReBZ2Dnn91g9rIOLqgboK1EFqRbEoBZKV68chvA2U+tZEg53vcJ7ylDHQrhNu8/mn4IVBbgMpO8vWBtvulHeYb9WLJLbt98L/EG5ISG+KsXnzwG7FIQ4xIKDCm6rkJ1exikkJhXvBTgwmIDrSwamkEIZpa1v8352tWafBmrG1FxPvq94kMQmO6YWA7ezea315P/M+rptTcqWUySlLCSAwWNVPFKea98HhDahSkupaA0NLeykUbNAiyERdsCN7vl/+Sy82y55a9863S/ukwjim2wlbZOvPYNttnx+yMVZhgd+yBPbMX5955dF6dt0HriDOcWWY/4Lx/AGrRqn8=</latexit>

L(✓;D) = p(model = f✓ | data = D)
<latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit><latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit><latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit><latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit>

MAP:



Maximum a posteriori
L(✓;D) = p(model = f✓ | data = D)

<latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit><latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit><latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit><latexit sha1_base64="Bv4I4Vfboa2cQfqTQ2bODUxmdjw="></latexit>

MAP:

How to compute this quantity?



Maximum a posteriori derivation

✓̂MAP
<latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit>

= argmax✓p(model = f✓ | data = D)
<latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit><latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit><latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit><latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit>

= argmax✓
p(data = D | model = f✓) · (·)

(·)
<latexit sha1_base64="0QX87fBtKbtAaXmElO5w+6P29C4="></latexit><latexit sha1_base64="0QX87fBtKbtAaXmElO5w+6P29C4="></latexit><latexit sha1_base64="0QX87fBtKbtAaXmElO5w+6P29C4="></latexit><latexit sha1_base64="0QX87fBtKbtAaXmElO5w+6P29C4="></latexit>



Maximum a posteriori derivation

✓̂MAP
<latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit>

= argmax✓p(model = f✓ | data = D)
<latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit><latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit><latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit><latexit sha1_base64="MpoKmkTfUi1P8AXNsKgqcqm8CL4="></latexit>

= argmax✓
p(data = D | model = f✓) · p(model = f✓)

p(data = D)
<latexit sha1_base64="ZeuNYxujgIH8y9TDNFUD0AjOyos="></latexit><latexit sha1_base64="ZeuNYxujgIH8y9TDNFUD0AjOyos="></latexit><latexit sha1_base64="ZeuNYxujgIH8y9TDNFUD0AjOyos="></latexit><latexit sha1_base64="ZeuNYxujgIH8y9TDNFUD0AjOyos="></latexit>

= argmax✓ p(data = D | model = f✓) · p(model = f✓)
<latexit sha1_base64="9GwtqTpptHLV9pqu0xpChyR4158="></latexit><latexit sha1_base64="9GwtqTpptHLV9pqu0xpChyR4158="></latexit><latexit sha1_base64="9GwtqTpptHLV9pqu0xpChyR4158="></latexit><latexit sha1_base64="9GwtqTpptHLV9pqu0xpChyR4158="></latexit>

= argmax✓ log p(data = D | model = f✓) + log p(model = f✓)
<latexit sha1_base64="iIDF6yMEFhKrh4RZXosgts9Ky0w="></latexit><latexit sha1_base64="iIDF6yMEFhKrh4RZXosgts9Ky0w="></latexit><latexit sha1_base64="iIDF6yMEFhKrh4RZXosgts9Ky0w="></latexit><latexit sha1_base64="iIDF6yMEFhKrh4RZXosgts9Ky0w="></latexit>

= argmin✓ � log p(data = D | model = f✓)� log p(model = f✓)
<latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit>



Maximum a posteriori vs MLE

✓̂MAP
<latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit>

= argmin✓ � log p(data = D | model = f✓)� log p(model = f✓)
<latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit>

✓̂MLE = argmin✓ � log p(data = D | model = f✓)
<latexit sha1_base64="Be2v20ZktzRFZQ8Bq7rZglkhhBY="></latexit><latexit sha1_base64="Be2v20ZktzRFZQ8Bq7rZglkhhBY="></latexit><latexit sha1_base64="Be2v20ZktzRFZQ8Bq7rZglkhhBY="></latexit><latexit sha1_base64="Be2v20ZktzRFZQ8Bq7rZglkhhBY="></latexit>

Same as MLE Prior



Maximum a posteriori derivation

✓̂MAP
<latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit><latexit sha1_base64="3Qy/ui8VVWBmfWBTRLc+kpe+QIc=">AAACAnicbZBNS8NAEIY3ftb6VfUkXoJF8FQSEfRY8eJFqWA/oA1hs522SzebsDsRSwhe/CtePCji1V/hzX/jts1BW19YeHhnhtl5g1hwjY7zbS0sLi2vrBbWiusbm1vbpZ3dho4SxaDOIhGpVkA1CC6hjhwFtGIFNAwENIPh5bjevAeleSTvcBSDF9K+5D3OKBrLL+13BhTTDg4AaeYbgAdMry9qWeaXyk7FmcieBzeHMslV80tfnW7EkhAkMkG1brtOjF5KFXImICt2Eg0xZUPah7ZBSUPQXjo5IbOPjNO1e5EyT6I9cX9PpDTUehQGpjOkONCztbH5X62dYO/cS7mMEwTJpot6ibAxssd52F2ugKEYGaBMcfNXmw2oogxNakUTgjt78jw0TiquU3FvT8vVmzyOAjkgh+SYuOSMVMkVqZE6YeSRPJNX8mY9WS/Wu/UxbV2w8pk98kfW5w9EeZgC</latexit>

= argmin✓ � log p(data = D | model = f✓)� log p(model = f✓)
<latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit><latexit sha1_base64="RI2m/p9FNVEpYLvBLnhlyu7wrLQ="></latexit>

Assumption:

= argmin
✓

�
 

nX

i=1

log [p(yi | xi, ✓)]

!
� log p(✓)

<latexit sha1_base64="lZ8emXhAIccQ81YkrZeFUBgkI0w="></latexit><latexit sha1_base64="lZ8emXhAIccQ81YkrZeFUBgkI0w="></latexit><latexit sha1_base64="lZ8emXhAIccQ81YkrZeFUBgkI0w="></latexit><latexit sha1_base64="lZ8emXhAIccQ81YkrZeFUBgkI0w="></latexit>

= argmin
✓

nX

i=1

(yi � f✓(xi))
2 +

�2

�2
prior

dX

j=1

(✓j � µj
prior)

2

<latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit><latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit><latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit><latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit>

= argmin
✓

Pn
i=1(yi � f✓(xi))2

2�2
<latexit sha1_base64="NWhmN5aq3WXdLtg/NcGfqrGAEqA="></latexit><latexit sha1_base64="NWhmN5aq3WXdLtg/NcGfqrGAEqA="></latexit><latexit sha1_base64="NWhmN5aq3WXdLtg/NcGfqrGAEqA="></latexit><latexit sha1_base64="NWhmN5aq3WXdLtg/NcGfqrGAEqA="></latexit>

+

Pd
j=1(✓

j � µj
prior)

2

2�2
prior

<latexit sha1_base64="lLb2DQSNvNNah8vT/g6kyO+Rcxw="></latexit><latexit sha1_base64="lLb2DQSNvNNah8vT/g6kyO+Rcxw="></latexit><latexit sha1_base64="lLb2DQSNvNNah8vT/g6kyO+Rcxw="></latexit><latexit sha1_base64="lLb2DQSNvNNah8vT/g6kyO+Rcxw="></latexit>

✓j
iid⇠ N (µj

prior,�
2
prior)

<latexit sha1_base64="6w5DVNhBfFvhOtv5ta8xE1iQKPk="></latexit><latexit sha1_base64="6w5DVNhBfFvhOtv5ta8xE1iQKPk="></latexit><latexit sha1_base64="6w5DVNhBfFvhOtv5ta8xE1iQKPk="></latexit><latexit sha1_base64="6w5DVNhBfFvhOtv5ta8xE1iQKPk="></latexit>



Maximum a posteriori derivation

argmin
✓

nX

i=1

(yi � f✓(xi))
2 + �

dX

j=1

(✓j)2

<latexit sha1_base64="PmlcpiFEjmjivMBaJ+4JuYd+bCg="></latexit><latexit sha1_base64="PmlcpiFEjmjivMBaJ+4JuYd+bCg="></latexit><latexit sha1_base64="PmlcpiFEjmjivMBaJ+4JuYd+bCg="></latexit><latexit sha1_base64="PmlcpiFEjmjivMBaJ+4JuYd+bCg="></latexit>

assume µj
prior = 0

<latexit sha1_base64="qqoEURapgdakfG1HW/+2EAbhKho=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIRdCMU3LiSCvYBTQyT6aQdO3kwcyOWkE9w46+4caGIW5fu/BunbRbaemDgcM59zD1+IrgCy/o2SguLS8sr5dXK2vrG5pa5vdNScSopa9JYxLLjE8UEj1gTOAjWSSQjoS9Y2x9ejP32PZOKx9ENjBLmhqQf8YBTAlryzEMH2ANkRKk0ZDjHTph62VRLJI9lnt/e4XNseWbVqlkT4HliF6SKCjQ888vpxVQPjYAKPb5rWwm4GZHAqWB5xUkVSwgdkj7rahqRkCk3mxyU4wOt9HAQS/0iwBP1d0dGQqVGoa8rQwIDNeuNxf+8bgrBmZvxKEmBRXS6KEgFhhiP08E9LhkFMdKEUMn1XzEdEEko6AwrOgR79uR50jqu2VbNvj6p1q+KOMpoD+2jI2SjU1RHl6iBmoiiR/SMXtGb8WS8GO/Gx7S0ZBQ9u+gPjM8fbAidcw==</latexit><latexit sha1_base64="qqoEURapgdakfG1HW/+2EAbhKho=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIRdCMU3LiSCvYBTQyT6aQdO3kwcyOWkE9w46+4caGIW5fu/BunbRbaemDgcM59zD1+IrgCy/o2SguLS8sr5dXK2vrG5pa5vdNScSopa9JYxLLjE8UEj1gTOAjWSSQjoS9Y2x9ejP32PZOKx9ENjBLmhqQf8YBTAlryzEMH2ANkRKk0ZDjHTph62VRLJI9lnt/e4XNseWbVqlkT4HliF6SKCjQ888vpxVQPjYAKPb5rWwm4GZHAqWB5xUkVSwgdkj7rahqRkCk3mxyU4wOt9HAQS/0iwBP1d0dGQqVGoa8rQwIDNeuNxf+8bgrBmZvxKEmBRXS6KEgFhhiP08E9LhkFMdKEUMn1XzEdEEko6AwrOgR79uR50jqu2VbNvj6p1q+KOMpoD+2jI2SjU1RHl6iBmoiiR/SMXtGb8WS8GO/Gx7S0ZBQ9u+gPjM8fbAidcw==</latexit><latexit sha1_base64="qqoEURapgdakfG1HW/+2EAbhKho=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIRdCMU3LiSCvYBTQyT6aQdO3kwcyOWkE9w46+4caGIW5fu/BunbRbaemDgcM59zD1+IrgCy/o2SguLS8sr5dXK2vrG5pa5vdNScSopa9JYxLLjE8UEj1gTOAjWSSQjoS9Y2x9ejP32PZOKx9ENjBLmhqQf8YBTAlryzEMH2ANkRKk0ZDjHTph62VRLJI9lnt/e4XNseWbVqlkT4HliF6SKCjQ888vpxVQPjYAKPb5rWwm4GZHAqWB5xUkVSwgdkj7rahqRkCk3mxyU4wOt9HAQS/0iwBP1d0dGQqVGoa8rQwIDNeuNxf+8bgrBmZvxKEmBRXS6KEgFhhiP08E9LhkFMdKEUMn1XzEdEEko6AwrOgR79uR50jqu2VbNvj6p1q+KOMpoD+2jI2SjU1RHl6iBmoiiR/SMXtGb8WS8GO/Gx7S0ZBQ9u+gPjM8fbAidcw==</latexit><latexit sha1_base64="qqoEURapgdakfG1HW/+2EAbhKho=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIRdCMU3LiSCvYBTQyT6aQdO3kwcyOWkE9w46+4caGIW5fu/BunbRbaemDgcM59zD1+IrgCy/o2SguLS8sr5dXK2vrG5pa5vdNScSopa9JYxLLjE8UEj1gTOAjWSSQjoS9Y2x9ejP32PZOKx9ENjBLmhqQf8YBTAlryzEMH2ANkRKk0ZDjHTph62VRLJI9lnt/e4XNseWbVqlkT4HliF6SKCjQ888vpxVQPjYAKPb5rWwm4GZHAqWB5xUkVSwgdkj7rahqRkCk3mxyU4wOt9HAQS/0iwBP1d0dGQqVGoa8rQwIDNeuNxf+8bgrBmZvxKEmBRXS6KEgFhhiP08E9LhkFMdKEUMn1XzEdEEko6AwrOgR79uR50jqu2VbNvj6p1q+KOMpoD+2jI2SjU1RHl6iBmoiiR/SMXtGb8WS8GO/Gx7S0ZBQ9u+gPjM8fbAidcw==</latexit>

