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Announcements

• Slides and ipynb’s posted


• Location of tomorrow’s review lecture may 
change. Keep an eye on Piazza!


• HW0 due tonight at 10pm on gradescope.



Some motivation

Ilya Sutskever 

Head of research at OpenAI


One of the inventors of AlexNet


One of the inventors of seq-to-seq 
models


One of the inventors of dropout


…etc



Some motivation

“If I were talking to someone in an 
intro to machine learning class right 
now, my advice to them would be to 
hold on for dear life and enjoy the 
ride”



Outline for today

• Proof of ridge regression soln


• Probability


• Regression from a probabilistic 
perspective



Optimization motivation

min
w

<latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit>

||Xw � y||22
<latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit>
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<latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit>

ŵ = (XTX + �I)�1XT y
<latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit>
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<latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit><latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit><latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit><latexit sha1_base64="JtfN/lL5QkRsHeRE6V5dPM7r5FQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAtLIoJuhIIbV1Khl0Cblsl00g6dTMLMRAkhGze+ihsXirj1Hdz5Nk7aLrT1h4GP/5zDmfN7EaNSWda3UVhaXlldK66XNja3tnfM3b2WDGOBSROHLBSOhyRhlJOmoooRJxIEBR4jbW98ndfb90RIGvKGSiLiBmjIqU8xUtrqm4fdEVLpQwavYMXpNaBz0ktP7QzmnPTNslW1JoKLYM+gDGaq982v7iDEcUC4wgxJ2bGtSLkpEopiRrJSN5YkQniMhqSjkaOASDedXJHBY+0MoB8K/biCE/f3RIoCKZPA050BUiM5X8vN/2qdWPmXbkp5FCvC8XSRHzOoQphHAgdUEKxYogFhQfVfIR4hgbDSwZV0CPb8yYvQOqvaVtW+Oy/XbmdxFMEBOAIVYIMLUAM3oA6aAINH8AxewZvxZLwY78bHtLVgzGb2wR8Znz9rkJae</latexit>

min
w

<latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit>

||Xw � y||22
<latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit>
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OLS Ridge



Optimization motivation

min
w

<latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit>

||Xw � y||22
<latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit>

+�||w||22
<latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit>

ŵ = (XTX + �I)�1XT y
<latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit><latexit sha1_base64="XF6CLz3Rrow1O314HHq6KhXjnpU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVsSQi6EYoutFdhb6gSctkMmmHTh7MTJQQ8gtu/BU3LhRx686df+OkzUJbDwwczrmHO/c4EaNCGsa3trC4tLyyWlorr29sbm3rO7ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHG17nfuSdc0DBoyiQito+GAfUoRlJJA71qjZBMHzJ4CavdfhN24TG0mMq7CN4e9dMTM4O5ngz0ilEzJoDzxCxIBRRoDPQvyw1x7JNAYoaE6JlGJO0UcUkxI1nZigWJEB6jIekpGiCfCDudXJTBQ6W40Au5eoGEE/V3IkW+EInvqEkfyZGY9XLxP68XS+/CTmkQxZIEeLrIixmUIczrgS7lBEuWKIIwp+qvEI8QR1iqEsuqBHP25HnSPq2ZRs28O6vUr4o6SmAfHIAqMME5qIMb0AAtgMEjeAav4E170l60d+1jOrqgFZk98Afa5w8KX5qb</latexit>

Training error Keep weights small

Hyperparameter



Outline for today

• Proof of ridge regression soln


• Probability 

• Regression from a probabilistic 
perspective 



Why probability theory for ML?
• Lots of events we want to model are uncertain


• Knowable, but uncertain: “Will it rain today?”


• Unknowable, uncertain: “Is my friend happy?”


• Even if the events are certain, observations may be 
noisy, e.g., sensor data


• Probability theory gives us a formal language to 
reason about uncertainty



Axioms for probability theory
0  p(A)  1

<latexit sha1_base64="OxAC33esZF+PSCH+5f4l91nVJdI=">AAAB+3icbZDLSgNBEEVrfMb4GuPSTWMQ4ibMiKDLiBtXEsE8IBlCT6cmadLzsLtHDEN+xY0LRdz6I+78GzvJLDTxQsPhVhVVff1EcKUd59taWV1b39gsbBW3d3b39u2DUlPFqWTYYLGIZdunCgWPsKG5FthOJNLQF9jyR9fTeusRpeJxdK/HCXohHUQ84IxqY/XskkO6Ah9IUrk6nZPbs8tO1ZmJLIObQxly1Xv2V7cfszTESDNBleq4TqK9jErNmcBJsZsqTCgb0QF2DEY0ROVls9sn5MQ4fRLE0rxIk5n7eyKjoVLj0DedIdVDtVibmv/VOqkOLr2MR0mqMWLzRUEqiI7JNAjS5xKZFmMDlElubiVsSCVl2sRVNCG4i19ehuZZ1XWq7t15uXabx1GAIziGCrhwATW4gTo0gMETPMMrvFkT68V6tz7mrStWPnMIf2R9/gAPgZKK</latexit><latexit sha1_base64="OxAC33esZF+PSCH+5f4l91nVJdI=">AAAB+3icbZDLSgNBEEVrfMb4GuPSTWMQ4ibMiKDLiBtXEsE8IBlCT6cmadLzsLtHDEN+xY0LRdz6I+78GzvJLDTxQsPhVhVVff1EcKUd59taWV1b39gsbBW3d3b39u2DUlPFqWTYYLGIZdunCgWPsKG5FthOJNLQF9jyR9fTeusRpeJxdK/HCXohHUQ84IxqY/XskkO6Ah9IUrk6nZPbs8tO1ZmJLIObQxly1Xv2V7cfszTESDNBleq4TqK9jErNmcBJsZsqTCgb0QF2DEY0ROVls9sn5MQ4fRLE0rxIk5n7eyKjoVLj0DedIdVDtVibmv/VOqkOLr2MR0mqMWLzRUEqiI7JNAjS5xKZFmMDlElubiVsSCVl2sRVNCG4i19ehuZZ1XWq7t15uXabx1GAIziGCrhwATW4gTo0gMETPMMrvFkT68V6tz7mrStWPnMIf2R9/gAPgZKK</latexit><latexit sha1_base64="OxAC33esZF+PSCH+5f4l91nVJdI=">AAAB+3icbZDLSgNBEEVrfMb4GuPSTWMQ4ibMiKDLiBtXEsE8IBlCT6cmadLzsLtHDEN+xY0LRdz6I+78GzvJLDTxQsPhVhVVff1EcKUd59taWV1b39gsbBW3d3b39u2DUlPFqWTYYLGIZdunCgWPsKG5FthOJNLQF9jyR9fTeusRpeJxdK/HCXohHUQ84IxqY/XskkO6Ah9IUrk6nZPbs8tO1ZmJLIObQxly1Xv2V7cfszTESDNBleq4TqK9jErNmcBJsZsqTCgb0QF2DEY0ROVls9sn5MQ4fRLE0rxIk5n7eyKjoVLj0DedIdVDtVibmv/VOqkOLr2MR0mqMWLzRUEqiI7JNAjS5xKZFmMDlElubiVsSCVl2sRVNCG4i19ehuZZ1XWq7t15uXabx1GAIziGCrhwATW4gTo0gMETPMMrvFkT68V6tz7mrStWPnMIf2R9/gAPgZKK</latexit><latexit sha1_base64="OxAC33esZF+PSCH+5f4l91nVJdI=">AAAB+3icbZDLSgNBEEVrfMb4GuPSTWMQ4ibMiKDLiBtXEsE8IBlCT6cmadLzsLtHDEN+xY0LRdz6I+78GzvJLDTxQsPhVhVVff1EcKUd59taWV1b39gsbBW3d3b39u2DUlPFqWTYYLGIZdunCgWPsKG5FthOJNLQF9jyR9fTeusRpeJxdK/HCXohHUQ84IxqY/XskkO6Ah9IUrk6nZPbs8tO1ZmJLIObQxly1Xv2V7cfszTESDNBleq4TqK9jErNmcBJsZsqTCgb0QF2DEY0ROVls9sn5MQ4fRLE0rxIk5n7eyKjoVLj0DedIdVDtVibmv/VOqkOLr2MR0mqMWLzRUEqiI7JNAjS5xKZFmMDlElubiVsSCVl2sRVNCG4i19ehuZZ1XWq7t15uXabx1GAIziGCrhwATW4gTo0gMETPMMrvFkT68V6tz7mrStWPnMIf2R9/gAPgZKK</latexit>

p(⌦) = 1
<latexit sha1_base64="EU3ELZWC0M7gvXuKmePXw16/ORU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch4MWTRjAPSJYwO+lNhszOrjOzgRDyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXUEiuDau++2srK6tb2zmtvLbO7t7+4WDw7qOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIBjdTvzFEpXksH80oQT+iPclDzqixkp+U2vcR9ugZuSZep1B0y+4MZJl4GSlChmqn8NXuxiyNUBomqNYtz02MP6bKcCZwkm+nGhPKBrSHLUsljVD749nRE3JqlS4JY2VLGjJTf0+MaaT1KApsZ0RNXy96U/E/r5Wa8Mofc5mkBiWbLwpTQUxMpgmQLlfIjBhZQpni9lbC+lRRZmxOeRuCt/jyMqmflz237D1cFCt3WRw5OIYTKIEHl1CBW6hCDRg8wTO8wpszdF6cd+dj3rriZDNH8AfO5w+l0ZC8</latexit><latexit sha1_base64="EU3ELZWC0M7gvXuKmePXw16/ORU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch4MWTRjAPSJYwO+lNhszOrjOzgRDyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXUEiuDau++2srK6tb2zmtvLbO7t7+4WDw7qOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIBjdTvzFEpXksH80oQT+iPclDzqixkp+U2vcR9ugZuSZep1B0y+4MZJl4GSlChmqn8NXuxiyNUBomqNYtz02MP6bKcCZwkm+nGhPKBrSHLUsljVD749nRE3JqlS4JY2VLGjJTf0+MaaT1KApsZ0RNXy96U/E/r5Wa8Mofc5mkBiWbLwpTQUxMpgmQLlfIjBhZQpni9lbC+lRRZmxOeRuCt/jyMqmflz237D1cFCt3WRw5OIYTKIEHl1CBW6hCDRg8wTO8wpszdF6cd+dj3rriZDNH8AfO5w+l0ZC8</latexit><latexit sha1_base64="EU3ELZWC0M7gvXuKmePXw16/ORU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch4MWTRjAPSJYwO+lNhszOrjOzgRDyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXUEiuDau++2srK6tb2zmtvLbO7t7+4WDw7qOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIBjdTvzFEpXksH80oQT+iPclDzqixkp+U2vcR9ugZuSZep1B0y+4MZJl4GSlChmqn8NXuxiyNUBomqNYtz02MP6bKcCZwkm+nGhPKBrSHLUsljVD749nRE3JqlS4JY2VLGjJTf0+MaaT1KApsZ0RNXy96U/E/r5Wa8Mofc5mkBiWbLwpTQUxMpgmQLlfIjBhZQpni9lbC+lRRZmxOeRuCt/jyMqmflz237D1cFCt3WRw5OIYTKIEHl1CBW6hCDRg8wTO8wpszdF6cd+dj3rriZDNH8AfO5w+l0ZC8</latexit><latexit sha1_base64="EU3ELZWC0M7gvXuKmePXw16/ORU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch4MWTRjAPSJYwO+lNhszOrjOzgRDyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXUEiuDau++2srK6tb2zmtvLbO7t7+4WDw7qOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIBjdTvzFEpXksH80oQT+iPclDzqixkp+U2vcR9ugZuSZep1B0y+4MZJl4GSlChmqn8NXuxiyNUBomqNYtz02MP6bKcCZwkm+nGhPKBrSHLUsljVD749nRE3JqlS4JY2VLGjJTf0+MaaT1KApsZ0RNXy96U/E/r5Wa8Mofc5mkBiWbLwpTQUxMpgmQLlfIjBhZQpni9lbC+lRRZmxOeRuCt/jyMqmflz237D1cFCt3WRw5OIYTKIEHl1CBW6hCDRg8wTO8wpszdF6cd+dj3rriZDNH8AfO5w+l0ZC8</latexit>

p(�) = 0
<latexit sha1_base64="2Gqs8OgxKgYnRMkH9WwzmQtc7Ps=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXBL0IBS+epIL9gO1Ssmm2Dc0mIZkVSunP8OJBEa/+Gm/+G9N2D9r6YODx3gwz82ItuAXf//YKa+sbm1vF7dLO7t7+QfnwqGVVZihrUiWU6cTEMsElawIHwTraMJLGgrXj0e3Mbz8xY7mSjzDWLErJQPKEUwJOCnW1q4f8HN9gv1eu+DV/DrxKgpxUUI5Gr/zV7SuapUwCFcTaMPA1RBNigFPBpqVuZpkmdEQGLHRUkpTZaDI/eYrPnNLHiTKuJOC5+ntiQlJrx2nsOlMCQ7vszcT/vDCD5DqacKkzYJIuFiWZwKDw7H/c54ZREGNHCDXc3YrpkBhCwaVUciEEyy+vktZFLfBrwcNlpX6fx1FEJ+gUVVGArlAd3aEGaiKKFHpGr+jNA+/Fe/c+Fq0FL585Rn/gff4AVBCP/w==</latexit><latexit sha1_base64="2Gqs8OgxKgYnRMkH9WwzmQtc7Ps=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXBL0IBS+epIL9gO1Ssmm2Dc0mIZkVSunP8OJBEa/+Gm/+G9N2D9r6YODx3gwz82ItuAXf//YKa+sbm1vF7dLO7t7+QfnwqGVVZihrUiWU6cTEMsElawIHwTraMJLGgrXj0e3Mbz8xY7mSjzDWLErJQPKEUwJOCnW1q4f8HN9gv1eu+DV/DrxKgpxUUI5Gr/zV7SuapUwCFcTaMPA1RBNigFPBpqVuZpkmdEQGLHRUkpTZaDI/eYrPnNLHiTKuJOC5+ntiQlJrx2nsOlMCQ7vszcT/vDCD5DqacKkzYJIuFiWZwKDw7H/c54ZREGNHCDXc3YrpkBhCwaVUciEEyy+vktZFLfBrwcNlpX6fx1FEJ+gUVVGArlAd3aEGaiKKFHpGr+jNA+/Fe/c+Fq0FL585Rn/gff4AVBCP/w==</latexit><latexit sha1_base64="2Gqs8OgxKgYnRMkH9WwzmQtc7Ps=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXBL0IBS+epIL9gO1Ssmm2Dc0mIZkVSunP8OJBEa/+Gm/+G9N2D9r6YODx3gwz82ItuAXf//YKa+sbm1vF7dLO7t7+QfnwqGVVZihrUiWU6cTEMsElawIHwTraMJLGgrXj0e3Mbz8xY7mSjzDWLErJQPKEUwJOCnW1q4f8HN9gv1eu+DV/DrxKgpxUUI5Gr/zV7SuapUwCFcTaMPA1RBNigFPBpqVuZpkmdEQGLHRUkpTZaDI/eYrPnNLHiTKuJOC5+ntiQlJrx2nsOlMCQ7vszcT/vDCD5DqacKkzYJIuFiWZwKDw7H/c54ZREGNHCDXc3YrpkBhCwaVUciEEyy+vktZFLfBrwcNlpX6fx1FEJ+gUVVGArlAd3aEGaiKKFHpGr+jNA+/Fe/c+Fq0FL585Rn/gff4AVBCP/w==</latexit><latexit sha1_base64="2Gqs8OgxKgYnRMkH9WwzmQtc7Ps=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXBL0IBS+epIL9gO1Ssmm2Dc0mIZkVSunP8OJBEa/+Gm/+G9N2D9r6YODx3gwz82ItuAXf//YKa+sbm1vF7dLO7t7+QfnwqGVVZihrUiWU6cTEMsElawIHwTraMJLGgrXj0e3Mbz8xY7mSjzDWLErJQPKEUwJOCnW1q4f8HN9gv1eu+DV/DrxKgpxUUI5Gr/zV7SuapUwCFcTaMPA1RBNigFPBpqVuZpkmdEQGLHRUkpTZaDI/eYrPnNLHiTKuJOC5+ntiQlJrx2nsOlMCQ7vszcT/vDCD5DqacKkzYJIuFiWZwKDw7H/c54ZREGNHCDXc3YrpkBhCwaVUciEEyy+vktZFLfBrwcNlpX6fx1FEJ+gUVVGArlAd3aEGaiKKFHpGr+jNA+/Fe/c+Fq0FL585Rn/gff4AVBCP/w==</latexit>

p(A [B) = p(A) + p(B)� p(A \B)
<latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit><latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit><latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit><latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit>

p(A)
<latexit sha1_base64="/TZ8UMNeM7Q3NhwS/fxIjmoptWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4rXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+L6zfmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw174s4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBK66NsA==</latexit><latexit sha1_base64="/TZ8UMNeM7Q3NhwS/fxIjmoptWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4rXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+L6zfmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw174s4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBK66NsA==</latexit><latexit sha1_base64="/TZ8UMNeM7Q3NhwS/fxIjmoptWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4rXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+L6zfmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw174s4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBK66NsA==</latexit><latexit sha1_base64="/TZ8UMNeM7Q3NhwS/fxIjmoptWo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4rXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+L6zfmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw174s4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBK66NsA==</latexit>

⌦
<latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit><latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit><latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit><latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit>

�
<latexit sha1_base64="esUt6dV+ZRFbjgJP3Ed6iUlR08g=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF09SwdZCu5Rsmu2GJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhangxnreN6qsrW9sblW3azu7e/sH9cOjrkkyTVmHJiLRvZAYJrhiHcutYL1UMyJDwR7DyU3hPz4xbXiiHuw0ZYEkY8UjToktpEEa82G94TW9OfAq8UvSgBLtYf1rMEpoJpmyVBBj+r6X2iAn2nIq2Kw2yAxLCZ2QMes7qohkJsjnt87wmVNGOEq0K2XxXP09kRNpzFSGrlMSG5tlrxD/8/qZja6DnKs0s0zRxaIoE9gmuHgcj7hm1IqpI4Rq7m7FNCaaUOviqbkQ/OWXV0n3oul7Tf/+stG6K+Oowgmcwjn4cAUtuIU2dIBCDM/wCm9Iohf0jj4WrRVUzhzDH6DPHxckjks=</latexit><latexit sha1_base64="esUt6dV+ZRFbjgJP3Ed6iUlR08g=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF09SwdZCu5Rsmu2GJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhangxnreN6qsrW9sblW3azu7e/sH9cOjrkkyTVmHJiLRvZAYJrhiHcutYL1UMyJDwR7DyU3hPz4xbXiiHuw0ZYEkY8UjToktpEEa82G94TW9OfAq8UvSgBLtYf1rMEpoJpmyVBBj+r6X2iAn2nIq2Kw2yAxLCZ2QMes7qohkJsjnt87wmVNGOEq0K2XxXP09kRNpzFSGrlMSG5tlrxD/8/qZja6DnKs0s0zRxaIoE9gmuHgcj7hm1IqpI4Rq7m7FNCaaUOviqbkQ/OWXV0n3oul7Tf/+stG6K+Oowgmcwjn4cAUtuIU2dIBCDM/wCm9Iohf0jj4WrRVUzhzDH6DPHxckjks=</latexit><latexit sha1_base64="esUt6dV+ZRFbjgJP3Ed6iUlR08g=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF09SwdZCu5Rsmu2GJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhangxnreN6qsrW9sblW3azu7e/sH9cOjrkkyTVmHJiLRvZAYJrhiHcutYL1UMyJDwR7DyU3hPz4xbXiiHuw0ZYEkY8UjToktpEEa82G94TW9OfAq8UvSgBLtYf1rMEpoJpmyVBBj+r6X2iAn2nIq2Kw2yAxLCZ2QMes7qohkJsjnt87wmVNGOEq0K2XxXP09kRNpzFSGrlMSG5tlrxD/8/qZja6DnKs0s0zRxaIoE9gmuHgcj7hm1IqpI4Rq7m7FNCaaUOviqbkQ/OWXV0n3oul7Tf/+stG6K+Oowgmcwjn4cAUtuIU2dIBCDM/wCm9Iohf0jj4WrRVUzhzDH6DPHxckjks=</latexit><latexit sha1_base64="esUt6dV+ZRFbjgJP3Ed6iUlR08g=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF09SwdZCu5Rsmu2GJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhangxnreN6qsrW9sblW3azu7e/sH9cOjrkkyTVmHJiLRvZAYJrhiHcutYL1UMyJDwR7DyU3hPz4xbXiiHuw0ZYEkY8UjToktpEEa82G94TW9OfAq8UvSgBLtYf1rMEpoJpmyVBBj+r6X2iAn2nIq2Kw2yAxLCZ2QMes7qohkJsjnt87wmVNGOEq0K2XxXP09kRNpzFSGrlMSG5tlrxD/8/qZja6DnKs0s0zRxaIoE9gmuHgcj7hm1IqpI4Rq7m7FNCaaUOviqbkQ/OWXV0n3oul7Tf/+stG6K+Oowgmcwjn4cAUtuIU2dIBCDM/wCm9Iohf0jj4WrRVUzhzDH6DPHxckjks=</latexit>

1.

2.

3.

Probability that the 
outcome w is an 
element of the set of 
possible outcomes A. A 
is often called an event 

set of all possible outcomes

empty set



A closer look at axiom 3
p(A [B) = p(A) + p(B)� p(A \B)

<latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit><latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit><latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit><latexit sha1_base64="SOn/h81J/lrd8euhS+83F9MeG38=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMCLoRqm5cSQX7gHYomTTThmYyIckIZegnuPFX3LhQxK1Ld/6NmXYW2nog5Nxz7iW5xxeMKu0431ZuYXFpeSW/Wlhb39jcsrd3GiqKJSZ1HLFItnykCKOc1DXVjLSEJCj0GWn6w+vUbz4QqWjE7/VIEC9EfU4DipE2Utc+FKVL2MGxgFdleAFNVYZH5jLVMZx6KPW6dtGpOBPAeeJmpAgy1Lr2V6cX4TgkXGOGlGq7jtBegqSmmJFxoRMrIhAeoj5pG8pRSJSXTBYawwOj9GAQSXO4hhP190SCQqVGoW86Q6QHatZLxf+8dqyDcy+hXMSacDx9KIgZ1BFM04E9KgnWbGQIwpKav0I8QBJhbTIsmBDc2ZXnSeOk4joV9+60WL3N4siDPbAPSsAFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrzspmdsEfWJ8/cDuX0w==</latexit>

⌦
<latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit><latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit><latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit><latexit sha1_base64="j6SYixlx+muwZ22+z6e4g4Ry7mM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4kkjmAckS5id9CZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/eyura+sbm4Wt4vbO7t5+6eCwYZJMM6yzRCS6FVGDgiusW24FtlKNVEYCm9Hweuo3n1AbnqgHO0oxlLSveMwZtU5qdO4k9mm3VPYr/gxkmQQ5KUOOWrf01eklLJOoLBPUmHbgpzYcU205EzgpdjKDKWVD2se2o4pKNOF4du2EnDqlR+JEu1KWzNTfE2MqjRnJyHVKagdm0ZuK/3ntzMZX4ZirNLOo2HxRnAliEzJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wS+JXg/qJcvc3jKMAxnMAZBHAJVbiBGtSBwSM8wyu8eYn34r17H/PWFS+fOYI/8D5/AGLNjwc=</latexit> A

<latexit sha1_base64="A5UD8hd96oeoP1bWhBnMDnp7B6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8flnmM0Q==</latexit><latexit sha1_base64="A5UD8hd96oeoP1bWhBnMDnp7B6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8flnmM0Q==</latexit><latexit sha1_base64="A5UD8hd96oeoP1bWhBnMDnp7B6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8flnmM0Q==</latexit><latexit sha1_base64="A5UD8hd96oeoP1bWhBnMDnp7B6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8flnmM0Q==</latexit>

B
<latexit sha1_base64="wPVfw/tQa9X8KPWVDup9fxc6oM4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fl/2M0g==</latexit><latexit sha1_base64="wPVfw/tQa9X8KPWVDup9fxc6oM4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fl/2M0g==</latexit><latexit sha1_base64="wPVfw/tQa9X8KPWVDup9fxc6oM4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fl/2M0g==</latexit><latexit sha1_base64="wPVfw/tQa9X8KPWVDup9fxc6oM4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fl/2M0g==</latexit>

A \B
<latexit sha1_base64="iG0w2h67YvSOXBbpM8ngrONeI24=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPViyepYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUrta9Il9GEXPfKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+b3TshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8BZfXibNs6rnVr3780rtLo+jCEdwDKfgwQXU4Bbq0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AxGWPKQ==</latexit><latexit sha1_base64="iG0w2h67YvSOXBbpM8ngrONeI24=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPViyepYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUrta9Il9GEXPfKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+b3TshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8BZfXibNs6rnVr3780rtLo+jCEdwDKfgwQXU4Bbq0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AxGWPKQ==</latexit><latexit sha1_base64="iG0w2h67YvSOXBbpM8ngrONeI24=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPViyepYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUrta9Il9GEXPfKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+b3TshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8BZfXibNs6rnVr3780rtLo+jCEdwDKfgwQXU4Bbq0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AxGWPKQ==</latexit><latexit sha1_base64="iG0w2h67YvSOXBbpM8ngrONeI24=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPViyepYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUrta9Il9GEXPfKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+b3TshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8BZfXibNs6rnVr3780rtLo+jCEdwDKfgwQXU4Bbq0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AxGWPKQ==</latexit>



Discrete random variables
A random variable X is a variable that can 
take on a finite number of values {x1, · · · , xn}

<latexit sha1_base64="uaAIEgUA85qtMYPf9MSpXhcJJ+M=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISEXRZcONKKtgHNCFMJpN26GQmzEykNRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954wZVRpx/m2Siura+sb5c3K1vbO7p69f9BWIpOYtLBgQnZDpAijnLQ01Yx0U0lQEjLSCYfXU7/zQKSigt/rcUr8BPU5jSlG2kiBfeTlo8CtQQ9HQqsaHAXcmwR21ak7M8Bl4hakCgo0A/vLiwTOEsI1Zkipnuuk2s+R1BQzMql4mSIpwkPUJz1DOUqI8vPZ9RN4apQIxkKa4hrO1N8TOUqUGieh6UyQHqhFbyr+5/UyHV/5OeVppgnH80VxxqAWcBoFjKgkWLOxIQhLam6FeIAkwtoEVjEhuIsvL5P2ed116u7dRbVxW8RRBsfgBJwBF1yCBrgBTdACGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gBd3JSN</latexit><latexit sha1_base64="uaAIEgUA85qtMYPf9MSpXhcJJ+M=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISEXRZcONKKtgHNCFMJpN26GQmzEykNRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954wZVRpx/m2Siura+sb5c3K1vbO7p69f9BWIpOYtLBgQnZDpAijnLQ01Yx0U0lQEjLSCYfXU7/zQKSigt/rcUr8BPU5jSlG2kiBfeTlo8CtQQ9HQqsaHAXcmwR21ak7M8Bl4hakCgo0A/vLiwTOEsI1Zkipnuuk2s+R1BQzMql4mSIpwkPUJz1DOUqI8vPZ9RN4apQIxkKa4hrO1N8TOUqUGieh6UyQHqhFbyr+5/UyHV/5OeVppgnH80VxxqAWcBoFjKgkWLOxIQhLam6FeIAkwtoEVjEhuIsvL5P2ed116u7dRbVxW8RRBsfgBJwBF1yCBrgBTdACGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gBd3JSN</latexit><latexit sha1_base64="uaAIEgUA85qtMYPf9MSpXhcJJ+M=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISEXRZcONKKtgHNCFMJpN26GQmzEykNRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954wZVRpx/m2Siura+sb5c3K1vbO7p69f9BWIpOYtLBgQnZDpAijnLQ01Yx0U0lQEjLSCYfXU7/zQKSigt/rcUr8BPU5jSlG2kiBfeTlo8CtQQ9HQqsaHAXcmwR21ak7M8Bl4hakCgo0A/vLiwTOEsI1Zkipnuuk2s+R1BQzMql4mSIpwkPUJz1DOUqI8vPZ9RN4apQIxkKa4hrO1N8TOUqUGieh6UyQHqhFbyr+5/UyHV/5OeVppgnH80VxxqAWcBoFjKgkWLOxIQhLam6FeIAkwtoEVjEhuIsvL5P2ed116u7dRbVxW8RRBsfgBJwBF1yCBrgBTdACGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gBd3JSN</latexit><latexit sha1_base64="uaAIEgUA85qtMYPf9MSpXhcJJ+M=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISEXRZcONKKtgHNCFMJpN26GQmzEykNRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954wZVRpx/m2Siura+sb5c3K1vbO7p69f9BWIpOYtLBgQnZDpAijnLQ01Yx0U0lQEjLSCYfXU7/zQKSigt/rcUr8BPU5jSlG2kiBfeTlo8CtQQ9HQqsaHAXcmwR21ak7M8Bl4hakCgo0A/vLiwTOEsI1Zkipnuuk2s+R1BQzMql4mSIpwkPUJz1DOUqI8vPZ9RN4apQIxkKa4hrO1N8TOUqUGieh6UyQHqhFbyr+5/UyHV/5OeVppgnH80VxxqAWcBoFjKgkWLOxIQhLam6FeIAkwtoEVjEhuIsvL5P2ed116u7dRbVxW8RRBsfgBJwBF1yCBrgBTdACGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gBd3JSN</latexit>