let � =
�2

�2
prior

<latexit sha1_base64="Pz9MtQ+S9LwYud77gIzf+uUdEMo=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiuSiKCbpSCG1dSwVahiWEyvamDkwczN2IJ+Rs3/oobQUV06Z84bbPwdWDgcM653LknzKTQ6Dgf1tT0zOzcfG2hvri0vLJqr613dZorDh2eylRdhkyDFAl0UKCEy0wBi0MJF+HN8ci/uAWlRZqc4zADP2aDRESCMzRSYB95CHdYSEBaUk+awT6jh9SLFOOFp8UgZle7ZcWCYpLOlEhVWRojsBtO0xmD/iVuRRqkQjuwn71+yvMYEuSSad1znQz9gikUXEJZ93INGeM3bAA9QxMWg/aL8Z0l3TZKn0apMi9BOla/TxQs1noYhyYZM7zWv72R+J/XyzE68AuRZDlCwieLolxSTOmoNNoXCjjKoSGMK2H+Svk1MxWhqbZuSnB/n/yXdHebrtN0z/YardOqjhrZJFtkh7hkn7TICWmTDuHknjySF/JqPVhP1pv1PolOWdXMBvkB6/MLQQ2neQ==</latexit><latexit sha1_base64="Pz9MtQ+S9LwYud77gIzf+uUdEMo=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiuSiKCbpSCG1dSwVahiWEyvamDkwczN2IJ+Rs3/oobQUV06Z84bbPwdWDgcM653LknzKTQ6Dgf1tT0zOzcfG2hvri0vLJqr613dZorDh2eylRdhkyDFAl0UKCEy0wBi0MJF+HN8ci/uAWlRZqc4zADP2aDRESCMzRSYB95CHdYSEBaUk+awT6jh9SLFOOFp8UgZle7ZcWCYpLOlEhVWRojsBtO0xmD/iVuRRqkQjuwn71+yvMYEuSSad1znQz9gikUXEJZ93INGeM3bAA9QxMWg/aL8Z0l3TZKn0apMi9BOla/TxQs1noYhyYZM7zWv72R+J/XyzE68AuRZDlCwieLolxSTOmoNNoXCjjKoSGMK2H+Svk1MxWhqbZuSnB/n/yXdHebrtN0z/YardOqjhrZJFtkh7hkn7TICWmTDuHknjySF/JqPVhP1pv1PolOWdXMBvkB6/MLQQ2neQ==</latexit><latexit sha1_base64="Pz9MtQ+S9LwYud77gIzf+uUdEMo=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiuSiKCbpSCG1dSwVahiWEyvamDkwczN2IJ+Rs3/oobQUV06Z84bbPwdWDgcM653LknzKTQ6Dgf1tT0zOzcfG2hvri0vLJqr613dZorDh2eylRdhkyDFAl0UKCEy0wBi0MJF+HN8ci/uAWlRZqc4zADP2aDRESCMzRSYB95CHdYSEBaUk+awT6jh9SLFOOFp8UgZle7ZcWCYpLOlEhVWRojsBtO0xmD/iVuRRqkQjuwn71+yvMYEuSSad1znQz9gikUXEJZ93INGeM3bAA9QxMWg/aL8Z0l3TZKn0apMi9BOla/TxQs1noYhyYZM7zWv72R+J/XyzE68AuRZDlCwieLolxSTOmoNNoXCjjKoSGMK2H+Svk1MxWhqbZuSnB/n/yXdHebrtN0z/YardOqjhrZJFtkh7hkn7TICWmTDuHknjySF/JqPVhP1pv1PolOWdXMBvkB6/MLQQ2neQ==</latexit><latexit sha1_base64="Pz9MtQ+S9LwYud77gIzf+uUdEMo=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiuSiKCbpSCG1dSwVahiWEyvamDkwczN2IJ+Rs3/oobQUV06Z84bbPwdWDgcM653LknzKTQ6Dgf1tT0zOzcfG2hvri0vLJqr613dZorDh2eylRdhkyDFAl0UKCEy0wBi0MJF+HN8ci/uAWlRZqc4zADP2aDRESCMzRSYB95CHdYSEBaUk+awT6jh9SLFOOFp8UgZle7ZcWCYpLOlEhVWRojsBtO0xmD/iVuRRqkQjuwn71+yvMYEuSSad1znQz9gikUXEJZ93INGeM3bAA9QxMWg/aL8Z0l3TZKn0apMi9BOla/TxQs1noYhyYZM7zWv72R+J/XyzE68AuRZDlCwieLolxSTOmoNNoXCjjKoSGMK2H+Svk1MxWhqbZuSnB/n/yXdHebrtN0z/YardOqjhrZJFtkh7hkn7TICWmTDuHknjySF/JqPVhP1pv1PolOWdXMBvkB6/MLQQ2neQ==</latexit>

= argmin
✓

nX

i=1

(yi � f✓(xi))
2 +

�2

�2
prior

dX

j=1

(✓j � µj
prior)

2

<latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit><latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit><latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit><latexit sha1_base64="NKAMNMoyCylTVL3dFPVG7UkCjHw="></latexit>

Ridge regression



Outline for today

• Review of maximum likelihood 
estimation


• Maximum a posteriori


• Bias-variance tradeoff



Bias-variance tradeoff
D = {(xi, yi)}ni=1

<latexit sha1_base64="Q9UQbqt8Wh1He8Qhh2q0CB9r5qo=">AAACDXicbVDLSsNAFJ3UV62vqks3g1WoICURQTeFgi5cSQX7gCaGyXTSDp1MwsxELCE/4MZfceNCEbfu3fk3TtostPXAwOGcc5l7jxcxKpVpfhuFhcWl5ZXiamltfWNzq7y905ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON7rI/M49EZKG/FaNI+IEaMCpTzFSWnLLB3aA1BAjllymsA7tpPrg0mM4dumRnboJrVvpnY5VzJo5AZwnVk4qIEfTLX/Z/RDHAeEKMyRlzzIj5SRIKIoZSUt2LEmE8AgNSE9TjgIinWRyTQoPtdKHfij04wpO1N8TCQqkHAeeTma7y1kvE//zerHyz52E8ihWhOPpR37MoAphVg3sU0GwYmNNEBZU7wrxEAmElS6wpEuwZk+eJ+2TmmXWrJvTSuM6r6MI9sA+qAILnIEGuAJN0AIYPIJn8ArejCfjxXg3PqbRgpHP7II/MD5/AOU9mtY=</latexit><latexit sha1_base64="Q9UQbqt8Wh1He8Qhh2q0CB9r5qo=">AAACDXicbVDLSsNAFJ3UV62vqks3g1WoICURQTeFgi5cSQX7gCaGyXTSDp1MwsxELCE/4MZfceNCEbfu3fk3TtostPXAwOGcc5l7jxcxKpVpfhuFhcWl5ZXiamltfWNzq7y905ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON7rI/M49EZKG/FaNI+IEaMCpTzFSWnLLB3aA1BAjllymsA7tpPrg0mM4dumRnboJrVvpnY5VzJo5AZwnVk4qIEfTLX/Z/RDHAeEKMyRlzzIj5SRIKIoZSUt2LEmE8AgNSE9TjgIinWRyTQoPtdKHfij04wpO1N8TCQqkHAeeTma7y1kvE//zerHyz52E8ihWhOPpR37MoAphVg3sU0GwYmNNEBZU7wrxEAmElS6wpEuwZk+eJ+2TmmXWrJvTSuM6r6MI9sA+qAILnIEGuAJN0AIYPIJn8ArejCfjxXg3PqbRgpHP7II/MD5/AOU9mtY=</latexit><latexit sha1_base64="Q9UQbqt8Wh1He8Qhh2q0CB9r5qo=">AAACDXicbVDLSsNAFJ3UV62vqks3g1WoICURQTeFgi5cSQX7gCaGyXTSDp1MwsxELCE/4MZfceNCEbfu3fk3TtostPXAwOGcc5l7jxcxKpVpfhuFhcWl5ZXiamltfWNzq7y905ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON7rI/M49EZKG/FaNI+IEaMCpTzFSWnLLB3aA1BAjllymsA7tpPrg0mM4dumRnboJrVvpnY5VzJo5AZwnVk4qIEfTLX/Z/RDHAeEKMyRlzzIj5SRIKIoZSUt2LEmE8AgNSE9TjgIinWRyTQoPtdKHfij04wpO1N8TCQqkHAeeTma7y1kvE//zerHyz52E8ihWhOPpR37MoAphVg3sU0GwYmNNEBZU7wrxEAmElS6wpEuwZk+eJ+2TmmXWrJvTSuM6r6MI9sA+qAILnIEGuAJN0AIYPIJn8ArejCfjxXg3PqbRgpHP7II/MD5/AOU9mtY=</latexit><latexit sha1_base64="Q9UQbqt8Wh1He8Qhh2q0CB9r5qo=">AAACDXicbVDLSsNAFJ3UV62vqks3g1WoICURQTeFgi5cSQX7gCaGyXTSDp1MwsxELCE/4MZfceNCEbfu3fk3TtostPXAwOGcc5l7jxcxKpVpfhuFhcWl5ZXiamltfWNzq7y905ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON7rI/M49EZKG/FaNI+IEaMCpTzFSWnLLB3aA1BAjllymsA7tpPrg0mM4dumRnboJrVvpnY5VzJo5AZwnVk4qIEfTLX/Z/RDHAeEKMyRlzzIj5SRIKIoZSUt2LEmE8AgNSE9TjgIinWRyTQoPtdKHfij04wpO1N8TCQqkHAeeTma7y1kvE//zerHyz52E8ihWhOPpR37MoAphVg3sU0GwYmNNEBZU7wrxEAmElS6wpEuwZk+eJ+2TmmXWrJvTSuM6r6MI9sA+qAILnIEGuAJN0AIYPIJn8ArejCfjxXg3PqbRgpHP7II/MD5/AOU9mtY=</latexit>