p(X = xi)
<latexit sha1_base64="gjWTyZYD/h2oRO1owlnZGR5TxHI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5YLKE2ckkGTI7u8z0imHJX3jxoIhX/8abf+Mk2YMmFjQUVd10dwWxFAZd99vJrayurW/kNwtb2zu7e8X9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQ99ZuPXBsRqXscx9wP6UCJvmAUrfQQl1vkijx1xWm3WHIr7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2cUTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/9FOh4gS5YvNF/UQSjMj0fdITmjOUY0so08LeStiQasrQhlSwIXiLLy+TxlnFcyve3XmpepvFkYcjOIYyeHABVbiBGtSBgYJneIU3xzgvzrvzMW/NOdnMIfyB8/kD2XyPwA==</latexit><latexit sha1_base64="gjWTyZYD/h2oRO1owlnZGR5TxHI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5YLKE2ckkGTI7u8z0imHJX3jxoIhX/8abf+Mk2YMmFjQUVd10dwWxFAZd99vJrayurW/kNwtb2zu7e8X9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQ99ZuPXBsRqXscx9wP6UCJvmAUrfQQl1vkijx1xWm3WHIr7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2cUTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/9FOh4gS5YvNF/UQSjMj0fdITmjOUY0so08LeStiQasrQhlSwIXiLLy+TxlnFcyve3XmpepvFkYcjOIYyeHABVbiBGtSBgYJneIU3xzgvzrvzMW/NOdnMIfyB8/kD2XyPwA==</latexit><latexit sha1_base64="gjWTyZYD/h2oRO1owlnZGR5TxHI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5YLKE2ckkGTI7u8z0imHJX3jxoIhX/8abf+Mk2YMmFjQUVd10dwWxFAZd99vJrayurW/kNwtb2zu7e8X9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQ99ZuPXBsRqXscx9wP6UCJvmAUrfQQl1vkijx1xWm3WHIr7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2cUTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/9FOh4gS5YvNF/UQSjMj0fdITmjOUY0so08LeStiQasrQhlSwIXiLLy+TxlnFcyve3XmpepvFkYcjOIYyeHABVbiBGtSBgYJneIU3xzgvzrvzMW/NOdnMIfyB8/kD2XyPwA==</latexit><latexit sha1_base64="gjWTyZYD/h2oRO1owlnZGR5TxHI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS+eJIJ5YLKE2ckkGTI7u8z0imHJX3jxoIhX/8abf+Mk2YMmFjQUVd10dwWxFAZd99vJrayurW/kNwtb2zu7e8X9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQ99ZuPXBsRqXscx9wP6UCJvmAUrfQQl1vkijx1xWm3WHIr7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2cUTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/9FOh4gS5YvNF/UQSjMj0fdITmjOUY0so08LeStiQasrQhlSwIXiLLy+TxlnFcyve3XmpepvFkYcjOIYyeHABVbiBGtSBgYJneIU3xzgvzrvzMW/NOdnMIfyB8/kD2XyPwA==</latexit>

p(xi)
<latexit sha1_base64="8NrgvB9FzwsvX1FlDT9zB1qDYnI=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeCF09SwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCscXU/91iPThit5b8cJC2IykDzilFgnNZPKU4+f9Uplr+rNgJeJn5My5Kj3Sl/dvqJpzKSlghjT8b3EBhnRllPBJsVualhC6IgMWMdRSWJmgmx27QSfOqWPI6VdSYtn6u+JjMTGjOPQdcbEDs2iNxX/8zqpja6CjMsktUzS+aIoFdgqPH0d97lm1IqxI4Rq7m7FdEg0odYFVHQh+IsvL5PmedX3qv7dRbl2m8dRgGM4gQr4cAk1uIE6NIDCAzzDK7whhV7QO/qYt66gfOYI/gB9/gD7jY7D</latexit><latexit sha1_base64="8NrgvB9FzwsvX1FlDT9zB1qDYnI=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeCF09SwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCscXU/91iPThit5b8cJC2IykDzilFgnNZPKU4+f9Uplr+rNgJeJn5My5Kj3Sl/dvqJpzKSlghjT8b3EBhnRllPBJsVualhC6IgMWMdRSWJmgmx27QSfOqWPI6VdSYtn6u+JjMTGjOPQdcbEDs2iNxX/8zqpja6CjMsktUzS+aIoFdgqPH0d97lm1IqxI4Rq7m7FdEg0odYFVHQh+IsvL5PmedX3qv7dRbl2m8dRgGM4gQr4cAk1uIE6NIDCAzzDK7whhV7QO/qYt66gfOYI/gB9/gD7jY7D</latexit><latexit sha1_base64="8NrgvB9FzwsvX1FlDT9zB1qDYnI=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeCF09SwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCscXU/91iPThit5b8cJC2IykDzilFgnNZPKU4+f9Uplr+rNgJeJn5My5Kj3Sl/dvqJpzKSlghjT8b3EBhnRllPBJsVualhC6IgMWMdRSWJmgmx27QSfOqWPI6VdSYtn6u+JjMTGjOPQdcbEDs2iNxX/8zqpja6CjMsktUzS+aIoFdgqPH0d97lm1IqxI4Rq7m7FdEg0odYFVHQh+IsvL5PmedX3qv7dRbl2m8dRgGM4gQr4cAk1uIE6NIDCAzzDK7whhV7QO/qYt66gfOYI/gB9/gD7jY7D</latexit><latexit sha1_base64="8NrgvB9FzwsvX1FlDT9zB1qDYnI=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeCF09SwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCscXU/91iPThit5b8cJC2IykDzilFgnNZPKU4+f9Uplr+rNgJeJn5My5Kj3Sl/dvqJpzKSlghjT8b3EBhnRllPBJsVualhC6IgMWMdRSWJmgmx27QSfOqWPI6VdSYtn6u+JjMTGjOPQdcbEDs2iNxX/8zqpja6CjMsktUzS+aIoFdgqPH0d97lm1IqxI4Rq7m7FdEg0odYFVHQh+IsvL5PmedX3qv7dRbl2m8dRgGM4gQr4cAk1uIE6NIDCAzzDK7whhV7QO/qYt66gfOYI/gB9/gD7jY7D</latexit>

p(·)
<latexit sha1_base64="QD5Wp5XfkOPC5Lc8c6w6Y5a/F70=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0c3Mbz9xbUSiHnCccj+mAyUiwShaqZNWeyxM8Lxfrrg1dw6ySrycVCBHo1/+6oUJy2KukElqTNdzU/QnVKNgkk9LvczwlLIRHfCupYrG3PiT+b1TcmaVkESJtqWQzNXfExMaGzOOA9sZUxyaZW8m/ud1M4yu/YlQaYZcscWiKJMEEzJ7noRCc4ZybAllWthbCRtSTRnaiEo2BG/55VXSuqh5bs27v6zU7/I4inACp1AFD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDdhiPnQ==</latexit><latexit sha1_base64="QD5Wp5XfkOPC5Lc8c6w6Y5a/F70=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0c3Mbz9xbUSiHnCccj+mAyUiwShaqZNWeyxM8Lxfrrg1dw6ySrycVCBHo1/+6oUJy2KukElqTNdzU/QnVKNgkk9LvczwlLIRHfCupYrG3PiT+b1TcmaVkESJtqWQzNXfExMaGzOOA9sZUxyaZW8m/ud1M4yu/YlQaYZcscWiKJMEEzJ7noRCc4ZybAllWthbCRtSTRnaiEo2BG/55VXSuqh5bs27v6zU7/I4inACp1AFD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDdhiPnQ==</latexit><latexit sha1_base64="QD5Wp5XfkOPC5Lc8c6w6Y5a/F70=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0c3Mbz9xbUSiHnCccj+mAyUiwShaqZNWeyxM8Lxfrrg1dw6ySrycVCBHo1/+6oUJy2KukElqTNdzU/QnVKNgkk9LvczwlLIRHfCupYrG3PiT+b1TcmaVkESJtqWQzNXfExMaGzOOA9sZUxyaZW8m/ud1M4yu/YlQaYZcscWiKJMEEzJ7noRCc4ZybAllWthbCRtSTRnaiEo2BG/55VXSuqh5bs27v6zU7/I4inACp1AFD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDdhiPnQ==</latexit><latexit sha1_base64="QD5Wp5XfkOPC5Lc8c6w6Y5a/F70=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0c3Mbz9xbUSiHnCccj+mAyUiwShaqZNWeyxM8Lxfrrg1dw6ySrycVCBHo1/+6oUJy2KukElqTNdzU/QnVKNgkk9LvczwlLIRHfCupYrG3PiT+b1TcmaVkESJtqWQzNXfExMaGzOOA9sZUxyaZW8m/ud1M4yu/YlQaYZcscWiKJMEEzJ7noRCc4ZybAllWthbCRtSTRnaiEo2BG/55VXSuqh5bs27v6zU7/I4inACp1AFD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDdhiPnQ==</latexit>

p(x1) = 0.5, p(x2) = 0.5
<latexit sha1_base64="cd5sxb3lk5Nxhpt5iIBZj6SqdVo=">AAACEXicbVDLSsNAFJ34rPVVdelmsAgVpCRF0Y1QcONKKtgHtCFMppN26OTBzI20hP6CG3/FjQtF3Lpz5984SbPQ1gMXDufcy733uJHgCkzz21haXlldWy9sFDe3tnd2S3v7LRXGkrImDUUoOy5RTPCANYGDYJ1IMuK7grXd0XXqtx+YVDwM7mESMdsng4B7nBLQklOqRJWxY53gK2xWz09xD9gYEpxhilOvlntOqWxWzQx4kVg5KaMcDaf01euHNPZZAFQQpbqWGYGdEAmcCjYt9mLFIkJHZMC6mgbEZ8pOso+m+FgrfeyFUlcAOFN/TyTEV2riu7rTJzBU814q/ud1Y/Au7YQHUQwsoLNFXiwwhDiNB/e5ZBTERBNCJde3YjokklDQIRZ1CNb8y4ukVataZtW6OyvXb/M4CugQHaEKstAFqqMb1EBNRNEjekav6M14Ml6Md+Nj1rpk5DMH6A+Mzx87Xpg/</latexit><latexit sha1_base64="cd5sxb3lk5Nxhpt5iIBZj6SqdVo=">AAACEXicbVDLSsNAFJ34rPVVdelmsAgVpCRF0Y1QcONKKtgHtCFMppN26OTBzI20hP6CG3/FjQtF3Lpz5984SbPQ1gMXDufcy733uJHgCkzz21haXlldWy9sFDe3tnd2S3v7LRXGkrImDUUoOy5RTPCANYGDYJ1IMuK7grXd0XXqtx+YVDwM7mESMdsng4B7nBLQklOqRJWxY53gK2xWz09xD9gYEpxhilOvlntOqWxWzQx4kVg5KaMcDaf01euHNPZZAFQQpbqWGYGdEAmcCjYt9mLFIkJHZMC6mgbEZ8pOso+m+FgrfeyFUlcAOFN/TyTEV2riu7rTJzBU814q/ud1Y/Au7YQHUQwsoLNFXiwwhDiNB/e5ZBTERBNCJde3YjokklDQIRZ1CNb8y4ukVataZtW6OyvXb/M4CugQHaEKstAFqqMb1EBNRNEjekav6M14Ml6Md+Nj1rpk5DMH6A+Mzx87Xpg/</latexit><latexit sha1_base64="cd5sxb3lk5Nxhpt5iIBZj6SqdVo=">AAACEXicbVDLSsNAFJ34rPVVdelmsAgVpCRF0Y1QcONKKtgHtCFMppN26OTBzI20hP6CG3/FjQtF3Lpz5984SbPQ1gMXDufcy733uJHgCkzz21haXlldWy9sFDe3tnd2S3v7LRXGkrImDUUoOy5RTPCANYGDYJ1IMuK7grXd0XXqtx+YVDwM7mESMdsng4B7nBLQklOqRJWxY53gK2xWz09xD9gYEpxhilOvlntOqWxWzQx4kVg5KaMcDaf01euHNPZZAFQQpbqWGYGdEAmcCjYt9mLFIkJHZMC6mgbEZ8pOso+m+FgrfeyFUlcAOFN/TyTEV2riu7rTJzBU814q/ud1Y/Au7YQHUQwsoLNFXiwwhDiNB/e5ZBTERBNCJde3YjokklDQIRZ1CNb8y4ukVataZtW6OyvXb/M4CugQHaEKstAFqqMb1EBNRNEjekav6M14Ml6Md+Nj1rpk5DMH6A+Mzx87Xpg/</latexit><latexit sha1_base64="cd5sxb3lk5Nxhpt5iIBZj6SqdVo=">AAACEXicbVDLSsNAFJ34rPVVdelmsAgVpCRF0Y1QcONKKtgHtCFMppN26OTBzI20hP6CG3/FjQtF3Lpz5984SbPQ1gMXDufcy733uJHgCkzz21haXlldWy9sFDe3tnd2S3v7LRXGkrImDUUoOy5RTPCANYGDYJ1IMuK7grXd0XXqtx+YVDwM7mESMdsng4B7nBLQklOqRJWxY53gK2xWz09xD9gYEpxhilOvlntOqWxWzQx4kVg5KaMcDaf01euHNPZZAFQQpbqWGYGdEAmcCjYt9mLFIkJHZMC6mgbEZ8pOso+m+FgrfeyFUlcAOFN/TyTEV2riu7rTJzBU814q/ud1Y/Au7YQHUQwsoLNFXiwwhDiNB/e5ZBTERBNCJde3YjokklDQIRZ1CNb8y4ukVataZtW6OyvXb/M4CugQHaEKstAFqqMb1EBNRNEjekav6M14Ml6Md+Nj1rpk5DMH6A+Mzx87Xpg/</latexit>

or                                is the probability that the 
random variable X takes on value xi

       is called the probability mass function

e.g., X models the outcome of a coin flip.  
x1 = heads, x2 = tails



Probability mass functions for discrete RVs



Continuous random variables
A continuous random variable X takes on 
values in a continuum 

p (x 2 (a, b)) =

Z b

a
p(x)dx

<latexit sha1_base64="HGwztOcmpdTfzXI47YMuvi3r5zE=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBahBS2JCHoRCl48SQX7AU0Nm+2mXbrZhN2JtJT+Ci/+FS8eFPEq3vw3btoetPXBwOO9GWbm+bHgGmz728osLa+srmXXcxubW9s7+d29uo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/f5X6jQemNI/kHQxj1g5JV/KAUwJG8vInsStYAMUBdrnERXKM/ZKreLcHJXyZauCRex/HxUEJdwZevmCX7QnwInFmpIBmqHr5L7cT0SRkEqggWrccO4b2iCjgVLBxzk00iwntky5rGSpJyHR7NHlrjI+M0sFBpExJwBP198SIhFoPQ990hgR6et5Lxf+8VgLBRXvEZZwAk3S6KEgEhginGeEOV4yCGBpCqOLmVkx7RBEKJsmcCcGZf3mR1E/Ljl12bs8KlZtZHFl0gA5RETnoHFXQNaqiGqLoET2jV/RmPVkv1rv1MW3NWLOZffQH1ucPVy6c/w==</latexit><latexit sha1_base64="HGwztOcmpdTfzXI47YMuvi3r5zE=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBahBS2JCHoRCl48SQX7AU0Nm+2mXbrZhN2JtJT+Ci/+FS8eFPEq3vw3btoetPXBwOO9GWbm+bHgGmz728osLa+srmXXcxubW9s7+d29uo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/f5X6jQemNI/kHQxj1g5JV/KAUwJG8vInsStYAMUBdrnERXKM/ZKreLcHJXyZauCRex/HxUEJdwZevmCX7QnwInFmpIBmqHr5L7cT0SRkEqggWrccO4b2iCjgVLBxzk00iwntky5rGSpJyHR7NHlrjI+M0sFBpExJwBP198SIhFoPQ990hgR6et5Lxf+8VgLBRXvEZZwAk3S6KEgEhginGeEOV4yCGBpCqOLmVkx7RBEKJsmcCcGZf3mR1E/Ljl12bs8KlZtZHFl0gA5RETnoHFXQNaqiGqLoET2jV/RmPVkv1rv1MW3NWLOZffQH1ucPVy6c/w==</latexit><latexit sha1_base64="HGwztOcmpdTfzXI47YMuvi3r5zE=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBahBS2JCHoRCl48SQX7AU0Nm+2mXbrZhN2JtJT+Ci/+FS8eFPEq3vw3btoetPXBwOO9GWbm+bHgGmz728osLa+srmXXcxubW9s7+d29uo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/f5X6jQemNI/kHQxj1g5JV/KAUwJG8vInsStYAMUBdrnERXKM/ZKreLcHJXyZauCRex/HxUEJdwZevmCX7QnwInFmpIBmqHr5L7cT0SRkEqggWrccO4b2iCjgVLBxzk00iwntky5rGSpJyHR7NHlrjI+M0sFBpExJwBP198SIhFoPQ990hgR6et5Lxf+8VgLBRXvEZZwAk3S6KEgEhginGeEOV4yCGBpCqOLmVkx7RBEKJsmcCcGZf3mR1E/Ljl12bs8KlZtZHFl0gA5RETnoHFXQNaqiGqLoET2jV/RmPVkv1rv1MW3NWLOZffQH1ucPVy6c/w==</latexit><latexit sha1_base64="HGwztOcmpdTfzXI47YMuvi3r5zE=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBahBS2JCHoRCl48SQX7AU0Nm+2mXbrZhN2JtJT+Ci/+FS8eFPEq3vw3btoetPXBwOO9GWbm+bHgGmz728osLa+srmXXcxubW9s7+d29uo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/f5X6jQemNI/kHQxj1g5JV/KAUwJG8vInsStYAMUBdrnERXKM/ZKreLcHJXyZauCRex/HxUEJdwZevmCX7QnwInFmpIBmqHr5L7cT0SRkEqggWrccO4b2iCjgVLBxzk00iwntky5rGSpJyHR7NHlrjI+M0sFBpExJwBP198SIhFoPQ990hgR6et5Lxf+8VgLBRXvEZZwAk3S6KEgEhginGeEOV4yCGBpCqOLmVkx7RBEKJsmcCcGZf3mR1E/Ljl12bs8KlZtZHFl0gA5RETnoHFXQNaqiGqLoET2jV/RmPVkv1rv1MW3NWLOZffQH1ucPVy6c/w==</latexit>

p(X = x) or p(x)
<latexit sha1_base64="vzS9MpXcWI9QUeSUGbsY4rh74w0=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAISRN2RdBGCNhYSQTzgGQJs5PZZMjszjJzVxKWbfwVGwtFbP0MO//GSbKFJp7qcM693HuOHwuuwXG+rZXVtfWNzcJWcXtnd2/fPjhsapkoyhpUCqnaPtFM8Ig1gINg7VgxEvqCtfzRzdRvPTKluYweYBIzLySDiAecEjBSzz6Oy+3rcQV3gY0hxVLhDMflcaVnl5yqMwNeJm5OSihHvWd/dfuSJiGLgAqidcd1YvBSooBTwbJiN9EsJnREBqxjaERCpr10FiDDZ0bp48BcD2QEeKb+3khJqPUk9M1kSGCoF72p+J/XSSC48lIexQmwiM4PBYnAIPG0DdznilEQE0MIVdz8iumQKELBdFY0JbiLkZdJ87zqOlX3/qJUu8vrKKATdIrKyEWXqIZuUR01EEUZekav6M16sl6sd+tjPrpi5TtH6A+szx+Nq5Ue</latexit><latexit sha1_base64="vzS9MpXcWI9QUeSUGbsY4rh74w0=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAISRN2RdBGCNhYSQTzgGQJs5PZZMjszjJzVxKWbfwVGwtFbP0MO//GSbKFJp7qcM693HuOHwuuwXG+rZXVtfWNzcJWcXtnd2/fPjhsapkoyhpUCqnaPtFM8Ig1gINg7VgxEvqCtfzRzdRvPTKluYweYBIzLySDiAecEjBSzz6Oy+3rcQV3gY0hxVLhDMflcaVnl5yqMwNeJm5OSihHvWd/dfuSJiGLgAqidcd1YvBSooBTwbJiN9EsJnREBqxjaERCpr10FiDDZ0bp48BcD2QEeKb+3khJqPUk9M1kSGCoF72p+J/XSSC48lIexQmwiM4PBYnAIPG0DdznilEQE0MIVdz8iumQKELBdFY0JbiLkZdJ87zqOlX3/qJUu8vrKKATdIrKyEWXqIZuUR01EEUZekav6M16sl6sd+tjPrpi5TtH6A+szx+Nq5Ue</latexit><latexit sha1_base64="vzS9MpXcWI9QUeSUGbsY4rh74w0=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAISRN2RdBGCNhYSQTzgGQJs5PZZMjszjJzVxKWbfwVGwtFbP0MO//GSbKFJp7qcM693HuOHwuuwXG+rZXVtfWNzcJWcXtnd2/fPjhsapkoyhpUCqnaPtFM8Ig1gINg7VgxEvqCtfzRzdRvPTKluYweYBIzLySDiAecEjBSzz6Oy+3rcQV3gY0hxVLhDMflcaVnl5yqMwNeJm5OSihHvWd/dfuSJiGLgAqidcd1YvBSooBTwbJiN9EsJnREBqxjaERCpr10FiDDZ0bp48BcD2QEeKb+3khJqPUk9M1kSGCoF72p+J/XSSC48lIexQmwiM4PBYnAIPG0DdznilEQE0MIVdz8iumQKELBdFY0JbiLkZdJ87zqOlX3/qJUu8vrKKATdIrKyEWXqIZuUR01EEUZekav6M16sl6sd+tjPrpi5TtH6A+szx+Nq5Ue</latexit><latexit sha1_base64="vzS9MpXcWI9QUeSUGbsY4rh74w0=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAISRN2RdBGCNhYSQTzgGQJs5PZZMjszjJzVxKWbfwVGwtFbP0MO//GSbKFJp7qcM693HuOHwuuwXG+rZXVtfWNzcJWcXtnd2/fPjhsapkoyhpUCqnaPtFM8Ig1gINg7VgxEvqCtfzRzdRvPTKluYweYBIzLySDiAecEjBSzz6Oy+3rcQV3gY0hxVLhDMflcaVnl5yqMwNeJm5OSihHvWd/dfuSJiGLgAqidcd1YvBSooBTwbJiN9EsJnREBqxjaERCpr10FiDDZ0bp48BcD2QEeKb+3khJqPUk9M1kSGCoF72p+J/XSSC48lIexQmwiM4PBYnAIPG0DdznilEQE0MIVdz8iumQKELBdFY0JbiLkZdJ87zqOlX3/qJUu8vrKKATdIrKyEWXqIZuUR01EEUZekav6M16sl6sd+tjPrpi5TtH6A+szx+Nq5Ue</latexit>

                            is a probability density function



Probability density functions



Normal distribution
“Standard” normal distribution

p(x) =
1p
2⇡

e�x2/2

<latexit sha1_base64="NORVByXzTpgfbO6cBJHTFrLvGEw=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhXF3EbQRAjZWEsE8ILsJs5PZZMjsw5lZSRj2F2z8FRsLRWzt7PwbJ49CEw9cOJxzL/fe4yeMCmlZ30ZuaXlldS2/XtjY3NreMXf36iJOOSY1HLOYN30kCKMRqUkqGWkmnKDQZ6ThD67GfuOBcEHj6E6OEuKFqBfRgGIktdQxS0lpeAwvoRtwhJWdKVfcc6kc6CY0yyBpq5Nh2zl1so5ZtMrWBHCR2DNSBDNUO+aX241xGpJIYoaEaNlWIj2FuKSYkazgpoIkCA9Qj7Q0jVBIhKcmH2XwSCtdGMRcVyThRP09oVAoxCj0dWeIZF/Me2PxP6+VyuDCUzRKUkkiPF0UpAzKGI7jgV3KCZZspAnCnOpbIe4jnY3UIRZ0CPb8y4uk7pRtq2zfnhUrN7M48uAAHIISsME5qIBrUAU1gMEjeAav4M14Ml6Md+Nj2pozZjP74A+Mzx9vdZws</latexit><latexit sha1_base64="NORVByXzTpgfbO6cBJHTFrLvGEw=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhXF3EbQRAjZWEsE8ILsJs5PZZMjsw5lZSRj2F2z8FRsLRWzt7PwbJ49CEw9cOJxzL/fe4yeMCmlZ30ZuaXlldS2/XtjY3NreMXf36iJOOSY1HLOYN30kCKMRqUkqGWkmnKDQZ6ThD67GfuOBcEHj6E6OEuKFqBfRgGIktdQxS0lpeAwvoRtwhJWdKVfcc6kc6CY0yyBpq5Nh2zl1so5ZtMrWBHCR2DNSBDNUO+aX241xGpJIYoaEaNlWIj2FuKSYkazgpoIkCA9Qj7Q0jVBIhKcmH2XwSCtdGMRcVyThRP09oVAoxCj0dWeIZF/Me2PxP6+VyuDCUzRKUkkiPF0UpAzKGI7jgV3KCZZspAnCnOpbIe4jnY3UIRZ0CPb8y4uk7pRtq2zfnhUrN7M48uAAHIISsME5qIBrUAU1gMEjeAav4M14Ml6Md+Nj2pozZjP74A+Mzx9vdZws</latexit><latexit sha1_base64="NORVByXzTpgfbO6cBJHTFrLvGEw=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhXF3EbQRAjZWEsE8ILsJs5PZZMjsw5lZSRj2F2z8FRsLRWzt7PwbJ49CEw9cOJxzL/fe4yeMCmlZ30ZuaXlldS2/XtjY3NreMXf36iJOOSY1HLOYN30kCKMRqUkqGWkmnKDQZ6ThD67GfuOBcEHj6E6OEuKFqBfRgGIktdQxS0lpeAwvoRtwhJWdKVfcc6kc6CY0yyBpq5Nh2zl1so5ZtMrWBHCR2DNSBDNUO+aX241xGpJIYoaEaNlWIj2FuKSYkazgpoIkCA9Qj7Q0jVBIhKcmH2XwSCtdGMRcVyThRP09oVAoxCj0dWeIZF/Me2PxP6+VyuDCUzRKUkkiPF0UpAzKGI7jgV3KCZZspAnCnOpbIe4jnY3UIRZ0CPb8y4uk7pRtq2zfnhUrN7M48uAAHIISsME5qIBrUAU1gMEjeAav4M14Ml6Md+Nj2pozZjP74A+Mzx9vdZws</latexit><latexit sha1_base64="NORVByXzTpgfbO6cBJHTFrLvGEw=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhXF3EbQRAjZWEsE8ILsJs5PZZMjsw5lZSRj2F2z8FRsLRWzt7PwbJ49CEw9cOJxzL/fe4yeMCmlZ30ZuaXlldS2/XtjY3NreMXf36iJOOSY1HLOYN30kCKMRqUkqGWkmnKDQZ6ThD67GfuOBcEHj6E6OEuKFqBfRgGIktdQxS0lpeAwvoRtwhJWdKVfcc6kc6CY0yyBpq5Nh2zl1so5ZtMrWBHCR2DNSBDNUO+aX241xGpJIYoaEaNlWIj2FuKSYkazgpoIkCA9Qj7Q0jVBIhKcmH2XwSCtdGMRcVyThRP09oVAoxCj0dWeIZF/Me2PxP6+VyuDCUzRKUkkiPF0UpAzKGI7jgV3KCZZspAnCnOpbIe4jnY3UIRZ0CPb8y4uk7pRtq2zfnhUrN7M48uAAHIISsME5qIBrUAU1gMEjeAav4M14Ml6Md+Nj2pozZjP74A+Mzx9vdZws</latexit>

Parameterized normal distribution

p(x; ✓,�2) =
1p
2⇡�2

e�(x�µ)2/(2�2)

<latexit sha1_base64="2IPd2+KSzKBBkmv9OPfFiSnMUag="></latexit><latexit sha1_base64="2IPd2+KSzKBBkmv9OPfFiSnMUag="></latexit><latexit sha1_base64="2IPd2+KSzKBBkmv9OPfFiSnMUag="></latexit><latexit sha1_base64="2IPd2+KSzKBBkmv9OPfFiSnMUag="></latexit>



Joint probability

p(X = x and Y = y) = p(x, y)
<latexit sha1_base64="7BpkYqeElX41fYjC/CMN2ukeDmg=">AAACCnicbVDLSgNBEJyNrxhfqx69jAYhAQm7IuglEPDiSSKYhyRLmJ1MkiGzs8tMr2RZcvbir3jxoIhXv8Cbf+PkcdBoQUNR1U13lx8JrsFxvqzM0vLK6lp2PbexubW9Y+/u1XUYK8pqNBShavpEM8ElqwEHwZqRYiTwBWv4w8uJ37hnSvNQ3kISMS8gfcl7nBIwUsc+jArN8gi3gY0gxUR28RjflZMiLuOoMDrBSbFj552SMwX+S9w5yaM5qh37s90NaRwwCVQQrVuuE4GXEgWcCjbOtWPNIkKHpM9ahkoSMO2l01fG+NgoXdwLlSkJeKr+nEhJoHUS+KYzIDDQi95E/M9rxdC78FIuoxiYpLNFvVhgCPEkF9zlilEQiSGEKm5uxXRAFKFg0suZENzFl/+S+mnJdUruzVm+cj2PI4sO0BEqIBedowq6QlVUQxQ9oCf0gl6tR+vZerPeZ60Zaz6zj37B+vgGW1CYJQ==</latexit><latexit sha1_base64="7BpkYqeElX41fYjC/CMN2ukeDmg=">AAACCnicbVDLSgNBEJyNrxhfqx69jAYhAQm7IuglEPDiSSKYhyRLmJ1MkiGzs8tMr2RZcvbir3jxoIhXv8Cbf+PkcdBoQUNR1U13lx8JrsFxvqzM0vLK6lp2PbexubW9Y+/u1XUYK8pqNBShavpEM8ElqwEHwZqRYiTwBWv4w8uJ37hnSvNQ3kISMS8gfcl7nBIwUsc+jArN8gi3gY0gxUR28RjflZMiLuOoMDrBSbFj552SMwX+S9w5yaM5qh37s90NaRwwCVQQrVuuE4GXEgWcCjbOtWPNIkKHpM9ahkoSMO2l01fG+NgoXdwLlSkJeKr+nEhJoHUS+KYzIDDQi95E/M9rxdC78FIuoxiYpLNFvVhgCPEkF9zlilEQiSGEKm5uxXRAFKFg0suZENzFl/+S+mnJdUruzVm+cj2PI4sO0BEqIBedowq6QlVUQxQ9oCf0gl6tR+vZerPeZ60Zaz6zj37B+vgGW1CYJQ==</latexit><latexit sha1_base64="7BpkYqeElX41fYjC/CMN2ukeDmg=">AAACCnicbVDLSgNBEJyNrxhfqx69jAYhAQm7IuglEPDiSSKYhyRLmJ1MkiGzs8tMr2RZcvbir3jxoIhXv8Cbf+PkcdBoQUNR1U13lx8JrsFxvqzM0vLK6lp2PbexubW9Y+/u1XUYK8pqNBShavpEM8ElqwEHwZqRYiTwBWv4w8uJ37hnSvNQ3kISMS8gfcl7nBIwUsc+jArN8gi3gY0gxUR28RjflZMiLuOoMDrBSbFj552SMwX+S9w5yaM5qh37s90NaRwwCVQQrVuuE4GXEgWcCjbOtWPNIkKHpM9ahkoSMO2l01fG+NgoXdwLlSkJeKr+nEhJoHUS+KYzIDDQi95E/M9rxdC78FIuoxiYpLNFvVhgCPEkF9zlilEQiSGEKm5uxXRAFKFg0suZENzFl/+S+mnJdUruzVm+cj2PI4sO0BEqIBedowq6QlVUQxQ9oCf0gl6tR+vZerPeZ60Zaz6zj37B+vgGW1CYJQ==</latexit><latexit sha1_base64="7BpkYqeElX41fYjC/CMN2ukeDmg=">AAACCnicbVDLSgNBEJyNrxhfqx69jAYhAQm7IuglEPDiSSKYhyRLmJ1MkiGzs8tMr2RZcvbir3jxoIhXv8Cbf+PkcdBoQUNR1U13lx8JrsFxvqzM0vLK6lp2PbexubW9Y+/u1XUYK8pqNBShavpEM8ElqwEHwZqRYiTwBWv4w8uJ37hnSvNQ3kISMS8gfcl7nBIwUsc+jArN8gi3gY0gxUR28RjflZMiLuOoMDrBSbFj552SMwX+S9w5yaM5qh37s90NaRwwCVQQrVuuE4GXEgWcCjbOtWPNIkKHpM9ahkoSMO2l01fG+NgoXdwLlSkJeKr+nEhJoHUS+KYzIDDQi95E/M9rxdC78FIuoxiYpLNFvVhgCPEkF9zlilEQiSGEKm5uxXRAFKFg0suZENzFl/+S+mnJdUruzVm+cj2PI4sO0BEqIBedowq6QlVUQxQ9oCf0gl6tR+vZerPeZ60Zaz6zj37B+vgGW1CYJQ==</latexit>