View x_i as sampled from r.v. X
<latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit><latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit><latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit><latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit>

Goal: We want to find the model family with the 
lowest expected error



Bias-variance tradeoff
Goal: We want to find the model family with the 
lowest expected error

✏(~x; f)
<latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit>

= E
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="X3AJeDVDY017lF2o8HwoFtLygUM="></latexit><latexit sha1_base64="X3AJeDVDY017lF2o8HwoFtLygUM="></latexit><latexit sha1_base64="X3AJeDVDY017lF2o8HwoFtLygUM="></latexit><latexit sha1_base64="X3AJeDVDY017lF2o8HwoFtLygUM="></latexit>

f⇤
✓ (~x;D)

<latexit sha1_base64="Grzx7yS1BC3EZOn4OfXTHloEDXI=">AAACDHicbVDLSsNAFJ34tr6qLt0MFkFdlEQEBTeCLlxJBdsKTSyT6Y0dnDyYuSmWkA9w46+4caGIWz/AnX/jpM3C14GBwznnMvceP5FCo21/WhOTU9Mzs3PzlYXFpeWV6upaS8ep4tDksYzVlc80SBFBEwVKuEoUsNCX0PZvTwq/PQClRRxd4jABL2Q3kQgEZ2ikbrUWdDMX+4Asv97ddgfAs7ucHrkhwz5nMjvNdyomZdftEehf4pSkRko0utUPtxfzNIQIuWRadxw7QS9jCgWXkFfcVEPC+C27gY6hEQtBe9nomJxuGaVHg1iZFyEdqd8nMhZqPQx9kyyW1L+9QvzP66QYHHqZiJIUIeLjj4JUUoxp0QztCQUc5dAQxpUwu1LeZ4pxNP0VJTi/T/5LWnt1x647F/u14/OyjjmyQTbJNnHIATkmZ6RBmoSTe/JInsmL9WA9Wa/W2zg6YZUz6+QHrPcvEHua/g==</latexit><latexit sha1_base64="Grzx7yS1BC3EZOn4OfXTHloEDXI=">AAACDHicbVDLSsNAFJ34tr6qLt0MFkFdlEQEBTeCLlxJBdsKTSyT6Y0dnDyYuSmWkA9w46+4caGIWz/AnX/jpM3C14GBwznnMvceP5FCo21/WhOTU9Mzs3PzlYXFpeWV6upaS8ep4tDksYzVlc80SBFBEwVKuEoUsNCX0PZvTwq/PQClRRxd4jABL2Q3kQgEZ2ikbrUWdDMX+4Asv97ddgfAs7ucHrkhwz5nMjvNdyomZdftEehf4pSkRko0utUPtxfzNIQIuWRadxw7QS9jCgWXkFfcVEPC+C27gY6hEQtBe9nomJxuGaVHg1iZFyEdqd8nMhZqPQx9kyyW1L+9QvzP66QYHHqZiJIUIeLjj4JUUoxp0QztCQUc5dAQxpUwu1LeZ4pxNP0VJTi/T/5LWnt1x647F/u14/OyjjmyQTbJNnHIATkmZ6RBmoSTe/JInsmL9WA9Wa/W2zg6YZUz6+QHrPcvEHua/g==</latexit><latexit sha1_base64="Grzx7yS1BC3EZOn4OfXTHloEDXI=">AAACDHicbVDLSsNAFJ34tr6qLt0MFkFdlEQEBTeCLlxJBdsKTSyT6Y0dnDyYuSmWkA9w46+4caGIWz/AnX/jpM3C14GBwznnMvceP5FCo21/WhOTU9Mzs3PzlYXFpeWV6upaS8ep4tDksYzVlc80SBFBEwVKuEoUsNCX0PZvTwq/PQClRRxd4jABL2Q3kQgEZ2ikbrUWdDMX+4Asv97ddgfAs7ucHrkhwz5nMjvNdyomZdftEehf4pSkRko0utUPtxfzNIQIuWRadxw7QS9jCgWXkFfcVEPC+C27gY6hEQtBe9nomJxuGaVHg1iZFyEdqd8nMhZqPQx9kyyW1L+9QvzP66QYHHqZiJIUIeLjj4JUUoxp0QztCQUc5dAQxpUwu1LeZ4pxNP0VJTi/T/5LWnt1x647F/u14/OyjjmyQTbJNnHIATkmZ6RBmoSTe/JInsmL9WA9Wa/W2zg6YZUz6+QHrPcvEHua/g==</latexit><latexit sha1_base64="Grzx7yS1BC3EZOn4OfXTHloEDXI=">AAACDHicbVDLSsNAFJ34tr6qLt0MFkFdlEQEBTeCLlxJBdsKTSyT6Y0dnDyYuSmWkA9w46+4caGIWz/AnX/jpM3C14GBwznnMvceP5FCo21/WhOTU9Mzs3PzlYXFpeWV6upaS8ep4tDksYzVlc80SBFBEwVKuEoUsNCX0PZvTwq/PQClRRxd4jABL2Q3kQgEZ2ikbrUWdDMX+4Asv97ddgfAs7ucHrkhwz5nMjvNdyomZdftEehf4pSkRko0utUPtxfzNIQIuWRadxw7QS9jCgWXkFfcVEPC+C27gY6hEQtBe9nomJxuGaVHg1iZFyEdqd8nMhZqPQx9kyyW1L+9QvzP66QYHHqZiJIUIeLjj4JUUoxp0QztCQUc5dAQxpUwu1LeZ4pxNP0VJTi/T/5LWnt1x647F/u14/OyjjmyQTbJNnHIATkmZ6RBmoSTe/JInsmL9WA9Wa/W2zg6YZUz6+QHrPcvEHua/g==</latexit>

:  best model from the family on the given dataset

= E~x,y,D
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit>



Bias-variance tradeoff
Goal: We want to find the model family with the 
lowest expected error

✏(~x; f)
<latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit>

= E~x,y,D
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit>

Let’s decompose this into parts



Bias-variance tradeoff
Goal: We want to find the model family with the 
lowest expected error

✏(~x; f)
<latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit>

= E~x,y,D
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit>

Let’s decompose this into parts

= (E [f⇤
✓ (~x;D)]� E [y])2

<latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit>

+Var(f⇤
✓ (~x;D)) + Var(z)

<latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit>

bias^2 Variance Irreducible 
error



Bias-variance tradeoff
Goal: We want to find the model family with the 
lowest expected error

✏(~x; f)
<latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit>

= E~x,y,D
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit>

E [Y ]
<latexit sha1_base64="4rJiMs5ni60gIa2wry9myPBGM2w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgqiQi6LIggiupYB+ShDKZTtqhkwczN0IJXbjxV9y4UMStH+HOv3HSZqGtBy4czrmXe+8JUsEV2Pa3UVlZXVvfqG6aW9s7u3vW/kFHJZmkrE0TkcheQBQTPGZt4CBYL5WMRIFg3WB8WfjdByYVT+I7mKTMj8gw5iGnBLTUt2peRGAUBPnVFHuCheCa96Yn+XAEft+q2w17BrxMnJLUUYlW3/ryBgnNIhYDFUQp17FT8HMigVPBpqaXKZYSOiZD5moak4gpP589McXHWhngMJG6YsAz9fdETiKlJlGgO4uT1aJXiP95bgbhhZ/zOM2AxXS+KMwEhgQXieABl4yCmGhCqOT6VkxHRBIKOjdTh+AsvrxMOqcNx244t2f15k0ZRxXV0BE6QQ46R010jVqojSh6RM/oFb0ZT8aL8W58zFsrRjlziP7A+PwBzLKXkg==</latexit><latexit sha1_base64="4rJiMs5ni60gIa2wry9myPBGM2w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgqiQi6LIggiupYB+ShDKZTtqhkwczN0IJXbjxV9y4UMStH+HOv3HSZqGtBy4czrmXe+8JUsEV2Pa3UVlZXVvfqG6aW9s7u3vW/kFHJZmkrE0TkcheQBQTPGZt4CBYL5WMRIFg3WB8WfjdByYVT+I7mKTMj8gw5iGnBLTUt2peRGAUBPnVFHuCheCa96Yn+XAEft+q2w17BrxMnJLUUYlW3/ryBgnNIhYDFUQp17FT8HMigVPBpqaXKZYSOiZD5moak4gpP589McXHWhngMJG6YsAz9fdETiKlJlGgO4uT1aJXiP95bgbhhZ/zOM2AxXS+KMwEhgQXieABl4yCmGhCqOT6VkxHRBIKOjdTh+AsvrxMOqcNx244t2f15k0ZRxXV0BE6QQ46R010jVqojSh6RM/oFb0ZT8aL8W58zFsrRjlziP7A+PwBzLKXkg==</latexit><latexit sha1_base64="4rJiMs5ni60gIa2wry9myPBGM2w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgqiQi6LIggiupYB+ShDKZTtqhkwczN0IJXbjxV9y4UMStH+HOv3HSZqGtBy4czrmXe+8JUsEV2Pa3UVlZXVvfqG6aW9s7u3vW/kFHJZmkrE0TkcheQBQTPGZt4CBYL5WMRIFg3WB8WfjdByYVT+I7mKTMj8gw5iGnBLTUt2peRGAUBPnVFHuCheCa96Yn+XAEft+q2w17BrxMnJLUUYlW3/ryBgnNIhYDFUQp17FT8HMigVPBpqaXKZYSOiZD5moak4gpP589McXHWhngMJG6YsAz9fdETiKlJlGgO4uT1aJXiP95bgbhhZ/zOM2AxXS+KMwEhgQXieABl4yCmGhCqOT6VkxHRBIKOjdTh+AsvrxMOqcNx244t2f15k0ZRxXV0BE6QQ46R010jVqojSh6RM/oFb0ZT8aL8W58zFsrRjlziP7A+PwBzLKXkg==</latexit><latexit sha1_base64="4rJiMs5ni60gIa2wry9myPBGM2w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgqiQi6LIggiupYB+ShDKZTtqhkwczN0IJXbjxV9y4UMStH+HOv3HSZqGtBy4czrmXe+8JUsEV2Pa3UVlZXVvfqG6aW9s7u3vW/kFHJZmkrE0TkcheQBQTPGZt4CBYL5WMRIFg3WB8WfjdByYVT+I7mKTMj8gw5iGnBLTUt2peRGAUBPnVFHuCheCa96Yn+XAEft+q2w17BrxMnJLUUYlW3/ryBgnNIhYDFUQp17FT8HMigVPBpqaXKZYSOiZD5moak4gpP589McXHWhngMJG6YsAz9fdETiKlJlGgO4uT1aJXiP95bgbhhZ/zOM2AxXS+KMwEhgQXieABl4yCmGhCqOT6VkxHRBIKOjdTh+AsvrxMOqcNx244t2f15k0ZRxXV0BE6QQ46R010jVqojSh6RM/oFb0ZT8aL8W58zFsrRjlziP7A+PwBzLKXkg==</latexit>