If x and y are independent, p(x, y) = p(x)p(y)
<latexit sha1_base64="lqmPUh5ln8LzB06ZY9fPseAmzlI="></latexit><latexit sha1_base64="lqmPUh5ln8LzB06ZY9fPseAmzlI="></latexit><latexit sha1_base64="lqmPUh5ln8LzB06ZY9fPseAmzlI="></latexit><latexit sha1_base64="lqmPUh5ln8LzB06ZY9fPseAmzlI="></latexit>



Conditional probability

p(x | y)
<latexit sha1_base64="IguUX6GCOjBFnBhJBM3Spt0VqfY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdursJuxsxhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG5mfveRKs1i+WCyhPoCjySLGMHGSv2k/oQGgoUoOx9Wa27DnQOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPg5VoYRTqeVQappgskEj2jfUokF1X4+P3mKzqwSoihWtqRBc/X3RI6F1pkIbKfAZqyXvZn4n9dPTXTt50wmqaGSLBZFKUcmRrP/UcgUJYZnlmCimL0VkTFWmBibUsWG4C2/vEo6Fw3PbXj3l7XmXRFHGU7gFOrgwRU04RZa0AYCMTzDK7w5xnlx3p2PRWvJKWaO4Q+czx8R+pB8</latexit><latexit sha1_base64="IguUX6GCOjBFnBhJBM3Spt0VqfY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdursJuxsxhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG5mfveRKs1i+WCyhPoCjySLGMHGSv2k/oQGgoUoOx9Wa27DnQOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPg5VoYRTqeVQappgskEj2jfUokF1X4+P3mKzqwSoihWtqRBc/X3RI6F1pkIbKfAZqyXvZn4n9dPTXTt50wmqaGSLBZFKUcmRrP/UcgUJYZnlmCimL0VkTFWmBibUsWG4C2/vEo6Fw3PbXj3l7XmXRFHGU7gFOrgwRU04RZa0AYCMTzDK7w5xnlx3p2PRWvJKWaO4Q+czx8R+pB8</latexit><latexit sha1_base64="IguUX6GCOjBFnBhJBM3Spt0VqfY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdursJuxsxhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG5mfveRKs1i+WCyhPoCjySLGMHGSv2k/oQGgoUoOx9Wa27DnQOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPg5VoYRTqeVQappgskEj2jfUokF1X4+P3mKzqwSoihWtqRBc/X3RI6F1pkIbKfAZqyXvZn4n9dPTXTt50wmqaGSLBZFKUcmRrP/UcgUJYZnlmCimL0VkTFWmBibUsWG4C2/vEo6Fw3PbXj3l7XmXRFHGU7gFOrgwRU04RZa0AYCMTzDK7w5xnlx3p2PRWvJKWaO4Q+czx8R+pB8</latexit><latexit sha1_base64="IguUX6GCOjBFnBhJBM3Spt0VqfY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxJBfsBbSibzaZdursJuxsxhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG5mfveRKs1i+WCyhPoCjySLGMHGSv2k/oQGgoUoOx9Wa27DnQOtEq8gNSjQGla/BmFMUkGlIRxr3ffcxPg5VoYRTqeVQappgskEj2jfUokF1X4+P3mKzqwSoihWtqRBc/X3RI6F1pkIbKfAZqyXvZn4n9dPTXTt50wmqaGSLBZFKUcmRrP/UcgUJYZnlmCimL0VkTFWmBibUsWG4C2/vEo6Fw3PbXj3l7XmXRFHGU7gFOrgwRU04RZa0AYCMTzDK7w5xnlx3p2PRWvJKWaO4Q+czx8R+pB8</latexit>

p(x | y) = p(x, y)/p(y)
<latexit sha1_base64="/d1kb0NDCrf0TEvwudO5S9i4Djw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaEHqjAi6EQpuXEkFe4F2KJlMpg1NMkOSEYehGze+ihsXirj1Hdz5NmbaLrT6Q+DLf84hOb8fM6q043xZhYXFpeWV4mppbX1jc8ve3mmpKJGYNHHEItnxkSKMCtLUVDPSiSVB3Gek7Y8u83r7jkhFI3Gr05h4HA0EDSlG2lh9ez+u3MMepwFMq/ACmttRTseG0mrfLjs1ZyL4F9wZlMFMjb792QsinHAiNGZIqa7rxNrLkNQUMzIu9RJFYoRHaEC6BgXiRHnZZIsxPDROAMNImiM0nLg/JzLElUq5bzo50kM1X8vN/2rdRIfnXkZFnGgi8PShMGFQRzCPBAZUEqxZagBhSc1fIR4iibA2wZVMCO78yn+hdVJznZp7c1quX8/iKII9cAAqwAVnoA6uQAM0AQYP4Am8gFfr0Xq23qz3aWvBms3sgl+yPr4Bo/eVew==</latexit><latexit sha1_base64="/d1kb0NDCrf0TEvwudO5S9i4Djw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaEHqjAi6EQpuXEkFe4F2KJlMpg1NMkOSEYehGze+ihsXirj1Hdz5NmbaLrT6Q+DLf84hOb8fM6q043xZhYXFpeWV4mppbX1jc8ve3mmpKJGYNHHEItnxkSKMCtLUVDPSiSVB3Gek7Y8u83r7jkhFI3Gr05h4HA0EDSlG2lh9ez+u3MMepwFMq/ACmttRTseG0mrfLjs1ZyL4F9wZlMFMjb792QsinHAiNGZIqa7rxNrLkNQUMzIu9RJFYoRHaEC6BgXiRHnZZIsxPDROAMNImiM0nLg/JzLElUq5bzo50kM1X8vN/2rdRIfnXkZFnGgi8PShMGFQRzCPBAZUEqxZagBhSc1fIR4iibA2wZVMCO78yn+hdVJznZp7c1quX8/iKII9cAAqwAVnoA6uQAM0AQYP4Am8gFfr0Xq23qz3aWvBms3sgl+yPr4Bo/eVew==</latexit><latexit sha1_base64="/d1kb0NDCrf0TEvwudO5S9i4Djw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaEHqjAi6EQpuXEkFe4F2KJlMpg1NMkOSEYehGze+ihsXirj1Hdz5NmbaLrT6Q+DLf84hOb8fM6q043xZhYXFpeWV4mppbX1jc8ve3mmpKJGYNHHEItnxkSKMCtLUVDPSiSVB3Gek7Y8u83r7jkhFI3Gr05h4HA0EDSlG2lh9ez+u3MMepwFMq/ACmttRTseG0mrfLjs1ZyL4F9wZlMFMjb792QsinHAiNGZIqa7rxNrLkNQUMzIu9RJFYoRHaEC6BgXiRHnZZIsxPDROAMNImiM0nLg/JzLElUq5bzo50kM1X8vN/2rdRIfnXkZFnGgi8PShMGFQRzCPBAZUEqxZagBhSc1fIR4iibA2wZVMCO78yn+hdVJznZp7c1quX8/iKII9cAAqwAVnoA6uQAM0AQYP4Am8gFfr0Xq23qz3aWvBms3sgl+yPr4Bo/eVew==</latexit><latexit sha1_base64="/d1kb0NDCrf0TEvwudO5S9i4Djw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaEHqjAi6EQpuXEkFe4F2KJlMpg1NMkOSEYehGze+ihsXirj1Hdz5NmbaLrT6Q+DLf84hOb8fM6q043xZhYXFpeWV4mppbX1jc8ve3mmpKJGYNHHEItnxkSKMCtLUVDPSiSVB3Gek7Y8u83r7jkhFI3Gr05h4HA0EDSlG2lh9ez+u3MMepwFMq/ACmttRTseG0mrfLjs1ZyL4F9wZlMFMjb792QsinHAiNGZIqa7rxNrLkNQUMzIu9RJFYoRHaEC6BgXiRHnZZIsxPDROAMNImiM0nLg/JzLElUq5bzo50kM1X8vN/2rdRIfnXkZFnGgi8PShMGFQRzCPBAZUEqxZagBhSc1fIR4iibA2wZVMCO78yn+hdVJznZp7c1quX8/iKII9cAAqwAVnoA6uQAM0AQYP4Am8gFfr0Xq23qz3aWvBms3sgl+yPr4Bo/eVew==</latexit>

p(x, y) = p(x | y)p(y)
<latexit sha1_base64="Us2Ko+01N7sLHZWXnlZc3w5ltng=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuXEkFe4F2KJk004YmMyHJiMNQcOOruHGhiFtfwp1vY6adhbb+EPjyn3NIzu8LRpV2nG+rsLS8srpWXC9tbG5t79i7ey0VxRKTJo5YJDs+UoTRkDQ11Yx0hCSI+4y0/fFVVm/fE6loFN7pRBCPo2FIA4qRNlbfPhCVhxOYVOElNAR7nA6ym6gk1b5ddmrOVHAR3BzKIFejb3/1BhGOOQk1ZkiprusI7aVIaooZmZR6sSIC4TEakq7BEHGivHS6wwQeG2cAg0iaE2o4dX9PpIgrlXDfdHKkR2q+lpn/1bqxDi68lIYi1iTEs4eCmEEdwSwQOKCSYM0SAwhLav4K8QhJhLWJrWRCcOdXXoTWac11au7tWbl+k8dRBIfgCFSAC85BHVyDBmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwDOl5UY</latexit><latexit sha1_base64="Us2Ko+01N7sLHZWXnlZc3w5ltng=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuXEkFe4F2KJk004YmMyHJiMNQcOOruHGhiFtfwp1vY6adhbb+EPjyn3NIzu8LRpV2nG+rsLS8srpWXC9tbG5t79i7ey0VxRKTJo5YJDs+UoTRkDQ11Yx0hCSI+4y0/fFVVm/fE6loFN7pRBCPo2FIA4qRNlbfPhCVhxOYVOElNAR7nA6ym6gk1b5ddmrOVHAR3BzKIFejb3/1BhGOOQk1ZkiprusI7aVIaooZmZR6sSIC4TEakq7BEHGivHS6wwQeG2cAg0iaE2o4dX9PpIgrlXDfdHKkR2q+lpn/1bqxDi68lIYi1iTEs4eCmEEdwSwQOKCSYM0SAwhLav4K8QhJhLWJrWRCcOdXXoTWac11au7tWbl+k8dRBIfgCFSAC85BHVyDBmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwDOl5UY</latexit><latexit sha1_base64="Us2Ko+01N7sLHZWXnlZc3w5ltng=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuXEkFe4F2KJk004YmMyHJiMNQcOOruHGhiFtfwp1vY6adhbb+EPjyn3NIzu8LRpV2nG+rsLS8srpWXC9tbG5t79i7ey0VxRKTJo5YJDs+UoTRkDQ11Yx0hCSI+4y0/fFVVm/fE6loFN7pRBCPo2FIA4qRNlbfPhCVhxOYVOElNAR7nA6ym6gk1b5ddmrOVHAR3BzKIFejb3/1BhGOOQk1ZkiprusI7aVIaooZmZR6sSIC4TEakq7BEHGivHS6wwQeG2cAg0iaE2o4dX9PpIgrlXDfdHKkR2q+lpn/1bqxDi68lIYi1iTEs4eCmEEdwSwQOKCSYM0SAwhLav4K8QhJhLWJrWRCcOdXXoTWac11au7tWbl+k8dRBIfgCFSAC85BHVyDBmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwDOl5UY</latexit><latexit sha1_base64="Us2Ko+01N7sLHZWXnlZc3w5ltng=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuXEkFe4F2KJk004YmMyHJiMNQcOOruHGhiFtfwp1vY6adhbb+EPjyn3NIzu8LRpV2nG+rsLS8srpWXC9tbG5t79i7ey0VxRKTJo5YJDs+UoTRkDQ11Yx0hCSI+4y0/fFVVm/fE6loFN7pRBCPo2FIA4qRNlbfPhCVhxOYVOElNAR7nA6ym6gk1b5ddmrOVHAR3BzKIFejb3/1BhGOOQk1ZkiprusI7aVIaooZmZR6sSIC4TEakq7BEHGivHS6wwQeG2cAg0iaE2o4dX9PpIgrlXDfdHKkR2q+lpn/1bqxDi68lIYi1iTEs4eCmEEdwSwQOKCSYM0SAwhLav4K8QhJhLWJrWRCcOdXXoTWac11au7tWbl+k8dRBIfgCFSAC85BHVyDBmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwDOl5UY</latexit>

             is the probability of x given y

If x and y are independent, p(x | y) = p(x)
<latexit sha1_base64="qpeDAvLkTImFaBl6d0sZSISib+Y="></latexit><latexit sha1_base64="qpeDAvLkTImFaBl6d0sZSISib+Y="></latexit><latexit sha1_base64="qpeDAvLkTImFaBl6d0sZSISib+Y="></latexit><latexit sha1_base64="qpeDAvLkTImFaBl6d0sZSISib+Y="></latexit>

Conditional and joint probability are related:



Law of total probability

X

x

p(x) = 1
<latexit sha1_base64="SKSFyl9gTiegjbQBOsWLZDLbvHI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREBN0IBTeupIJ9QBvCZDpph85MwjykNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw5ZKjMSkiROWyE6EFGFUkKammpFOKgniESPtaHQz89uPRCqaiAc9SUnA0UDQmGKkrRS65Z4yPBzDtDo+g9fQD92KV/PmgKvEz0kF5GiE7levn2DDidCYIaW6vpfqIENSU8zItNQziqQIj9CAdC0ViBMVZPPDp/DUKn0YJ9KW0HCu/p7IEFdqwiPbyZEeqmVvJv7ndY2Or4KMitRoIvBiUWwY1AmcpQD7VBKs2cQShCW1t0I8RBJhbbMq2RD85ZdXSeu85ns1//6iUr/L4yiCY3ACqsAHl6AObkEDNAEGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHwAmR3A==</latexit><latexit sha1_base64="SKSFyl9gTiegjbQBOsWLZDLbvHI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREBN0IBTeupIJ9QBvCZDpph85MwjykNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw5ZKjMSkiROWyE6EFGFUkKammpFOKgniESPtaHQz89uPRCqaiAc9SUnA0UDQmGKkrRS65Z4yPBzDtDo+g9fQD92KV/PmgKvEz0kF5GiE7levn2DDidCYIaW6vpfqIENSU8zItNQziqQIj9CAdC0ViBMVZPPDp/DUKn0YJ9KW0HCu/p7IEFdqwiPbyZEeqmVvJv7ndY2Or4KMitRoIvBiUWwY1AmcpQD7VBKs2cQShCW1t0I8RBJhbbMq2RD85ZdXSeu85ns1//6iUr/L4yiCY3ACqsAHl6AObkEDNAEGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHwAmR3A==</latexit><latexit sha1_base64="SKSFyl9gTiegjbQBOsWLZDLbvHI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREBN0IBTeupIJ9QBvCZDpph85MwjykNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw5ZKjMSkiROWyE6EFGFUkKammpFOKgniESPtaHQz89uPRCqaiAc9SUnA0UDQmGKkrRS65Z4yPBzDtDo+g9fQD92KV/PmgKvEz0kF5GiE7levn2DDidCYIaW6vpfqIENSU8zItNQziqQIj9CAdC0ViBMVZPPDp/DUKn0YJ9KW0HCu/p7IEFdqwiPbyZEeqmVvJv7ndY2Or4KMitRoIvBiUWwY1AmcpQD7VBKs2cQShCW1t0I8RBJhbbMq2RD85ZdXSeu85ns1//6iUr/L4yiCY3ACqsAHl6AObkEDNAEGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHwAmR3A==</latexit><latexit sha1_base64="SKSFyl9gTiegjbQBOsWLZDLbvHI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREBN0IBTeupIJ9QBvCZDpph85MwjykNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw5ZKjMSkiROWyE6EFGFUkKammpFOKgniESPtaHQz89uPRCqaiAc9SUnA0UDQmGKkrRS65Z4yPBzDtDo+g9fQD92KV/PmgKvEz0kF5GiE7levn2DDidCYIaW6vpfqIENSU8zItNQziqQIj9CAdC0ViBMVZPPDp/DUKn0YJ9KW0HCu/p7IEFdqwiPbyZEeqmVvJv7ndY2Or4KMitRoIvBiUWwY1AmcpQD7VBKs2cQShCW1t0I8RBJhbbMq2RD85ZdXSeu85ns1//6iUr/L4yiCY3ACqsAHl6AObkEDNAEGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHwAmR3A==</latexit>

p(x) =
X

y

p(x, y)
<latexit sha1_base64="O2SzOvF6QTh0xxXg0E/vVVPsjys=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahBSmJCLoRCm5cSQX7gDaUyXTSDp1MwsxEDKHgr7hxoYhbv8Odf+O0zUJbD1w4c869zL3HjzlT2nG+raXlldW19cJGcXNre2fX3ttvqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/81gOVikXiXqcx9UI8ECxgBGsj9ezDuPxYQVeoq5KwlyLzOkVppWeXnKozBVokbk5KkKPes7+6/YgkIRWacKxUx3Vi7WVYakY4HRe7iaIxJiM8oB1DBQ6p8rLp+mN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVTz3kT8z+skOrj0MibiRFNBZh8FCUc6QpMsUJ9JSjRPDcFEMrMrIkMsMdEmsaIJwZ0/eZE0z6quU3Xvzku12zyOAhzBMZTBhQuowQ3UoQEEMniGV3iznqwX6936mLUuWfnMAfyB9fkDdXiT5g==</latexit><latexit sha1_base64="O2SzOvF6QTh0xxXg0E/vVVPsjys=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahBSmJCLoRCm5cSQX7gDaUyXTSDp1MwsxEDKHgr7hxoYhbv8Odf+O0zUJbD1w4c869zL3HjzlT2nG+raXlldW19cJGcXNre2fX3ttvqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/81gOVikXiXqcx9UI8ECxgBGsj9ezDuPxYQVeoq5KwlyLzOkVppWeXnKozBVokbk5KkKPes7+6/YgkIRWacKxUx3Vi7WVYakY4HRe7iaIxJiM8oB1DBQ6p8rLp+mN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVTz3kT8z+skOrj0MibiRFNBZh8FCUc6QpMsUJ9JSjRPDcFEMrMrIkMsMdEmsaIJwZ0/eZE0z6quU3Xvzku12zyOAhzBMZTBhQuowQ3UoQEEMniGV3iznqwX6936mLUuWfnMAfyB9fkDdXiT5g==</latexit><latexit sha1_base64="O2SzOvF6QTh0xxXg0E/vVVPsjys=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahBSmJCLoRCm5cSQX7gDaUyXTSDp1MwsxEDKHgr7hxoYhbv8Odf+O0zUJbD1w4c869zL3HjzlT2nG+raXlldW19cJGcXNre2fX3ttvqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/81gOVikXiXqcx9UI8ECxgBGsj9ezDuPxYQVeoq5KwlyLzOkVppWeXnKozBVokbk5KkKPes7+6/YgkIRWacKxUx3Vi7WVYakY4HRe7iaIxJiM8oB1DBQ6p8rLp+mN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVTz3kT8z+skOrj0MibiRFNBZh8FCUc6QpMsUJ9JSjRPDcFEMrMrIkMsMdEmsaIJwZ0/eZE0z6quU3Xvzku12zyOAhzBMZTBhQuowQ3UoQEEMniGV3iznqwX6936mLUuWfnMAfyB9fkDdXiT5g==</latexit><latexit sha1_base64="O2SzOvF6QTh0xxXg0E/vVVPsjys=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahBSmJCLoRCm5cSQX7gDaUyXTSDp1MwsxEDKHgr7hxoYhbv8Odf+O0zUJbD1w4c869zL3HjzlT2nG+raXlldW19cJGcXNre2fX3ttvqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/81gOVikXiXqcx9UI8ECxgBGsj9ezDuPxYQVeoq5KwlyLzOkVppWeXnKozBVokbk5KkKPes7+6/YgkIRWacKxUx3Vi7WVYakY4HRe7iaIxJiM8oB1DBQ6p8rLp+mN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVTz3kT8z+skOrj0MibiRFNBZh8FCUc6QpMsUJ9JSjRPDcFEMrMrIkMsMdEmsaIJwZ0/eZE0z6quU3Xvzku12zyOAhzBMZTBhQuowQ3UoQEEMniGV3iznqwX6936mLUuWfnMAfyB9fkDdXiT5g==</latexit>

p(x) =
X

y

p(x | y)p(y)
<latexit sha1_base64="7tY19HxI9twwPI+HGsv1mEG0lro=">AAACB3icbZBNS8MwGMdTX+d8q3oUJDiE7TJaEfQiDLx4kgnuBdZS0jTdwpK0JKlYxm5e/CpePCji1a/gzW9jtvWgm38I/PJ/nofk+Ycpo0o7zre1tLyyurZe2ihvbm3v7Np7+22VZBKTFk5YIrshUoRRQVqaaka6qSSIh4x0wuHVpN65J1LRRNzpPCU+R31BY4qRNlZgH6XVhxq8hJ7KeJBDc4MepxHMa4bzWmBXnLozFVwEt4AKKNQM7C8vSnDGidCYIaV6rpNqf4SkppiRcdnLFEkRHqI+6RkUiBPlj6Z7jOGJcSIYJ9IcoeHU/T0xQlypnIemkyM9UPO1iflfrZfp+MIfUZFmmgg8eyjOGNQJnIQCIyoJ1iw3gLCk5q8QD5BEWJvoyiYEd37lRWif1l2n7t6eVRo3RRwlcAiOQRW44Bw0wDVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwR9bnD216lyQ=</latexit><latexit sha1_base64="7tY19HxI9twwPI+HGsv1mEG0lro=">AAACB3icbZBNS8MwGMdTX+d8q3oUJDiE7TJaEfQiDLx4kgnuBdZS0jTdwpK0JKlYxm5e/CpePCji1a/gzW9jtvWgm38I/PJ/nofk+Ycpo0o7zre1tLyyurZe2ihvbm3v7Np7+22VZBKTFk5YIrshUoRRQVqaaka6qSSIh4x0wuHVpN65J1LRRNzpPCU+R31BY4qRNlZgH6XVhxq8hJ7KeJBDc4MepxHMa4bzWmBXnLozFVwEt4AKKNQM7C8vSnDGidCYIaV6rpNqf4SkppiRcdnLFEkRHqI+6RkUiBPlj6Z7jOGJcSIYJ9IcoeHU/T0xQlypnIemkyM9UPO1iflfrZfp+MIfUZFmmgg8eyjOGNQJnIQCIyoJ1iw3gLCk5q8QD5BEWJvoyiYEd37lRWif1l2n7t6eVRo3RRwlcAiOQRW44Bw0wDVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwR9bnD216lyQ=</latexit><latexit sha1_base64="7tY19HxI9twwPI+HGsv1mEG0lro=">AAACB3icbZBNS8MwGMdTX+d8q3oUJDiE7TJaEfQiDLx4kgnuBdZS0jTdwpK0JKlYxm5e/CpePCji1a/gzW9jtvWgm38I/PJ/nofk+Ycpo0o7zre1tLyyurZe2ihvbm3v7Np7+22VZBKTFk5YIrshUoRRQVqaaka6qSSIh4x0wuHVpN65J1LRRNzpPCU+R31BY4qRNlZgH6XVhxq8hJ7KeJBDc4MepxHMa4bzWmBXnLozFVwEt4AKKNQM7C8vSnDGidCYIaV6rpNqf4SkppiRcdnLFEkRHqI+6RkUiBPlj6Z7jOGJcSIYJ9IcoeHU/T0xQlypnIemkyM9UPO1iflfrZfp+MIfUZFmmgg8eyjOGNQJnIQCIyoJ1iw3gLCk5q8QD5BEWJvoyiYEd37lRWif1l2n7t6eVRo3RRwlcAiOQRW44Bw0wDVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwR9bnD216lyQ=</latexit><latexit sha1_base64="7tY19HxI9twwPI+HGsv1mEG0lro=">AAACB3icbZBNS8MwGMdTX+d8q3oUJDiE7TJaEfQiDLx4kgnuBdZS0jTdwpK0JKlYxm5e/CpePCji1a/gzW9jtvWgm38I/PJ/nofk+Ycpo0o7zre1tLyyurZe2ihvbm3v7Np7+22VZBKTFk5YIrshUoRRQVqaaka6qSSIh4x0wuHVpN65J1LRRNzpPCU+R31BY4qRNlZgH6XVhxq8hJ7KeJBDc4MepxHMa4bzWmBXnLozFVwEt4AKKNQM7C8vSnDGidCYIaV6rpNqf4SkppiRcdnLFEkRHqI+6RkUiBPlj6Z7jOGJcSIYJ9IcoeHU/T0xQlypnIemkyM9UPO1iflfrZfp+MIfUZFmmgg8eyjOGNQJnIQCIyoJ1iw3gLCk5q8QD5BEWJvoyiYEd37lRWif1l2n7t6eVRo3RRwlcAiOQRW44Bw0wDVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwR9bnD216lyQ=</latexit>

Z
p(x)dx = 1

<latexit sha1_base64="lwLFsBw4J4s/5jN21M0rxd85tL8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgm6EghtXUsE+oA1lMpm0QyeTMDMpLaF/4saFIm79E3f+jdM2C209MHA4517umeMnnCntON9WYWNza3unuFva2z84PLKPT1oqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kd3c789plKxWDzpaUK9CA8ECxnB2kh92+4xoVFSmVyiYIJukdu3y07VWQCtEzcnZcjR6NtfvSAmaUSFJhwr1XWdRHsZlpoRTmelXqpogskID2jXUIEjqrxskXyGLowSoDCW5pkcC/X3RoYjpaaRbyYjrIdq1ZuL/3ndVIc3XsZEkmoqyPJQmHKkYzSvAQVMUqL51BBMJDNZERliiYk2ZZVMCe7ql9dJ66rqOlX3sVauP+R1FOEMzqECLlxDHe6hAU0gMIZneIU3K7NerHfrYzlasPKdU/gD6/MHD/KSAQ==</latexit><latexit sha1_base64="lwLFsBw4J4s/5jN21M0rxd85tL8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgm6EghtXUsE+oA1lMpm0QyeTMDMpLaF/4saFIm79E3f+jdM2C209MHA4517umeMnnCntON9WYWNza3unuFva2z84PLKPT1oqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kd3c789plKxWDzpaUK9CA8ECxnB2kh92+4xoVFSmVyiYIJukdu3y07VWQCtEzcnZcjR6NtfvSAmaUSFJhwr1XWdRHsZlpoRTmelXqpogskID2jXUIEjqrxskXyGLowSoDCW5pkcC/X3RoYjpaaRbyYjrIdq1ZuL/3ndVIc3XsZEkmoqyPJQmHKkYzSvAQVMUqL51BBMJDNZERliiYk2ZZVMCe7ql9dJ66rqOlX3sVauP+R1FOEMzqECLlxDHe6hAU0gMIZneIU3K7NerHfrYzlasPKdU/gD6/MHD/KSAQ==</latexit><latexit sha1_base64="lwLFsBw4J4s/5jN21M0rxd85tL8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgm6EghtXUsE+oA1lMpm0QyeTMDMpLaF/4saFIm79E3f+jdM2C209MHA4517umeMnnCntON9WYWNza3unuFva2z84PLKPT1oqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kd3c789plKxWDzpaUK9CA8ECxnB2kh92+4xoVFSmVyiYIJukdu3y07VWQCtEzcnZcjR6NtfvSAmaUSFJhwr1XWdRHsZlpoRTmelXqpogskID2jXUIEjqrxskXyGLowSoDCW5pkcC/X3RoYjpaaRbyYjrIdq1ZuL/3ndVIc3XsZEkmoqyPJQmHKkYzSvAQVMUqL51BBMJDNZERliiYk2ZZVMCe7ql9dJ66rqOlX3sVauP+R1FOEMzqECLlxDHe6hAU0gMIZneIU3K7NerHfrYzlasPKdU/gD6/MHD/KSAQ==</latexit><latexit sha1_base64="lwLFsBw4J4s/5jN21M0rxd85tL8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgm6EghtXUsE+oA1lMpm0QyeTMDMpLaF/4saFIm79E3f+jdM2C209MHA4517umeMnnCntON9WYWNza3unuFva2z84PLKPT1oqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kd3c789plKxWDzpaUK9CA8ECxnB2kh92+4xoVFSmVyiYIJukdu3y07VWQCtEzcnZcjR6NtfvSAmaUSFJhwr1XWdRHsZlpoRTmelXqpogskID2jXUIEjqrxskXyGLowSoDCW5pkcC/X3RoYjpaaRbyYjrIdq1ZuL/3ndVIc3XsZEkmoqyPJQmHKkYzSvAQVMUqL51BBMJDNZERliiYk2ZZVMCe7ql9dJ66rqOlX3sVauP+R1FOEMzqECLlxDHe6hAU0gMIZneIU3K7NerHfrYzlasPKdU/gD6/MHD/KSAQ==</latexit>