= E [f(~x) + z]
<latexit sha1_base64="E+q7lGsiR0fxA0pSn9Q1Pr7wmtc=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NE/ZhhJwyL0z71JUTYsKOy3wVe3Pa36S69s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3C//u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/ArT6nNI=</latexit><latexit sha1_base64="E+q7lGsiR0fxA0pSn9Q1Pr7wmtc=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NE/ZhhJwyL0z71JUTYsKOy3wVe3Pa36S69s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3C//u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/ArT6nNI=</latexit><latexit sha1_base64="E+q7lGsiR0fxA0pSn9Q1Pr7wmtc=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NE/ZhhJwyL0z71JUTYsKOy3wVe3Pa36S69s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3C//u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/ArT6nNI=</latexit><latexit sha1_base64="E+q7lGsiR0fxA0pSn9Q1Pr7wmtc=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NE/ZhhJwyL0z71JUTYsKOy3wVe3Pa36S69s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3C//u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/ArT6nNI=</latexit>

= f(~x) + E [z]
<latexit sha1_base64="hzyvOm0kn03JvsWHAJrtL9MoKn8=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NEo7LfBV7c9rfpLvVjhp0wLE771JcQYcO+s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3Cy/u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/AqqbnNI=</latexit><latexit sha1_base64="hzyvOm0kn03JvsWHAJrtL9MoKn8=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NEo7LfBV7c9rfpLvVjhp0wLE771JcQYcO+s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3Cy/u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/AqqbnNI=</latexit><latexit sha1_base64="hzyvOm0kn03JvsWHAJrtL9MoKn8=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NEo7LfBV7c9rfpLvVjhp0wLE771JcQYcO+s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3Cy/u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/AqqbnNI=</latexit><latexit sha1_base64="hzyvOm0kn03JvsWHAJrtL9MoKn8=">AAACE3icbVDJSgNBEO1xd9xGPXppDEJUCDMi6EUQRPAkEYwRMkPo6dQkjT0L3TXBOOQfvPgrXjwo4tWLN//GznJwe1DweK+KqnphJoVG1/20Jianpmdm5+bthcWl5RVnde1Kp7niUOOpTNV1yDRIkUANBUq4zhSwOJRQD29OBn69C0qLNLnEXgZBzNqJiARnaKSms3NEo7LfBV7c9rfpLvVjhp0wLE771JcQYcO+s30l2h0Mmk7JrbhD0L/EG5MSGaPadD78VsrzGBLkkmnd8NwMg4IpFFxC3/ZzDRnjN6wNDUMTFoMOiuFPfbpllBaNUmUqQTpUv08ULNa6F4emc3Cy/u0NxP+8Ro7RYVCIJMsREj5aFOWSYkoHAdGWUMBR9gxhXAlzK+UdphhHE6NtQvB+v/yXXO1VPLfiXeyXjs/HccyRDbJJysQjB+SYnJEqqRFO7skjeSYv1oP1ZL1ab6PWCWs8s05+wHr/AqqbnNI=</latexit>

= f(~x)
<latexit sha1_base64="/mu50bWz7n5ozD+ygOZ9QgGafxo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5QHYJs5PeZMjsg5nZYFjyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXX4iuNK2/W0V1tY3NreK26Wd3b39g/LhUUvFqWTYZLGIZcenCgWPsKm5FthJJNLQF9j2R7czvz1GqXgcPepJgl5IBxEPOKPaSO4NCaruGFn2ND3vlSt2zZ6DrBInJxXI0eiVv9x+zNIQI80EVarr2In2Mio1ZwKnJTdVmFA2ogPsGhrREJWXzW+ekjOj9EkQS1ORJnP190RGQ6UmoW86Q6qHatmbif953VQH117GoyTVGLHFoiAVRMdkFgDpc4lMi4khlElubiVsSCVl2sRUMiE4yy+vktZFzbFrzsNlpX6fx1GEEziFKjhwBXW4gwY0gUECz/AKb1ZqvVjv1seitWDlM8fwB9bnDxx/kRw=</latexit><latexit sha1_base64="/mu50bWz7n5ozD+ygOZ9QgGafxo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5QHYJs5PeZMjsg5nZYFjyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXX4iuNK2/W0V1tY3NreK26Wd3b39g/LhUUvFqWTYZLGIZcenCgWPsKm5FthJJNLQF9j2R7czvz1GqXgcPepJgl5IBxEPOKPaSO4NCaruGFn2ND3vlSt2zZ6DrBInJxXI0eiVv9x+zNIQI80EVarr2In2Mio1ZwKnJTdVmFA2ogPsGhrREJWXzW+ekjOj9EkQS1ORJnP190RGQ6UmoW86Q6qHatmbif953VQH117GoyTVGLHFoiAVRMdkFgDpc4lMi4khlElubiVsSCVl2sRUMiE4yy+vktZFzbFrzsNlpX6fx1GEEziFKjhwBXW4gwY0gUECz/AKb1ZqvVjv1seitWDlM8fwB9bnDxx/kRw=</latexit><latexit sha1_base64="/mu50bWz7n5ozD+ygOZ9QgGafxo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5QHYJs5PeZMjsg5nZYFjyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXX4iuNK2/W0V1tY3NreK26Wd3b39g/LhUUvFqWTYZLGIZcenCgWPsKm5FthJJNLQF9j2R7czvz1GqXgcPepJgl5IBxEPOKPaSO4NCaruGFn2ND3vlSt2zZ6DrBInJxXI0eiVv9x+zNIQI80EVarr2In2Mio1ZwKnJTdVmFA2ogPsGhrREJWXzW+ekjOj9EkQS1ORJnP190RGQ6UmoW86Q6qHatmbif953VQH117GoyTVGLHFoiAVRMdkFgDpc4lMi4khlElubiVsSCVl2sRUMiE4yy+vktZFzbFrzsNlpX6fx1GEEziFKjhwBXW4gwY0gUECz/AKb1ZqvVjv1seitWDlM8fwB9bnDxx/kRw=</latexit><latexit sha1_base64="/mu50bWz7n5ozD+ygOZ9QgGafxo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5QHYJs5PeZMjsg5nZYFjyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXX4iuNK2/W0V1tY3NreK26Wd3b39g/LhUUvFqWTYZLGIZcenCgWPsKm5FthJJNLQF9j2R7czvz1GqXgcPepJgl5IBxEPOKPaSO4NCaruGFn2ND3vlSt2zZ6DrBInJxXI0eiVv9x+zNIQI80EVarr2In2Mio1ZwKnJTdVmFA2ogPsGhrREJWXzW+ekjOj9EkQS1ORJnP190RGQ6UmoW86Q6qHatmbif953VQH117GoyTVGLHFoiAVRMdkFgDpc4lMi4khlElubiVsSCVl2sRUMiE4yy+vktZFzbFrzsNlpX6fx1GEEziFKjhwBXW4gwY0gUECz/AKb1ZqvVjv1seitWDlM8fwB9bnDxx/kRw=</latexit>

Var(Y )
<latexit sha1_base64="E15RaOiRfBk3VkhuTD+t500UfX0=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuCHoMePEkEcxDkiXMTnqTIbMPZnrFuORLvHhQxKuf4s2/cZLsQRMLGoqqbrq7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7oauq3HkBpEUd3OE7AC9kgEoHgDI3Us0tdhEfMmkxNaOX+lPbsslN1ZqDLxM1JmeSo9+yvbj/maQgRcsm07rhOgl7GFAouYVLsphoSxkdsAB1DIxaC9rLZ4RN6YpQ+DWJlKkI6U39PZCzUehz6pjNkONSL3lT8z+ukGFx6mYiSFCHi80VBKinGdJoC7QsFHOXYEMaVMLdSPmSKcTRZFU0I7uLLy6R5VnWdqnt7Xq7d5HEUyBE5JhXikgtSI9ekThqEk5Q8k1fyZj1ZL9a79TFvXbHymUPyB9bnD7IQknk=</latexit><latexit sha1_base64="E15RaOiRfBk3VkhuTD+t500UfX0=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuCHoMePEkEcxDkiXMTnqTIbMPZnrFuORLvHhQxKuf4s2/cZLsQRMLGoqqbrq7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7oauq3HkBpEUd3OE7AC9kgEoHgDI3Us0tdhEfMmkxNaOX+lPbsslN1ZqDLxM1JmeSo9+yvbj/maQgRcsm07rhOgl7GFAouYVLsphoSxkdsAB1DIxaC9rLZ4RN6YpQ+DWJlKkI6U39PZCzUehz6pjNkONSL3lT8z+ukGFx6mYiSFCHi80VBKinGdJoC7QsFHOXYEMaVMLdSPmSKcTRZFU0I7uLLy6R5VnWdqnt7Xq7d5HEUyBE5JhXikgtSI9ekThqEk5Q8k1fyZj1ZL9a79TFvXbHymUPyB9bnD7IQknk=</latexit><latexit sha1_base64="E15RaOiRfBk3VkhuTD+t500UfX0=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuCHoMePEkEcxDkiXMTnqTIbMPZnrFuORLvHhQxKuf4s2/cZLsQRMLGoqqbrq7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7oauq3HkBpEUd3OE7AC9kgEoHgDI3Us0tdhEfMmkxNaOX+lPbsslN1ZqDLxM1JmeSo9+yvbj/maQgRcsm07rhOgl7GFAouYVLsphoSxkdsAB1DIxaC9rLZ4RN6YpQ+DWJlKkI6U39PZCzUehz6pjNkONSL3lT8z+ukGFx6mYiSFCHi80VBKinGdJoC7QsFHOXYEMaVMLdSPmSKcTRZFU0I7uLLy6R5VnWdqnt7Xq7d5HEUyBE5JhXikgtSI9ekThqEk5Q8k1fyZj1ZL9a79TFvXbHymUPyB9bnD7IQknk=</latexit><latexit sha1_base64="E15RaOiRfBk3VkhuTD+t500UfX0=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuCHoMePEkEcxDkiXMTnqTIbMPZnrFuORLvHhQxKuf4s2/cZLsQRMLGoqqbrq7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUcWjwWMaq7TMNUkTQQIES2okCFvoSWv7oauq3HkBpEUd3OE7AC9kgEoHgDI3Us0tdhEfMmkxNaOX+lPbsslN1ZqDLxM1JmeSo9+yvbj/maQgRcsm07rhOgl7GFAouYVLsphoSxkdsAB1DIxaC9rLZ4RN6YpQ+DWJlKkI6U39PZCzUehz6pjNkONSL3lT8z+ukGFx6mYiSFCHi80VBKinGdJoC7QsFHOXYEMaVMLdSPmSKcTRZFU0I7uLLy6R5VnWdqnt7Xq7d5HEUyBE5JhXikgtSI9ekThqEk5Q8k1fyZj1ZL9a79TFvXbHymUPyB9bnD7IQknk=</latexit>

= Var(f(~x) + z) = Var(Z)
<latexit sha1_base64="gjfIIgbeVPvGUQWMMgNkX9rxtEs=">AAACF3icbVDJSgNBEO1xjXGLevTSGIQEIcyIoBch4MWTRDALJiH0dGqSxp6F7pqQOOQvvPgrXjwo4lVv/o2d5RATHxQ83quiqp4bSaHRtn+speWV1bX11EZ6c2t7Zzezt1/RYaw4lHkoQ1VzmQYpAiijQAm1SAHzXQlV9+Fq5Fd7oLQIgzscRND0WScQnuAMjdTKFC5pA6GPSYWpIc15uUYPeNIf5ukJfczTWTd3n6etTNYu2GPQReJMSZZMUWplvhvtkMc+BMgl07ru2BE2E6ZQcAnDdCPWEDH+wDpQNzRgPuhmMv5rSI+N0qZeqEwFSMfq7ETCfK0Hvms6fYZdPe+NxP+8eozeRTMRQRQjBHyyyIslxZCOQqJtoYCjHBjCuBLmVsq7TDGOJsq0CcGZf3mRVE4Ljl1wbs+yxZtpHClySI5IjjjknBTJNSmRMuHkibyQN/JuPVuv1of1OWldsqYzB+QPrK9fskOdww==</latexit><latexit sha1_base64="gjfIIgbeVPvGUQWMMgNkX9rxtEs=">AAACF3icbVDJSgNBEO1xjXGLevTSGIQEIcyIoBch4MWTRDALJiH0dGqSxp6F7pqQOOQvvPgrXjwo4lVv/o2d5RATHxQ83quiqp4bSaHRtn+speWV1bX11EZ6c2t7Zzezt1/RYaw4lHkoQ1VzmQYpAiijQAm1SAHzXQlV9+Fq5Fd7oLQIgzscRND0WScQnuAMjdTKFC5pA6GPSYWpIc15uUYPeNIf5ukJfczTWTd3n6etTNYu2GPQReJMSZZMUWplvhvtkMc+BMgl07ru2BE2E6ZQcAnDdCPWEDH+wDpQNzRgPuhmMv5rSI+N0qZeqEwFSMfq7ETCfK0Hvms6fYZdPe+NxP+8eozeRTMRQRQjBHyyyIslxZCOQqJtoYCjHBjCuBLmVsq7TDGOJsq0CcGZf3mRVE4Ljl1wbs+yxZtpHClySI5IjjjknBTJNSmRMuHkibyQN/JuPVuv1of1OWldsqYzB+QPrK9fskOdww==</latexit><latexit sha1_base64="gjfIIgbeVPvGUQWMMgNkX9rxtEs=">AAACF3icbVDJSgNBEO1xjXGLevTSGIQEIcyIoBch4MWTRDALJiH0dGqSxp6F7pqQOOQvvPgrXjwo4lVv/o2d5RATHxQ83quiqp4bSaHRtn+speWV1bX11EZ6c2t7Zzezt1/RYaw4lHkoQ1VzmQYpAiijQAm1SAHzXQlV9+Fq5Fd7oLQIgzscRND0WScQnuAMjdTKFC5pA6GPSYWpIc15uUYPeNIf5ukJfczTWTd3n6etTNYu2GPQReJMSZZMUWplvhvtkMc+BMgl07ru2BE2E6ZQcAnDdCPWEDH+wDpQNzRgPuhmMv5rSI+N0qZeqEwFSMfq7ETCfK0Hvms6fYZdPe+NxP+8eozeRTMRQRQjBHyyyIslxZCOQqJtoYCjHBjCuBLmVsq7TDGOJsq0CcGZf3mRVE4Ljl1wbs+yxZtpHClySI5IjjjknBTJNSmRMuHkibyQN/JuPVuv1of1OWldsqYzB+QPrK9fskOdww==</latexit><latexit sha1_base64="gjfIIgbeVPvGUQWMMgNkX9rxtEs=">AAACF3icbVDJSgNBEO1xjXGLevTSGIQEIcyIoBch4MWTRDALJiH0dGqSxp6F7pqQOOQvvPgrXjwo4lVv/o2d5RATHxQ83quiqp4bSaHRtn+speWV1bX11EZ6c2t7Zzezt1/RYaw4lHkoQ1VzmQYpAiijQAm1SAHzXQlV9+Fq5Fd7oLQIgzscRND0WScQnuAMjdTKFC5pA6GPSYWpIc15uUYPeNIf5ukJfczTWTd3n6etTNYu2GPQReJMSZZMUWplvhvtkMc+BMgl07ru2BE2E6ZQcAnDdCPWEDH+wDpQNzRgPuhmMv5rSI+N0qZeqEwFSMfq7ETCfK0Hvms6fYZdPe+NxP+8eozeRTMRQRQjBHyyyIslxZCOQqJtoYCjHBjCuBLmVsq7TDGOJsq0CcGZf3mRVE4Ljl1wbs+yxZtpHClySI5IjjjknBTJNSmRMuHkibyQN/JuPVuv1of1OWldsqYzB+QPrK9fskOdww==</latexit>

Start by analyzing mean & var of y



Bias-variance tradeoff
Goal: We want to find the model family with the 
lowest expected error

✏(~x; f)
<latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit>

= E~x,y,D
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit>

Add one more lemma (for any RV)

Var(X)
<latexit sha1_base64="AGMpCU44INK4XHinSTg6EdURPEw=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvHiSCOYByRpmJ51kyOzsMtOrhiX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIIWCOgqU0Io1sDCQ0AxGV1O/+QDaiEjd4TgGP2QDJfqCM7TSfQfhCdMG0xNabp12iyW34s5Al4mXkRLJUOsWvzq9iCchKOSSGdP23Bj9lGkUXMKk0EkMxIyP2ADalioWgvHT2dUTemKVHu1H2pZCOlN/T6QsNGYcBrYzZDg0i95U/M9rJ9i/9FOh4gRB8fmifiIpRnQaAe0JDRzl2BLGtbC3Uj5kmnG0QRVsCN7iy8ukcVbx3Ip3e16q3mRx5MkROSZl4pELUiXXpEbqhBNNnskreXMenRfn3fmYt+acbOaQ/IHz+QPePZId</latexit><latexit sha1_base64="AGMpCU44INK4XHinSTg6EdURPEw=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvHiSCOYByRpmJ51kyOzsMtOrhiX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIIWCOgqU0Io1sDCQ0AxGV1O/+QDaiEjd4TgGP2QDJfqCM7TSfQfhCdMG0xNabp12iyW34s5Al4mXkRLJUOsWvzq9iCchKOSSGdP23Bj9lGkUXMKk0EkMxIyP2ADalioWgvHT2dUTemKVHu1H2pZCOlN/T6QsNGYcBrYzZDg0i95U/M9rJ9i/9FOh4gRB8fmifiIpRnQaAe0JDRzl2BLGtbC3Uj5kmnG0QRVsCN7iy8ukcVbx3Ip3e16q3mRx5MkROSZl4pELUiXXpEbqhBNNnskreXMenRfn3fmYt+acbOaQ/IHz+QPePZId</latexit><latexit sha1_base64="AGMpCU44INK4XHinSTg6EdURPEw=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvHiSCOYByRpmJ51kyOzsMtOrhiX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIIWCOgqU0Io1sDCQ0AxGV1O/+QDaiEjd4TgGP2QDJfqCM7TSfQfhCdMG0xNabp12iyW34s5Al4mXkRLJUOsWvzq9iCchKOSSGdP23Bj9lGkUXMKk0EkMxIyP2ADalioWgvHT2dUTemKVHu1H2pZCOlN/T6QsNGYcBrYzZDg0i95U/M9rJ9i/9FOh4gRB8fmifiIpRnQaAe0JDRzl2BLGtbC3Uj5kmnG0QRVsCN7iy8ukcVbx3Ip3e16q3mRx5MkROSZl4pELUiXXpEbqhBNNnskreXMenRfn3fmYt+acbOaQ/IHz+QPePZId</latexit><latexit sha1_base64="AGMpCU44INK4XHinSTg6EdURPEw=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvHiSCOYByRpmJ51kyOzsMtOrhiX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIIWCOgqU0Io1sDCQ0AxGV1O/+QDaiEjd4TgGP2QDJfqCM7TSfQfhCdMG0xNabp12iyW34s5Al4mXkRLJUOsWvzq9iCchKOSSGdP23Bj9lGkUXMKk0EkMxIyP2ADalioWgvHT2dUTemKVHu1H2pZCOlN/T6QsNGYcBrYzZDg0i95U/M9rJ9i/9FOh4gRB8fmifiIpRnQaAe0JDRzl2BLGtbC3Uj5kmnG0QRVsCN7iy8ukcVbx3Ip3e16q3mRx5MkROSZl4pELUiXXpEbqhBNNnskreXMenRfn3fmYt+acbOaQ/IHz+QPePZId</latexit>

= E
⇥
(X � E(X))2

⇤
<latexit sha1_base64="2yJfKtxvSTj48p4YtGLepj1GJ4I=">AAACGnicbVDJSgNBEO2JWxy3UY9eGoOQHAwzQdCLEBDBk0QwC2TG0NPpSZr0LHTXCGHId3jxV7x4UMSbePFv7CyHmPig4PFeFVX1/ERwBbb9Y+RWVtfWN/Kb5tb2zu6etX/QUHEqKavTWMSy5RPFBI9YHTgI1kokI6EvWNMfXI395iOTisfRPQwT5oWkF/GAUwJa6ljOJXZDAn3fz65H2BUsgLZZbOHTObnYKpUeKqYrea8PXscq2GV7ArxMnBkpoBlqHevL7cY0DVkEVBCl2o6dgJcRCZwKNjLdVLGE0AHpsbamEQmZ8rLJayN8opUuDmKpKwI8UecnMhIqNQx93Tm+Vy16Y/E/r51CcOFlPEpSYBGdLgpSgSHG45xwl0tGQQw1IVRyfSumfSIJBZ2mqUNwFl9eJo1K2bHLzt1ZoXo7iyOPjtAxKiIHnaMqukE1VEcUPaEX9IbejWfj1fgwPqetOWM2c4j+wPj+BaV+nsg=</latexit><latexit sha1_base64="2yJfKtxvSTj48p4YtGLepj1GJ4I=">AAACGnicbVDJSgNBEO2JWxy3UY9eGoOQHAwzQdCLEBDBk0QwC2TG0NPpSZr0LHTXCGHId3jxV7x4UMSbePFv7CyHmPig4PFeFVX1/ERwBbb9Y+RWVtfWN/Kb5tb2zu6etX/QUHEqKavTWMSy5RPFBI9YHTgI1kokI6EvWNMfXI395iOTisfRPQwT5oWkF/GAUwJa6ljOJXZDAn3fz65H2BUsgLZZbOHTObnYKpUeKqYrea8PXscq2GV7ArxMnBkpoBlqHevL7cY0DVkEVBCl2o6dgJcRCZwKNjLdVLGE0AHpsbamEQmZ8rLJayN8opUuDmKpKwI8UecnMhIqNQx93Tm+Vy16Y/E/r51CcOFlPEpSYBGdLgpSgSHG45xwl0tGQQw1IVRyfSumfSIJBZ2mqUNwFl9eJo1K2bHLzt1ZoXo7iyOPjtAxKiIHnaMqukE1VEcUPaEX9IbejWfj1fgwPqetOWM2c4j+wPj+BaV+nsg=</latexit><latexit sha1_base64="2yJfKtxvSTj48p4YtGLepj1GJ4I=">AAACGnicbVDJSgNBEO2JWxy3UY9eGoOQHAwzQdCLEBDBk0QwC2TG0NPpSZr0LHTXCGHId3jxV7x4UMSbePFv7CyHmPig4PFeFVX1/ERwBbb9Y+RWVtfWN/Kb5tb2zu6etX/QUHEqKavTWMSy5RPFBI9YHTgI1kokI6EvWNMfXI395iOTisfRPQwT5oWkF/GAUwJa6ljOJXZDAn3fz65H2BUsgLZZbOHTObnYKpUeKqYrea8PXscq2GV7ArxMnBkpoBlqHevL7cY0DVkEVBCl2o6dgJcRCZwKNjLdVLGE0AHpsbamEQmZ8rLJayN8opUuDmKpKwI8UecnMhIqNQx93Tm+Vy16Y/E/r51CcOFlPEpSYBGdLgpSgSHG45xwl0tGQQw1IVRyfSumfSIJBZ2mqUNwFl9eJo1K2bHLzt1ZoXo7iyOPjtAxKiIHnaMqukE1VEcUPaEX9IbejWfj1fgwPqetOWM2c4j+wPj+BaV+nsg=</latexit><latexit sha1_base64="2yJfKtxvSTj48p4YtGLepj1GJ4I=">AAACGnicbVDJSgNBEO2JWxy3UY9eGoOQHAwzQdCLEBDBk0QwC2TG0NPpSZr0LHTXCGHId3jxV7x4UMSbePFv7CyHmPig4PFeFVX1/ERwBbb9Y+RWVtfWN/Kb5tb2zu6etX/QUHEqKavTWMSy5RPFBI9YHTgI1kokI6EvWNMfXI395iOTisfRPQwT5oWkF/GAUwJa6ljOJXZDAn3fz65H2BUsgLZZbOHTObnYKpUeKqYrea8PXscq2GV7ArxMnBkpoBlqHevL7cY0DVkEVBCl2o6dgJcRCZwKNjLdVLGE0AHpsbamEQmZ8rLJayN8opUuDmKpKwI8UecnMhIqNQx93Tm+Vy16Y/E/r51CcOFlPEpSYBGdLgpSgSHG45xwl0tGQQw1IVRyfSumfSIJBZ2mqUNwFl9eJo1K2bHLzt1ZoXo7iyOPjtAxKiIHnaMqukE1VEcUPaEX9IbejWfj1fgwPqetOWM2c4j+wPj+BaV+nsg=</latexit>

= E
⇥
X2

⇤
� E [X]2

<latexit sha1_base64="ldB58oChhkYVjzkR3HIENYehbXI=">AAACKXicbVDLSsNAFJ34rPFVdelmsAhuLEkRdCMURHAlFWwbSNIymU7aoZMHMzdCCf0dN/6KGwVF3fojTtsstPXAwOGcc5l7T5AKrsCyPo2l5ZXVtfXShrm5tb2zW97bb6kkk5Q1aSIS6QREMcFj1gQOgjmpZCQKBGsHw6uJ335gUvEkvodRyvyI9GMeckpAS91y/RJ7EYFBEOTXY+wJFoJrOp0a9iTvD8A38eliADtmYXdq3XLFqlpT4EViF6SCCjS65Vevl9AsYjFQQZRybSsFPycSOBVsbHqZYimhQ9JnrqYxiZjy8+mlY3yslR4OE6lfDHiq/p7ISaTUKAp0crK0mvcm4n+em0F44ec8TjNgMZ19FGYCQ4InteEel4yCGGlCqOR6V0wHRBIKulxTl2DPn7xIWrWqbVXtu7NK/baoo4QO0RE6QTY6R3V0gxqoiSh6RM/oDb0bT8aL8WF8zaJLRjFzgP7A+P4BbD2k7w==</latexit><latexit sha1_base64="ldB58oChhkYVjzkR3HIENYehbXI=">AAACKXicbVDLSsNAFJ34rPFVdelmsAhuLEkRdCMURHAlFWwbSNIymU7aoZMHMzdCCf0dN/6KGwVF3fojTtsstPXAwOGcc5l7T5AKrsCyPo2l5ZXVtfXShrm5tb2zW97bb6kkk5Q1aSIS6QREMcFj1gQOgjmpZCQKBGsHw6uJ335gUvEkvodRyvyI9GMeckpAS91y/RJ7EYFBEOTXY+wJFoJrOp0a9iTvD8A38eliADtmYXdq3XLFqlpT4EViF6SCCjS65Vevl9AsYjFQQZRybSsFPycSOBVsbHqZYimhQ9JnrqYxiZjy8+mlY3yslR4OE6lfDHiq/p7ISaTUKAp0crK0mvcm4n+em0F44ec8TjNgMZ19FGYCQ4InteEel4yCGGlCqOR6V0wHRBIKulxTl2DPn7xIWrWqbVXtu7NK/baoo4QO0RE6QTY6R3V0gxqoiSh6RM/oDb0bT8aL8WF8zaJLRjFzgP7A+P4BbD2k7w==</latexit><latexit sha1_base64="ldB58oChhkYVjzkR3HIENYehbXI=">AAACKXicbVDLSsNAFJ34rPFVdelmsAhuLEkRdCMURHAlFWwbSNIymU7aoZMHMzdCCf0dN/6KGwVF3fojTtsstPXAwOGcc5l7T5AKrsCyPo2l5ZXVtfXShrm5tb2zW97bb6kkk5Q1aSIS6QREMcFj1gQOgjmpZCQKBGsHw6uJ335gUvEkvodRyvyI9GMeckpAS91y/RJ7EYFBEOTXY+wJFoJrOp0a9iTvD8A38eliADtmYXdq3XLFqlpT4EViF6SCCjS65Vevl9AsYjFQQZRybSsFPycSOBVsbHqZYimhQ9JnrqYxiZjy8+mlY3yslR4OE6lfDHiq/p7ISaTUKAp0crK0mvcm4n+em0F44ec8TjNgMZ19FGYCQ4InteEel4yCGGlCqOR6V0wHRBIKulxTl2DPn7xIWrWqbVXtu7NK/baoo4QO0RE6QTY6R3V0gxqoiSh6RM/oDb0bT8aL8WF8zaJLRjFzgP7A+P4BbD2k7w==</latexit><latexit sha1_base64="ldB58oChhkYVjzkR3HIENYehbXI=">AAACKXicbVDLSsNAFJ34rPFVdelmsAhuLEkRdCMURHAlFWwbSNIymU7aoZMHMzdCCf0dN/6KGwVF3fojTtsstPXAwOGcc5l7T5AKrsCyPo2l5ZXVtfXShrm5tb2zW97bb6kkk5Q1aSIS6QREMcFj1gQOgjmpZCQKBGsHw6uJ335gUvEkvodRyvyI9GMeckpAS91y/RJ7EYFBEOTXY+wJFoJrOp0a9iTvD8A38eliADtmYXdq3XLFqlpT4EViF6SCCjS65Vevl9AsYjFQQZRybSsFPycSOBVsbHqZYimhQ9JnrqYxiZjy8+mlY3yslR4OE6lfDHiq/p7ISaTUKAp0crK0mvcm4n+em0F44ec8TjNgMZ19FGYCQ4InteEel4yCGGlCqOR6V0wHRBIKulxTl2DPn7xIWrWqbVXtu7NK/baoo4QO0RE6QTY6R3V0gxqoiSh6RM/oDb0bT8aL8WF8zaJLRjFzgP7A+P4BbD2k7w==</latexit>

=) E
⇥
X2

⇤
= Var(X) + E [X]2

<latexit sha1_base64="pfTWJjvrlaynhbFPNXTqR4rZBmw="></latexit><latexit sha1_base64="pfTWJjvrlaynhbFPNXTqR4rZBmw="></latexit><latexit sha1_base64="pfTWJjvrlaynhbFPNXTqR4rZBmw="></latexit><latexit sha1_base64="pfTWJjvrlaynhbFPNXTqR4rZBmw="></latexit>



Bias-variance tradeoff
✏(~x; f)

<latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit>

= E~x,y,D
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit>

E
⇥
X2

⇤
= Var(X) + E [X]2

<latexit sha1_base64="aACmtUkvZEwmeXdQWeMqJpK1MG8="></latexit><latexit sha1_base64="aACmtUkvZEwmeXdQWeMqJpK1MG8="></latexit><latexit sha1_base64="aACmtUkvZEwmeXdQWeMqJpK1MG8="></latexit><latexit sha1_base64="aACmtUkvZEwmeXdQWeMqJpK1MG8="></latexit>

Var(Y ) = Var(z)
<latexit sha1_base64="ZG2Qfs8m9LF5d+K1c+rLQDd6UaQ=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQbsqMCLoRCm5cSQX7kHYomTRtQzOZIbkj1qErN/6KGxeKuPUb3Pk3pu0sauuBCyfn3EvuPX4kuAbH+bEyS8srq2vZ9dzG5tb2jr27V9NhrCir0lCEquETzQSXrAocBGtEipHAF6zuDy7Hfv2eKc1DeQvDiHkB6Une5ZSAkdr2YQvYAyQ1okaFuyK+wDPvx2LbzjslZwK8SNyU5FGKStv+bnVCGgdMAhVE66brROAlRAGngo1yrViziNAB6bGmoZIETHvJ5IwRPjZKB3dDZUoCnqizEwkJtB4GvukMCPT1vDcW//OaMXTPvYTLKAYm6fSjbiwwhHicCe5wxSiIoSGEKm52xbRPFKFgksuZENz5kxdJ7aTkOiX35jRfvk7jyKIDdIQKyEVnqIyuUAVVEUVP6AW9oXfr2Xq1PqzPaWvGSmf20R9YX78rkphP</latexit><latexit sha1_base64="ZG2Qfs8m9LF5d+K1c+rLQDd6UaQ=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQbsqMCLoRCm5cSQX7kHYomTRtQzOZIbkj1qErN/6KGxeKuPUb3Pk3pu0sauuBCyfn3EvuPX4kuAbH+bEyS8srq2vZ9dzG5tb2jr27V9NhrCir0lCEquETzQSXrAocBGtEipHAF6zuDy7Hfv2eKc1DeQvDiHkB6Une5ZSAkdr2YQvYAyQ1okaFuyK+wDPvx2LbzjslZwK8SNyU5FGKStv+bnVCGgdMAhVE66brROAlRAGngo1yrViziNAB6bGmoZIETHvJ5IwRPjZKB3dDZUoCnqizEwkJtB4GvukMCPT1vDcW//OaMXTPvYTLKAYm6fSjbiwwhHicCe5wxSiIoSGEKm52xbRPFKFgksuZENz5kxdJ7aTkOiX35jRfvk7jyKIDdIQKyEVnqIyuUAVVEUVP6AW9oXfr2Xq1PqzPaWvGSmf20R9YX78rkphP</latexit><latexit sha1_base64="ZG2Qfs8m9LF5d+K1c+rLQDd6UaQ=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQbsqMCLoRCm5cSQX7kHYomTRtQzOZIbkj1qErN/6KGxeKuPUb3Pk3pu0sauuBCyfn3EvuPX4kuAbH+bEyS8srq2vZ9dzG5tb2jr27V9NhrCir0lCEquETzQSXrAocBGtEipHAF6zuDy7Hfv2eKc1DeQvDiHkB6Une5ZSAkdr2YQvYAyQ1okaFuyK+wDPvx2LbzjslZwK8SNyU5FGKStv+bnVCGgdMAhVE66brROAlRAGngo1yrViziNAB6bGmoZIETHvJ5IwRPjZKB3dDZUoCnqizEwkJtB4GvukMCPT1vDcW//OaMXTPvYTLKAYm6fSjbiwwhHicCe5wxSiIoSGEKm52xbRPFKFgksuZENz5kxdJ7aTkOiX35jRfvk7jyKIDdIQKyEVnqIyuUAVVEUVP6AW9oXfr2Xq1PqzPaWvGSmf20R9YX78rkphP</latexit><latexit sha1_base64="ZG2Qfs8m9LF5d+K1c+rLQDd6UaQ=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQbsqMCLoRCm5cSQX7kHYomTRtQzOZIbkj1qErN/6KGxeKuPUb3Pk3pu0sauuBCyfn3EvuPX4kuAbH+bEyS8srq2vZ9dzG5tb2jr27V9NhrCir0lCEquETzQSXrAocBGtEipHAF6zuDy7Hfv2eKc1DeQvDiHkB6Une5ZSAkdr2YQvYAyQ1okaFuyK+wDPvx2LbzjslZwK8SNyU5FGKStv+bnVCGgdMAhVE66brROAlRAGngo1yrViziNAB6bGmoZIETHvJ5IwRPjZKB3dDZUoCnqizEwkJtB4GvukMCPT1vDcW//OaMXTPvYTLKAYm6fSjbiwwhHicCe5wxSiIoSGEKm52xbRPFKFgksuZENz5kxdJ7aTkOiX35jRfvk7jyKIDdIQKyEVnqIyuUAVVEUVP6AW9oXfr2Xq1PqzPaWvGSmf20R9YX78rkphP</latexit>

E(Y ) = f(~x)
<latexit sha1_base64="SC190rXdoUfbaTznoGyhmuZ13CE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBah3ZREBN0IBRFcSQX7kCaUyXTSDp1MwsykWELAjb/ixoUibv0Jd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRuFpeWV1bXiemljc2t7x9zda8kwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11mfntMhKQhv1OTiLgBGnDqU4yUlnrmgRMgNfS85Cqt3FfhBfQrzpjg5CGt9syyVbOmgIvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3AQJRTEjacmJJYkQHqEB6WrKUUCkm0x/SOGxVvrQD4UuruBU/T2RoEDKSeDpzuxiOe9l4n9eN1b+uZtQHsWKcDxb5McMqhBmgcA+FQQrNtEEYUH1rRAPkUBY6dhKOgR7/uVF0jqp2VbNvj0t12/yOIrgEByBCrDBGaiDa9AATYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPRnSWqg==</latexit><latexit sha1_base64="SC190rXdoUfbaTznoGyhmuZ13CE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBah3ZREBN0IBRFcSQX7kCaUyXTSDp1MwsykWELAjb/ixoUibv0Jd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRuFpeWV1bXiemljc2t7x9zda8kwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11mfntMhKQhv1OTiLgBGnDqU4yUlnrmgRMgNfS85Cqt3FfhBfQrzpjg5CGt9syyVbOmgIvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3AQJRTEjacmJJYkQHqEB6WrKUUCkm0x/SOGxVvrQD4UuruBU/T2RoEDKSeDpzuxiOe9l4n9eN1b+uZtQHsWKcDxb5McMqhBmgcA+FQQrNtEEYUH1rRAPkUBY6dhKOgR7/uVF0jqp2VbNvj0t12/yOIrgEByBCrDBGaiDa9AATYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPRnSWqg==</latexit><latexit sha1_base64="SC190rXdoUfbaTznoGyhmuZ13CE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBah3ZREBN0IBRFcSQX7kCaUyXTSDp1MwsykWELAjb/ixoUibv0Jd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRuFpeWV1bXiemljc2t7x9zda8kwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11mfntMhKQhv1OTiLgBGnDqU4yUlnrmgRMgNfS85Cqt3FfhBfQrzpjg5CGt9syyVbOmgIvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3AQJRTEjacmJJYkQHqEB6WrKUUCkm0x/SOGxVvrQD4UuruBU/T2RoEDKSeDpzuxiOe9l4n9eN1b+uZtQHsWKcDxb5McMqhBmgcA+FQQrNtEEYUH1rRAPkUBY6dhKOgR7/uVF0jqp2VbNvj0t12/yOIrgEByBCrDBGaiDa9AATYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPRnSWqg==</latexit><latexit sha1_base64="SC190rXdoUfbaTznoGyhmuZ13CE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBah3ZREBN0IBRFcSQX7kCaUyXTSDp1MwsykWELAjb/ixoUibv0Jd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRuFpeWV1bXiemljc2t7x9zda8kwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11mfntMhKQhv1OTiLgBGnDqU4yUlnrmgRMgNfS85Cqt3FfhBfQrzpjg5CGt9syyVbOmgIvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3AQJRTEjacmJJYkQHqEB6WrKUUCkm0x/SOGxVvrQD4UuruBU/T2RoEDKSeDpzuxiOe9l4n9eN1b+uZtQHsWKcDxb5McMqhBmgcA+FQQrNtEEYUH1rRAPkUBY6dhKOgR7/uVF0jqp2VbNvj0t12/yOIrgEByBCrDBGaiDa9AATYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPRnSWqg==</latexit>

Facts
= E(f⇤

✓ (~x;D)2)
<latexit sha1_base64="ZIOmxsZiMRYWIujdKUiRputkwS4=">AAACHHicbVDJSgNBFOxxjXGLevTSGIToIcyooCBCQAVPEsEkQiaGns4b09iz0P0mGIb5EC/+ihcPinjxIPg3dpaDW0FDUVWPfq+8WAqNtv1pTUxOTc/M5uby8wuLS8uFldW6jhLFocYjGakrj2mQIoQaCpRwFStggSeh4d0eD/xGD5QWUXiJ/RhaAbsJhS84QyO1C7tH1A0Ydj0vPc1Kfjt1sQvIsuvtktsDnt5lh6MAZzI9ybaud7Zou1C0y/YQ9C9xxqRIxqi2C+9uJ+JJACFyybRuOnaMrZQpFFxClncTDTHjt+wGmoaGLADdSofHZXTTKB3qR8q8EOlQ/T6RskDrfuCZ5GBP/dsbiP95zQT9g1YqwjhBCPnoIz+RFCM6aIp2hAKOsm8I40qYXSnvMsU4mj7zpgTn98l/SX2n7Nhl52KvWDkf15Ej62SDlIhD9kmFnJEqqRFO7skjeSYv1oP1ZL1ab6PohDWeWSM/YH18AXPKoPk=</latexit><latexit sha1_base64="ZIOmxsZiMRYWIujdKUiRputkwS4=">AAACHHicbVDJSgNBFOxxjXGLevTSGIToIcyooCBCQAVPEsEkQiaGns4b09iz0P0mGIb5EC/+ihcPinjxIPg3dpaDW0FDUVWPfq+8WAqNtv1pTUxOTc/M5uby8wuLS8uFldW6jhLFocYjGakrj2mQIoQaCpRwFStggSeh4d0eD/xGD5QWUXiJ/RhaAbsJhS84QyO1C7tH1A0Ydj0vPc1Kfjt1sQvIsuvtktsDnt5lh6MAZzI9ybaud7Zou1C0y/YQ9C9xxqRIxqi2C+9uJ+JJACFyybRuOnaMrZQpFFxClncTDTHjt+wGmoaGLADdSofHZXTTKB3qR8q8EOlQ/T6RskDrfuCZ5GBP/dsbiP95zQT9g1YqwjhBCPnoIz+RFCM6aIp2hAKOsm8I40qYXSnvMsU4mj7zpgTn98l/SX2n7Nhl52KvWDkf15Ej62SDlIhD9kmFnJEqqRFO7skjeSYv1oP1ZL1ab6PohDWeWSM/YH18AXPKoPk=</latexit><latexit sha1_base64="ZIOmxsZiMRYWIujdKUiRputkwS4=">AAACHHicbVDJSgNBFOxxjXGLevTSGIToIcyooCBCQAVPEsEkQiaGns4b09iz0P0mGIb5EC/+ihcPinjxIPg3dpaDW0FDUVWPfq+8WAqNtv1pTUxOTc/M5uby8wuLS8uFldW6jhLFocYjGakrj2mQIoQaCpRwFStggSeh4d0eD/xGD5QWUXiJ/RhaAbsJhS84QyO1C7tH1A0Ydj0vPc1Kfjt1sQvIsuvtktsDnt5lh6MAZzI9ybaud7Zou1C0y/YQ9C9xxqRIxqi2C+9uJ+JJACFyybRuOnaMrZQpFFxClncTDTHjt+wGmoaGLADdSofHZXTTKB3qR8q8EOlQ/T6RskDrfuCZ5GBP/dsbiP95zQT9g1YqwjhBCPnoIz+RFCM6aIp2hAKOsm8I40qYXSnvMsU4mj7zpgTn98l/SX2n7Nhl52KvWDkf15Ej62SDlIhD9kmFnJEqqRFO7skjeSYv1oP1ZL1ab6PohDWeWSM/YH18AXPKoPk=</latexit><latexit sha1_base64="ZIOmxsZiMRYWIujdKUiRputkwS4=">AAACHHicbVDJSgNBFOxxjXGLevTSGIToIcyooCBCQAVPEsEkQiaGns4b09iz0P0mGIb5EC/+ihcPinjxIPg3dpaDW0FDUVWPfq+8WAqNtv1pTUxOTc/M5uby8wuLS8uFldW6jhLFocYjGakrj2mQIoQaCpRwFStggSeh4d0eD/xGD5QWUXiJ/RhaAbsJhS84QyO1C7tH1A0Ydj0vPc1Kfjt1sQvIsuvtktsDnt5lh6MAZzI9ybaud7Zou1C0y/YQ9C9xxqRIxqi2C+9uJ+JJACFyybRuOnaMrZQpFFxClncTDTHjt+wGmoaGLADdSofHZXTTKB3qR8q8EOlQ/T6RskDrfuCZ5GBP/dsbiP95zQT9g1YqwjhBCPnoIz+RFCM6aIp2hAKOsm8I40qYXSnvMsU4mj7zpgTn98l/SX2n7Nhl52KvWDkf15Ej62SDlIhD9kmFnJEqqRFO7skjeSYv1oP1ZL1ab6PohDWeWSM/YH18AXPKoPk=</latexit>

+E(y2)
<latexit sha1_base64="/xsjhpS8M3Y056PvYWEKsEAxjxY=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahIpSkCLosiOBKKtgHtLFMppN26OTBzEQJsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z40acSWVZ30ZhZXVtfaO4Wdra3tndM8v7bRnGgtAWCXkoui6WlLOAthRTnHYjQbHvctpxJ5eZ33mgQrIwuFNJRB0fjwLmMYKVlgZm+RT1fazGrpteTavJff1kYFasmjUDWiZ2TiqQozkwv/rDkMQ+DRThWMqebUXKSbFQjHA6LfVjSSNMJnhEe5oG2KfSSWfRp+hYK0PkhUK/QKGZ+nsjxb6Uie/qySymXPQy8T+vFyvvwklZEMWKBmR+yIs5UiHKekBDJihRPNEEE8F0VkTGWGCidFslXYK9+OVl0q7XbKtm355VGjd5HUU4hCOogg3n0IBraEILCDzCM7zCm/FkvBjvxsd8tGDkOwfwB8bnD8INkw0=</latexit><latexit sha1_base64="/xsjhpS8M3Y056PvYWEKsEAxjxY=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahIpSkCLosiOBKKtgHtLFMppN26OTBzEQJsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z40acSWVZ30ZhZXVtfaO4Wdra3tndM8v7bRnGgtAWCXkoui6WlLOAthRTnHYjQbHvctpxJ5eZ33mgQrIwuFNJRB0fjwLmMYKVlgZm+RT1fazGrpteTavJff1kYFasmjUDWiZ2TiqQozkwv/rDkMQ+DRThWMqebUXKSbFQjHA6LfVjSSNMJnhEe5oG2KfSSWfRp+hYK0PkhUK/QKGZ+nsjxb6Uie/qySymXPQy8T+vFyvvwklZEMWKBmR+yIs5UiHKekBDJihRPNEEE8F0VkTGWGCidFslXYK9+OVl0q7XbKtm355VGjd5HUU4hCOogg3n0IBraEILCDzCM7zCm/FkvBjvxsd8tGDkOwfwB8bnD8INkw0=</latexit><latexit sha1_base64="/xsjhpS8M3Y056PvYWEKsEAxjxY=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahIpSkCLosiOBKKtgHtLFMppN26OTBzEQJsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z40acSWVZ30ZhZXVtfaO4Wdra3tndM8v7bRnGgtAWCXkoui6WlLOAthRTnHYjQbHvctpxJ5eZ33mgQrIwuFNJRB0fjwLmMYKVlgZm+RT1fazGrpteTavJff1kYFasmjUDWiZ2TiqQozkwv/rDkMQ+DRThWMqebUXKSbFQjHA6LfVjSSNMJnhEe5oG2KfSSWfRp+hYK0PkhUK/QKGZ+nsjxb6Uie/qySymXPQy8T+vFyvvwklZEMWKBmR+yIs5UiHKekBDJihRPNEEE8F0VkTGWGCidFslXYK9+OVl0q7XbKtm355VGjd5HUU4hCOogg3n0IBraEILCDzCM7zCm/FkvBjvxsd8tGDkOwfwB8bnD8INkw0=</latexit><latexit sha1_base64="/xsjhpS8M3Y056PvYWEKsEAxjxY=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahIpSkCLosiOBKKtgHtLFMppN26OTBzEQJsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z40acSWVZ30ZhZXVtfaO4Wdra3tndM8v7bRnGgtAWCXkoui6WlLOAthRTnHYjQbHvctpxJ5eZ33mgQrIwuFNJRB0fjwLmMYKVlgZm+RT1fazGrpteTavJff1kYFasmjUDWiZ2TiqQozkwv/rDkMQ+DRThWMqebUXKSbFQjHA6LfVjSSNMJnhEe5oG2KfSSWfRp+hYK0PkhUK/QKGZ+nsjxb6Uie/qySymXPQy8T+vFyvvwklZEMWKBmR+yIs5UiHKekBDJihRPNEEE8F0VkTGWGCidFslXYK9+OVl0q7XbKtm355VGjd5HUU4hCOogg3n0IBraEILCDzCM7zCm/FkvBjvxsd8tGDkOwfwB8bnD8INkw0=</latexit>

�2E [f⇤
✓ (~x;D) · y]

<latexit sha1_base64="jhELfiLmceGgCNdKSxpyFbmiFjM="></latexit><latexit sha1_base64="jhELfiLmceGgCNdKSxpyFbmiFjM="></latexit><latexit sha1_base64="jhELfiLmceGgCNdKSxpyFbmiFjM="></latexit><latexit sha1_base64="jhELfiLmceGgCNdKSxpyFbmiFjM="></latexit>

=
⇣
Var(f⇤

✓ (~x;D)) + E [f⇤
✓ (~x;D)]2

⌘

<latexit sha1_base64="uW+HQ8phiQ+v0xh5E0gPf4TjXkw="></latexit><latexit sha1_base64="uW+HQ8phiQ+v0xh5E0gPf4TjXkw="></latexit><latexit sha1_base64="uW+HQ8phiQ+v0xh5E0gPf4TjXkw="></latexit><latexit sha1_base64="uW+HQ8phiQ+v0xh5E0gPf4TjXkw="></latexit>

+
⇣
Var(Y ) + E [y]2

⌘

<latexit sha1_base64="Cvvqq9gie9Q/IA3WnjhhenSvw8o=">AAACKHicbVDLSsNAFJ34rPFVdelmsAgVoSQi6E5BBFdSwValiWUyvWmHTh7M3Igl9HPc+CtuRBRx65c4bbPwdWDgcM65zL0nSKXQ6Dgf1tT0zOzcfGnBXlxaXlktr603dZIpDg2eyERdB0yDFDE0UKCE61QBiwIJV0H/ZORf3YHSIokvcZCCH7FuLELBGRqpXT7apZ6EEKvU9hDuMW8yNaze7FCjRwx7QZCfDieRFh3YnhLdHvq3ewXbaZcrTs0Zg/4lbkEqpEC9XX7xOgnPIoiRS6Z1y3VS9HOmUHAJQ9vLNKSM91kXWobGLALt5+NDh3TbKB0aJsq8GOlY/T6Rs0jrQRSY5Gh5/dsbif95rQzDQz8XcZohxHzyUZhJigkdtUY7QgFHOTCEcSXMrpT3mGIcTbe2KcH9ffJf0tyruU7NvdivHJ8XdZTIJtkiVeKSA3JMzkidNAgnD+SJvJI369F6tt6tj0l0yipmNsgPWJ9fYvakaA==</latexit><latexit sha1_base64="Cvvqq9gie9Q/IA3WnjhhenSvw8o=">AAACKHicbVDLSsNAFJ34rPFVdelmsAgVoSQi6E5BBFdSwValiWUyvWmHTh7M3Igl9HPc+CtuRBRx65c4bbPwdWDgcM65zL0nSKXQ6Dgf1tT0zOzcfGnBXlxaXlktr603dZIpDg2eyERdB0yDFDE0UKCE61QBiwIJV0H/ZORf3YHSIokvcZCCH7FuLELBGRqpXT7apZ6EEKvU9hDuMW8yNaze7FCjRwx7QZCfDieRFh3YnhLdHvq3ewXbaZcrTs0Zg/4lbkEqpEC9XX7xOgnPIoiRS6Z1y3VS9HOmUHAJQ9vLNKSM91kXWobGLALt5+NDh3TbKB0aJsq8GOlY/T6Rs0jrQRSY5Gh5/dsbif95rQzDQz8XcZohxHzyUZhJigkdtUY7QgFHOTCEcSXMrpT3mGIcTbe2KcH9ffJf0tyruU7NvdivHJ8XdZTIJtkiVeKSA3JMzkidNAgnD+SJvJI369F6tt6tj0l0yipmNsgPWJ9fYvakaA==</latexit><latexit sha1_base64="Cvvqq9gie9Q/IA3WnjhhenSvw8o=">AAACKHicbVDLSsNAFJ34rPFVdelmsAgVoSQi6E5BBFdSwValiWUyvWmHTh7M3Igl9HPc+CtuRBRx65c4bbPwdWDgcM65zL0nSKXQ6Dgf1tT0zOzcfGnBXlxaXlktr603dZIpDg2eyERdB0yDFDE0UKCE61QBiwIJV0H/ZORf3YHSIokvcZCCH7FuLELBGRqpXT7apZ6EEKvU9hDuMW8yNaze7FCjRwx7QZCfDieRFh3YnhLdHvq3ewXbaZcrTs0Zg/4lbkEqpEC9XX7xOgnPIoiRS6Z1y3VS9HOmUHAJQ9vLNKSM91kXWobGLALt5+NDh3TbKB0aJsq8GOlY/T6Rs0jrQRSY5Gh5/dsbif95rQzDQz8XcZohxHzyUZhJigkdtUY7QgFHOTCEcSXMrpT3mGIcTbe2KcH9ffJf0tyruU7NvdivHJ8XdZTIJtkiVeKSA3JMzkidNAgnD+SJvJI369F6tt6tj0l0yipmNsgPWJ9fYvakaA==</latexit><latexit sha1_base64="Cvvqq9gie9Q/IA3WnjhhenSvw8o=">AAACKHicbVDLSsNAFJ34rPFVdelmsAgVoSQi6E5BBFdSwValiWUyvWmHTh7M3Igl9HPc+CtuRBRx65c4bbPwdWDgcM65zL0nSKXQ6Dgf1tT0zOzcfGnBXlxaXlktr603dZIpDg2eyERdB0yDFDE0UKCE61QBiwIJV0H/ZORf3YHSIokvcZCCH7FuLELBGRqpXT7apZ6EEKvU9hDuMW8yNaze7FCjRwx7QZCfDieRFh3YnhLdHvq3ewXbaZcrTs0Zg/4lbkEqpEC9XX7xOgnPIoiRS6Z1y3VS9HOmUHAJQ9vLNKSM91kXWobGLALt5+NDh3TbKB0aJsq8GOlY/T6Rs0jrQRSY5Gh5/dsbif95rQzDQz8XcZohxHzyUZhJigkdtUY7QgFHOTCEcSXMrpT3mGIcTbe2KcH9ffJf0tyruU7NvdivHJ8XdZTIJtkiVeKSA3JMzkidNAgnD+SJvJI369F6tt6tj0l0yipmNsgPWJ9fYvakaA==</latexit>

�2E [f⇤
✓ (~x;D)] · E [y]

<latexit sha1_base64="MskFNg60HAAc0Qo15of8tD23kw8="></latexit><latexit sha1_base64="MskFNg60HAAc0Qo15of8tD23kw8="></latexit><latexit sha1_base64="MskFNg60HAAc0Qo15of8tD23kw8="></latexit><latexit sha1_base64="MskFNg60HAAc0Qo15of8tD23kw8="></latexit>

=
⇣
E [f⇤

✓ (~x;D)]2 � 2E [f⇤
✓ (~x;D)] · E [y] + E [y]2

⌘

<latexit sha1_base64="xPGIY02yYAiONakmnPt+GZLx+Bo="></latexit><latexit sha1_base64="xPGIY02yYAiONakmnPt+GZLx+Bo="></latexit><latexit sha1_base64="xPGIY02yYAiONakmnPt+GZLx+Bo="></latexit><latexit sha1_base64="xPGIY02yYAiONakmnPt+GZLx+Bo="></latexit>

= (E [f⇤
✓ (~x;D)]� E [y])2

<latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit>

+Var(f⇤
✓ (~x;D)) + Var(z)

<latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit>

+Var(f⇤
✓ (~x;D)) + Var(z)

<latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit>



Bias-variance tradeoff
✏(~x; f)

<latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit><latexit sha1_base64="8tPEuE4fZpcy3LAP1y/PTPuwghM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoOCm4MaVVLAPaEKZTG/aoZNJmJkUayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoPrid8cglQsFvd6lIAfkZ5gIaNEG6ljH3qQKMZjUfaGQLOH8RUOTzt2yak4U+BF4uakhHLUOvaX141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQPSg7ahgkSg/Gx6/RifGKWLw1iaEhpP1d8TGYmUGkWB6YyI7qt5byL+57VTHV76GRNJqkHQ2aIw5VjHeBIF7jIJVPORIYRKZm7FtE8kodoEVjQhuPMvL5LGWcV1Ku7deal6m8dRQEfoGJWRiy5QFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrnzlAf2B9/gD/YZTx</latexit>

= E~x,y,D
⇥
(f⇤

✓ (~x;D)� y)2
⇤

<latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit><latexit sha1_base64="D3uz/LJBJbEG/b4z5x7i7kuL7oM="></latexit>

= (E [f⇤
✓ (~x;D)]� E [y])2

<latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit><latexit sha1_base64="HOM9ko+b1z1nb+FFNKk31sNOypQ="></latexit>

+Var(f⇤
✓ (~x;D)) + Var(z)

<latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit><latexit sha1_base64="iPV8r3q9J/RbbnB2jez1UTiGf34="></latexit>

bias^2 Variance Irreducible 
error