p(x) =

Z
p(x, y)dy

<latexit sha1_base64="+8Bs7gayIVbcwrSwc+VJWVvBMqE=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EitCAlEUE3QsGNK6lgH9CGMplM2qGTBzMTMcQu/BU3LhRx62+482+ctllo64GBwzn3cs8cN+ZMKsv6NgpLyyura8X10sbm1vaOubvXklEiCG2SiEei42JJOQtpUzHFaScWFAcup213dDXx2/dUSBaFdyqNqRPgQch8RrDSUt88iCsPVXSJeixUSPMTlFaRl/bNslWzpkCLxM5JGXI0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp+NSL5E0xmSEB7SraYgDKp1smn+MjrXiIT8S+ukYU/X3RoYDKdPA1ZMBVkM5703E/7xuovwLJ2NhnCgaktkhP+FIRWhSBvKYoETxVBNMBNNZERligYnSlZV0Cfb8lxdJ67RmWzX79qxcv8nrKMIhHEEFbDiHOlxDA5pA4BGe4RXejCfjxXg3PmajBSPf2Yc/MD5/AMZMlAs=</latexit><latexit sha1_base64="+8Bs7gayIVbcwrSwc+VJWVvBMqE=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EitCAlEUE3QsGNK6lgH9CGMplM2qGTBzMTMcQu/BU3LhRx62+482+ctllo64GBwzn3cs8cN+ZMKsv6NgpLyyura8X10sbm1vaOubvXklEiCG2SiEei42JJOQtpUzHFaScWFAcup213dDXx2/dUSBaFdyqNqRPgQch8RrDSUt88iCsPVXSJeixUSPMTlFaRl/bNslWzpkCLxM5JGXI0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp+NSL5E0xmSEB7SraYgDKp1smn+MjrXiIT8S+ukYU/X3RoYDKdPA1ZMBVkM5703E/7xuovwLJ2NhnCgaktkhP+FIRWhSBvKYoETxVBNMBNNZERligYnSlZV0Cfb8lxdJ67RmWzX79qxcv8nrKMIhHEEFbDiHOlxDA5pA4BGe4RXejCfjxXg3PmajBSPf2Yc/MD5/AMZMlAs=</latexit><latexit sha1_base64="+8Bs7gayIVbcwrSwc+VJWVvBMqE=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EitCAlEUE3QsGNK6lgH9CGMplM2qGTBzMTMcQu/BU3LhRx62+482+ctllo64GBwzn3cs8cN+ZMKsv6NgpLyyura8X10sbm1vaOubvXklEiCG2SiEei42JJOQtpUzHFaScWFAcup213dDXx2/dUSBaFdyqNqRPgQch8RrDSUt88iCsPVXSJeixUSPMTlFaRl/bNslWzpkCLxM5JGXI0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp+NSL5E0xmSEB7SraYgDKp1smn+MjrXiIT8S+ukYU/X3RoYDKdPA1ZMBVkM5703E/7xuovwLJ2NhnCgaktkhP+FIRWhSBvKYoETxVBNMBNNZERligYnSlZV0Cfb8lxdJ67RmWzX79qxcv8nrKMIhHEEFbDiHOlxDA5pA4BGe4RXejCfjxXg3PmajBSPf2Yc/MD5/AMZMlAs=</latexit><latexit sha1_base64="+8Bs7gayIVbcwrSwc+VJWVvBMqE=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EitCAlEUE3QsGNK6lgH9CGMplM2qGTBzMTMcQu/BU3LhRx62+482+ctllo64GBwzn3cs8cN+ZMKsv6NgpLyyura8X10sbm1vaOubvXklEiCG2SiEei42JJOQtpUzHFaScWFAcup213dDXx2/dUSBaFdyqNqRPgQch8RrDSUt88iCsPVXSJeixUSPMTlFaRl/bNslWzpkCLxM5JGXI0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp+NSL5E0xmSEB7SraYgDKp1smn+MjrXiIT8S+ukYU/X3RoYDKdPA1ZMBVkM5703E/7xuovwLJ2NhnCgaktkhP+FIRWhSBvKYoETxVBNMBNNZERligYnSlZV0Cfb8lxdJ67RmWzX79qxcv8nrKMIhHEEFbDiHOlxDA5pA4BGe4RXejCfjxXg3PmajBSPf2Yc/MD5/AMZMlAs=</latexit>

p(x) =

Z
p(x | y)p(y)dy

<latexit sha1_base64="028thiNWw/J9GdcF4Wc4vga1n4o=">AAACCHicbZBNS8NAEIY3ftb6FfXowcUitJeSiKAXoeDFk1SwH9CEstls2qW7m7C7EUPo0Yt/xYsHRbz6E7z5b9y2OWjrwC4P78wwM2+QMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIEUYFaSlqWakm0iCeMBIJxhdTfKdeyIVjcWdzhLiczQQNKIYaSP17aOk+lCDl9CjQkPD0OM0hFnNsPnCrG9XnLozDbgIbgEVUESzb395YYxTToTGDCnVc51E+zmSmmJGxmUvVSRBeIQGpGdQIE6Un08PGcMTo4QwiqV5Zp+p+rsjR1ypjAemkiM9VPO5ifhfrpfq6MLPqUhSTQSeDYpSBnUMJ67AkEqCNcsMICyp2RXiIZIIa+Nd2Zjgzp+8CO3TuuvU3duzSuOmsKMEDsExqAIXnIMGuAZN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+hPX5A78al0k=</latexit><latexit sha1_base64="028thiNWw/J9GdcF4Wc4vga1n4o=">AAACCHicbZBNS8NAEIY3ftb6FfXowcUitJeSiKAXoeDFk1SwH9CEstls2qW7m7C7EUPo0Yt/xYsHRbz6E7z5b9y2OWjrwC4P78wwM2+QMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIEUYFaSlqWakm0iCeMBIJxhdTfKdeyIVjcWdzhLiczQQNKIYaSP17aOk+lCDl9CjQkPD0OM0hFnNsPnCrG9XnLozDbgIbgEVUESzb395YYxTToTGDCnVc51E+zmSmmJGxmUvVSRBeIQGpGdQIE6Un08PGcMTo4QwiqV5Zp+p+rsjR1ypjAemkiM9VPO5ifhfrpfq6MLPqUhSTQSeDYpSBnUMJ67AkEqCNcsMICyp2RXiIZIIa+Nd2Zjgzp+8CO3TuuvU3duzSuOmsKMEDsExqAIXnIMGuAZN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+hPX5A78al0k=</latexit><latexit sha1_base64="028thiNWw/J9GdcF4Wc4vga1n4o=">AAACCHicbZBNS8NAEIY3ftb6FfXowcUitJeSiKAXoeDFk1SwH9CEstls2qW7m7C7EUPo0Yt/xYsHRbz6E7z5b9y2OWjrwC4P78wwM2+QMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIEUYFaSlqWakm0iCeMBIJxhdTfKdeyIVjcWdzhLiczQQNKIYaSP17aOk+lCDl9CjQkPD0OM0hFnNsPnCrG9XnLozDbgIbgEVUESzb395YYxTToTGDCnVc51E+zmSmmJGxmUvVSRBeIQGpGdQIE6Un08PGcMTo4QwiqV5Zp+p+rsjR1ypjAemkiM9VPO5ifhfrpfq6MLPqUhSTQSeDYpSBnUMJ67AkEqCNcsMICyp2RXiIZIIa+Nd2Zjgzp+8CO3TuuvU3duzSuOmsKMEDsExqAIXnIMGuAZN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+hPX5A78al0k=</latexit><latexit sha1_base64="028thiNWw/J9GdcF4Wc4vga1n4o=">AAACCHicbZBNS8NAEIY3ftb6FfXowcUitJeSiKAXoeDFk1SwH9CEstls2qW7m7C7EUPo0Yt/xYsHRbz6E7z5b9y2OWjrwC4P78wwM2+QMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIEUYFaSlqWakm0iCeMBIJxhdTfKdeyIVjcWdzhLiczQQNKIYaSP17aOk+lCDl9CjQkPD0OM0hFnNsPnCrG9XnLozDbgIbgEVUESzb395YYxTToTGDCnVc51E+zmSmmJGxmUvVSRBeIQGpGdQIE6Un08PGcMTo4QwiqV5Zp+p+rsjR1ypjAemkiM9VPO5ifhfrpfq6MLPqUhSTQSeDYpSBnUMJ67AkEqCNcsMICyp2RXiIZIIa+Nd2Zjgzp+8CO3TuuvU3duzSuOmsKMEDsExqAIXnIMGuAZN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+hPX5A78al0k=</latexit>

Discrete case Continuous case



Probability tables

0 1 2 3 p(Y = y)
0 0.15 0.1 0.0875 0.0375 0.375
1 0.1 0.175 0.1125 0 0.3875
2 0.0875 0.1125 0 0 0.2
3 0.0375 0 0 0 0.0375

p(X = x) 0.375 0.3875 0.2 0.0375 1
<latexit sha1_base64="wfprif6xBJ459C8GtOUHmbXSL+s="></latexit><latexit sha1_base64="wfprif6xBJ459C8GtOUHmbXSL+s="></latexit><latexit sha1_base64="wfprif6xBJ459C8GtOUHmbXSL+s="></latexit><latexit sha1_base64="wfprif6xBJ459C8GtOUHmbXSL+s="></latexit>

X
<latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit><latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit><latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit><latexit sha1_base64="0pUCN17zFwujxVf0ZAoaCsPpLMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmt1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfp/HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPuVWM6A==</latexit>

Y
<latexit sha1_base64="o6PZX0J0WjyDmhfOrv0bcxzBPs0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiydpwX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanALdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8futmM6Q==</latexit><latexit sha1_base64="o6PZX0J0WjyDmhfOrv0bcxzBPs0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiydpwX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanALdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8futmM6Q==</latexit><latexit sha1_base64="o6PZX0J0WjyDmhfOrv0bcxzBPs0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiydpwX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanALdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8futmM6Q==</latexit><latexit sha1_base64="o6PZX0J0WjyDmhfOrv0bcxzBPs0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiydpwX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanALdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8futmM6Q==</latexit>



Visualizing joint PDFs



Bayes rule

p(x | y) = p(y | x)p(x)
p(y)

<latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit>

Variable to estimate



Bayes rule

p(x | y) = p(y | x)p(x)
p(y)

<latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit>

Variable to measure



Bayes rule

p(x | y) = p(y | x)p(x)
p(y)

<latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit>

Prior estimate of x



Bayes rule

p(x | y) = p(y | x)p(x)
p(y)

<latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit>

Model relating x & y



Bayes rule

p(x | y) = p(y | x)p(x)
p(y)

<latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit>

Normalizing constantX

x

p(y | x)
<latexit sha1_base64="yDaAYn0O45Tz+4UVD4Zgf19JcLg=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmD9vuCm5cSQX7gLaUTCZtQ5OZIclIy9BfceNCEbf+iDv/xvQhqOiBC4dz7uXee7yIM6UR+rBSG5tb2zvp3cze/sHhkX2cbakwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm1wt/PY9lYqFwZ2eRbQv8ChgQ0awNtLAzvZULAZTGOVnsCeYD6cXAzuHnGqhVCrXIHKK5Wq5eGkIqtUKqAJdBy2RA2s0BvZ7zw9JLGigCcdKdV0U6X6CpWaE03mmFysaYTLBI9o1NMCCqn6yvH0Oz43iw2EoTQUaLtXvEwkWSs2EZzoF1mP121uIf3ndWA+r/YQFUaxpQFaLhjGHOoSLIKDPJCWazwzBRDJzKyRjLDHRJq6MCeHrU/g/aRUcFznubSlXv1nHkQan4AzkgQsqoA6uQQM0AQFT8ACewLM1tx6tF+t11Zqy1jMn4Aest0864JP0</latexit><latexit sha1_base64="yDaAYn0O45Tz+4UVD4Zgf19JcLg=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmD9vuCm5cSQX7gLaUTCZtQ5OZIclIy9BfceNCEbf+iDv/xvQhqOiBC4dz7uXee7yIM6UR+rBSG5tb2zvp3cze/sHhkX2cbakwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm1wt/PY9lYqFwZ2eRbQv8ChgQ0awNtLAzvZULAZTGOVnsCeYD6cXAzuHnGqhVCrXIHKK5Wq5eGkIqtUKqAJdBy2RA2s0BvZ7zw9JLGigCcdKdV0U6X6CpWaE03mmFysaYTLBI9o1NMCCqn6yvH0Oz43iw2EoTQUaLtXvEwkWSs2EZzoF1mP121uIf3ndWA+r/YQFUaxpQFaLhjGHOoSLIKDPJCWazwzBRDJzKyRjLDHRJq6MCeHrU/g/aRUcFznubSlXv1nHkQan4AzkgQsqoA6uQQM0AQFT8ACewLM1tx6tF+t11Zqy1jMn4Aest0864JP0</latexit><latexit sha1_base64="yDaAYn0O45Tz+4UVD4Zgf19JcLg=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmD9vuCm5cSQX7gLaUTCZtQ5OZIclIy9BfceNCEbf+iDv/xvQhqOiBC4dz7uXee7yIM6UR+rBSG5tb2zvp3cze/sHhkX2cbakwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm1wt/PY9lYqFwZ2eRbQv8ChgQ0awNtLAzvZULAZTGOVnsCeYD6cXAzuHnGqhVCrXIHKK5Wq5eGkIqtUKqAJdBy2RA2s0BvZ7zw9JLGigCcdKdV0U6X6CpWaE03mmFysaYTLBI9o1NMCCqn6yvH0Oz43iw2EoTQUaLtXvEwkWSs2EZzoF1mP121uIf3ndWA+r/YQFUaxpQFaLhjGHOoSLIKDPJCWazwzBRDJzKyRjLDHRJq6MCeHrU/g/aRUcFznubSlXv1nHkQan4AzkgQsqoA6uQQM0AQFT8ACewLM1tx6tF+t11Zqy1jMn4Aest0864JP0</latexit><latexit sha1_base64="yDaAYn0O45Tz+4UVD4Zgf19JcLg=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmD9vuCm5cSQX7gLaUTCZtQ5OZIclIy9BfceNCEbf+iDv/xvQhqOiBC4dz7uXee7yIM6UR+rBSG5tb2zvp3cze/sHhkX2cbakwloQ2SchD2fGwopwFtKmZ5rQTSYqFx2nbm1wt/PY9lYqFwZ2eRbQv8ChgQ0awNtLAzvZULAZTGOVnsCeYD6cXAzuHnGqhVCrXIHKK5Wq5eGkIqtUKqAJdBy2RA2s0BvZ7zw9JLGigCcdKdV0U6X6CpWaE03mmFysaYTLBI9o1NMCCqn6yvH0Oz43iw2EoTQUaLtXvEwkWSs2EZzoF1mP121uIf3ndWA+r/YQFUaxpQFaLhjGHOoSLIKDPJCWazwzBRDJzKyRjLDHRJq6MCeHrU/g/aRUcFznubSlXv1nHkQan4AzkgQsqoA6uQQM0AQFT8ACewLM1tx6tF+t11Zqy1jMn4Aest0864JP0</latexit>



Bayes rule

p(x | y) = p(y | x)p(x)
p(y)

<latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit><latexit sha1_base64="tEcnhi2WTdyySndkxY4IADYsZ4Q=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARGoSSiKAboeDGlVSwF2hCmUwm7dDJhZmJNIQ8hBtfxY0LRdy6cOfbOGmz0NYDAz/ffw5nzu/GjAppmt9aZWV1bX2julnb2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk506uC7/3QLigUXgv05g4ARqF1KcYSYWG+mncmEI7oB5MDXgFbZ8jnMWNdM6mBlS+kRfEyId63Wyas4LLwipFHZTVHupfthfhJCChxAwJMbDMWDoZ4pJiRvKanQgSIzxBIzJQMkQBEU42OyqHJ4p40I+4eqGEM/p7IkOBEGngqs4AybFY9Ar4nzdIpH/pZDSME0lCPF/kJwzKCBYJQY9ygiVLlUCYU/VXiMdI5SJVjjUVgrV48rLonjUts2ndnddbt2UcVXAEjkEDWOACtMANaIMOwOARPINX8KY9aS/au/Yxb61o5cwh+FPa5w8qZ5xt</latexit>

posterior =
likelihood · prior

evidence
<latexit sha1_base64="dP5BIQvikpQH3u8P9XagQlJf9gY="></latexit><latexit sha1_base64="dP5BIQvikpQH3u8P9XagQlJf9gY="></latexit><latexit sha1_base64="dP5BIQvikpQH3u8P9XagQlJf9gY="></latexit><latexit sha1_base64="dP5BIQvikpQH3u8P9XagQlJf9gY="></latexit>

p(x, y) = p(x | y)p(y) = p(y | x)p(x)
<latexit sha1_base64="LyWdhKUdbp1MorDwin8kJFWJXuk=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyxCBRlmRNCNUHDjSirYC7RDyWQybWiSGZKMdCh9Cze+ihsXirjVnW9jpp2Fth5I+POdczg5f5AwqrTrfltLyyura+uljfLm1vbOrr2331RxKjFp4JjFsh0gRRgVpKGpZqSdSIJ4wEgrGF7n+dYDkYrG4l5nCfE56gsaUYy0QT3bSaqjU5idwCtoFOxyGuavpFqgbIZGOTJXz664jjsNuCi8QlRAEfWe/dUNY5xyIjRmSKmO5ybaHyOpKWZkUu6miiQID1GfdIwUiBPlj6d7TeCxISGMYmmO0HBKf3eMEVcq44Gp5EgP1Hwuh//lOqmOLv0xFUmqicCzQVHKoI5hbhIMqSRYs8wIhCU1f4V4gCTC2lhZNiZ48ysviuaZ47mOd3deqd0WdpTAITgCVeCBC1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x0ySp6DsCfsD5/ANNTm14=</latexit><latexit sha1_base64="LyWdhKUdbp1MorDwin8kJFWJXuk=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyxCBRlmRNCNUHDjSirYC7RDyWQybWiSGZKMdCh9Cze+ihsXirjVnW9jpp2Fth5I+POdczg5f5AwqrTrfltLyyura+uljfLm1vbOrr2331RxKjFp4JjFsh0gRRgVpKGpZqSdSIJ4wEgrGF7n+dYDkYrG4l5nCfE56gsaUYy0QT3bSaqjU5idwCtoFOxyGuavpFqgbIZGOTJXz664jjsNuCi8QlRAEfWe/dUNY5xyIjRmSKmO5ybaHyOpKWZkUu6miiQID1GfdIwUiBPlj6d7TeCxISGMYmmO0HBKf3eMEVcq44Gp5EgP1Hwuh//lOqmOLv0xFUmqicCzQVHKoI5hbhIMqSRYs8wIhCU1f4V4gCTC2lhZNiZ48ysviuaZ47mOd3deqd0WdpTAITgCVeCBC1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x0ySp6DsCfsD5/ANNTm14=</latexit><latexit sha1_base64="LyWdhKUdbp1MorDwin8kJFWJXuk=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyxCBRlmRNCNUHDjSirYC7RDyWQybWiSGZKMdCh9Cze+ihsXirjVnW9jpp2Fth5I+POdczg5f5AwqrTrfltLyyura+uljfLm1vbOrr2331RxKjFp4JjFsh0gRRgVpKGpZqSdSIJ4wEgrGF7n+dYDkYrG4l5nCfE56gsaUYy0QT3bSaqjU5idwCtoFOxyGuavpFqgbIZGOTJXz664jjsNuCi8QlRAEfWe/dUNY5xyIjRmSKmO5ybaHyOpKWZkUu6miiQID1GfdIwUiBPlj6d7TeCxISGMYmmO0HBKf3eMEVcq44Gp5EgP1Hwuh//lOqmOLv0xFUmqicCzQVHKoI5hbhIMqSRYs8wIhCU1f4V4gCTC2lhZNiZ48ysviuaZ47mOd3deqd0WdpTAITgCVeCBC1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x0ySp6DsCfsD5/ANNTm14=</latexit><latexit sha1_base64="LyWdhKUdbp1MorDwin8kJFWJXuk=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyxCBRlmRNCNUHDjSirYC7RDyWQybWiSGZKMdCh9Cze+ihsXirjVnW9jpp2Fth5I+POdczg5f5AwqrTrfltLyyura+uljfLm1vbOrr2331RxKjFp4JjFsh0gRRgVpKGpZqSdSIJ4wEgrGF7n+dYDkYrG4l5nCfE56gsaUYy0QT3bSaqjU5idwCtoFOxyGuavpFqgbIZGOTJXz664jjsNuCi8QlRAEfWe/dUNY5xyIjRmSKmO5ybaHyOpKWZkUu6miiQID1GfdIwUiBPlj6d7TeCxISGMYmmO0HBKf3eMEVcq44Gp5EgP1Hwuh//lOqmOLv0xFUmqicCzQVHKoI5hbhIMqSRYs8wIhCU1f4V4gCTC2lhZNiZ48ysviuaZ47mOd3deqd0WdpTAITgCVeCBC1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x0ySp6DsCfsD5/ANNTm14=</latexit>



Bayes rule example

A person randomly picks a ball from one of two boxes. They 
are equally likely to pick box 1 and box 2. If a red ball was 
drawn, what’s the probability they picked box 1?

x1
<latexit sha1_base64="QrHLXNDcIVwHW5S98IIO26Hzmwo=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H7rDcsWxnWqt6nloRRr1nHh15NrOEhXI0RqW3wejmKQRFZpwrFTfdRLtZ1hqRjidlwapogkmUzymfUMFjqjys+Wpc3RmlBEKY2lKaLRUv09kOFJqFgWmM8J6on57C/Evr5/qsOFnTCSppoKsFoUpRzpGi7/RiElKNJ8Zgolk5lZEJlhiok06JRPC16fof9Kp2q5ju9e1SvMqj6MIJ3AK5+CCB024hBa0gcAYHuAJni1uPVov1uuqtWDlM8fwA9bbJ2pMjes=</latexit><latexit sha1_base64="QrHLXNDcIVwHW5S98IIO26Hzmwo=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H7rDcsWxnWqt6nloRRr1nHh15NrOEhXI0RqW3wejmKQRFZpwrFTfdRLtZ1hqRjidlwapogkmUzymfUMFjqjys+Wpc3RmlBEKY2lKaLRUv09kOFJqFgWmM8J6on57C/Evr5/qsOFnTCSppoKsFoUpRzpGi7/RiElKNJ8Zgolk5lZEJlhiok06JRPC16fof9Kp2q5ju9e1SvMqj6MIJ3AK5+CCB024hBa0gcAYHuAJni1uPVov1uuqtWDlM8fwA9bbJ2pMjes=</latexit><latexit sha1_base64="QrHLXNDcIVwHW5S98IIO26Hzmwo=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H7rDcsWxnWqt6nloRRr1nHh15NrOEhXI0RqW3wejmKQRFZpwrFTfdRLtZ1hqRjidlwapogkmUzymfUMFjqjys+Wpc3RmlBEKY2lKaLRUv09kOFJqFgWmM8J6on57C/Evr5/qsOFnTCSppoKsFoUpRzpGi7/RiElKNJ8Zgolk5lZEJlhiok06JRPC16fof9Kp2q5ju9e1SvMqj6MIJ3AK5+CCB024hBa0gcAYHuAJni1uPVov1uuqtWDlM8fwA9bbJ2pMjes=</latexit><latexit sha1_base64="QrHLXNDcIVwHW5S98IIO26Hzmwo=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H7rDcsWxnWqt6nloRRr1nHh15NrOEhXI0RqW3wejmKQRFZpwrFTfdRLtZ1hqRjidlwapogkmUzymfUMFjqjys+Wpc3RmlBEKY2lKaLRUv09kOFJqFgWmM8J6on57C/Evr5/qsOFnTCSppoKsFoUpRzpGi7/RiElKNJ8Zgolk5lZEJlhiok06JRPC16fof9Kp2q5ju9e1SvMqj6MIJ3AK5+CCB024hBa0gcAYHuAJni1uPVov1uuqtWDlM8fwA9bbJ2pMjes=</latexit>

x2
<latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="wuMy5Zi9s76eqzjPInC233JnqW8=">AAAB33icbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyon1AO5RMetuGZjJDckcsQ3+CGxeK+K/c+W9MHwttPRD4OCch954oVdKS7397ha3tnd294n7poHx4dFw5KbdskhmBTZGoxHQiblFJjU2SpLCTGuRxpLAdTW7nefsJjZWJfqRpimHMR1oOpeDkrIfnfr1fqfo1fyG2CcEKqrBSo1/56g0SkcWoSShubTfwUwpzbkgKhbNSL7OYcjHhI+w61DxGG+aLUWfswjkDNkyMO5rYwv39IuextdM4cjdjTmO7ns3N/7JuRsPrMJc6zQi1WH40zBSjhM33ZgNpUJCaOuDCSDcrE2NuuCDXTsmVEKyvvAmtei3wa8G9D0U4g3O4hACu4AbuoAFNEDCCF3iDd095r97Hsq6Ct+rtFP7I+/wB8cSMTA==</latexit><latexit sha1_base64="ty+9TbRtP7YvLpELZZVvS1Pld8w=">AAAB33icdZBLSwMxFIXv1FetVatbN8EiuBoyg2W6FNy4rGgf0A4lk2ba0ExmSDJiGfoT3LhQxH/lzn9j+hBU9EDg45yE3HuiTHBtMP5wShubW9s75d3KXnX/4LB2VO3oNFeUtWkqUtWLiGaCS9Y23AjWyxQjSSRYN5peLfLuPVOap/LOzDIWJmQsecwpMda6fRj6w1odu9i/8IMAraDZWEPQQJ6Ll6rDWq1h7X0wSmmeMGmoIFr3PZyZsCDKcCrYvDLINcsInZIx61uUJGE6LJajztGZdUYoTpU90qCl+/1FQRKtZ0lkbybETPTvbGH+lfVzEzfDgsssN0zS1UdxLpBJ0WJvNOKKUSNmFghV3M6K6IQoQo1tp2JL+NoU/Q8d3/Ww691gKMMJnMI5eBDAJVxDC9pAYQyP8AwvjnCenNdVXSVn3dsx/JDz9glKHoyL</latexit><latexit sha1_base64="4M5rrcNB+JbR0UeUzAe6JbfpgnU=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0iCJT0WvHiSirYW2lA22027dLMJuxuxhP4ELx4U8eov8ua/cdtGUNEHA4/3ZpiZF6acKe04H1ZpZXVtfaO8Wdna3tndq+4fdFSSSULbJOGJ7IZYUc4EbWumOe2mkuI45PQ2nJzP/ds7KhVLxI2epjSI8UiwiBGsjXR9P/AG1ZpjO96Z5/toSRr1gvh15NrOAjUo0BpU3/vDhGQxFZpwrFTPdVId5FhqRjidVfqZoikmEzyiPUMFjqkK8sWpM3RilCGKEmlKaLRQv0/kOFZqGoemM8Z6rH57c/Evr5fpqBHkTKSZpoIsF0UZRzpB87/RkElKNJ8agolk5lZExlhiok06FRPC16fof9LxbNex3Sun1rws4ijDERzDKbjgQxMuoAVtIDCCB3iCZ4tbj9aL9bpsLVnFzCH8gPX2CWqQjeg=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit><latexit sha1_base64="SNkaGrlxAdm9kEqcNlqOz5QugTg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFe0HtKFstpt26WYTdjdiCf0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mF4s/O4dlYrF4lbPEupHeCxYyAjWRrq5H1aH5YpjO9Va1fPQijTqOfHqyLWdJSqQozUsvw9GMUkjKjThWKm+6yTaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ8tT5+jMKCMUxtKU0Gipfp/IcKTULApMZ4T1RP32FuJfXj/VYcPPmEhSTQVZLQpTjnSMFn+jEZOUaD4zBBPJzK2ITLDERJt0SiaEr0/R/6RTtV3Hdq9rleZVHkcRTuAUzsEFD5pwCS1oA4ExPMATPFvcerRerNdVa8HKZ47hB6y3T2vQjew=</latexit>

y1
<latexit sha1_base64="zr5qh53eABMbGjoKa5fGAnpVr5U=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjdxRtebYTr1R9zy0Iq1mQbwmcm1niRoU6Iyq78NxTNKICk04VmrgOon2cyw1I5zOK8NU0QSTGZ7QgaECR1T5+fLUOTozyhiFsTQlNFqq3ydyHCmVRYHpjLCeqt/eQvzLG6Q6bPk5E0mqqSCrRWHKkY7R4m80ZpISzTNDMJHM3IrIFEtMtEmnYkL4+hT9T3p123Vs97pRa18VcZThBE7hHFzwoA2X0IEuEJjAAzzBs8WtR+vFel21lqxi5hh+wHr7BGvSjew=</latexit><latexit sha1_base64="zr5qh53eABMbGjoKa5fGAnpVr5U=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjdxRtebYTr1R9zy0Iq1mQbwmcm1niRoU6Iyq78NxTNKICk04VmrgOon2cyw1I5zOK8NU0QSTGZ7QgaECR1T5+fLUOTozyhiFsTQlNFqq3ydyHCmVRYHpjLCeqt/eQvzLG6Q6bPk5E0mqqSCrRWHKkY7R4m80ZpISzTNDMJHM3IrIFEtMtEmnYkL4+hT9T3p123Vs97pRa18VcZThBE7hHFzwoA2X0IEuEJjAAzzBs8WtR+vFel21lqxi5hh+wHr7BGvSjew=</latexit><latexit sha1_base64="zr5qh53eABMbGjoKa5fGAnpVr5U=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjdxRtebYTr1R9zy0Iq1mQbwmcm1niRoU6Iyq78NxTNKICk04VmrgOon2cyw1I5zOK8NU0QSTGZ7QgaECR1T5+fLUOTozyhiFsTQlNFqq3ydyHCmVRYHpjLCeqt/eQvzLG6Q6bPk5E0mqqSCrRWHKkY7R4m80ZpISzTNDMJHM3IrIFEtMtEmnYkL4+hT9T3p123Vs97pRa18VcZThBE7hHFzwoA2X0IEuEJjAAzzBs8WtR+vFel21lqxi5hh+wHr7BGvSjew=</latexit><latexit sha1_base64="zr5qh53eABMbGjoKa5fGAnpVr5U=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjdxRtebYTr1R9zy0Iq1mQbwmcm1niRoU6Iyq78NxTNKICk04VmrgOon2cyw1I5zOK8NU0QSTGZ7QgaECR1T5+fLUOTozyhiFsTQlNFqq3ydyHCmVRYHpjLCeqt/eQvzLG6Q6bPk5E0mqqSCrRWHKkY7R4m80ZpISzTNDMJHM3IrIFEtMtEmnYkL4+hT9T3p123Vs97pRa18VcZThBE7hHFzwoA2X0IEuEJjAAzzBs8WtR+vFel21lqxi5hh+wHr7BGvSjew=</latexit>

y2
<latexit sha1_base64="C+HMfUpL7PvecPKzdioWGDTJyaA=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjeqjas2xnXqj7nloRVrNgnhN5NrOEjUo0BlV34fjmKQRFZpwrNTAdRLt51hqRjidV4apogkmMzyhA0MFjqjy8+Wpc3RmlDEKY2lKaLRUv0/kOFIqiwLTGWE9Vb+9hfiXN0h12PJzJpJUU0FWi8KUIx2jxd9ozCQlmmeGYCKZuRWRKZaYaJNOxYTw9Sn6n/TqtuvY7nWj1r4q4ijDCZzCObjgQRsuoQNdIDCBB3iCZ4tbj9aL9bpqLVnFzDH8gPX2CW1Wje0=</latexit><latexit sha1_base64="C+HMfUpL7PvecPKzdioWGDTJyaA=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjeqjas2xnXqj7nloRVrNgnhN5NrOEjUo0BlV34fjmKQRFZpwrNTAdRLt51hqRjidV4apogkmMzyhA0MFjqjy8+Wpc3RmlDEKY2lKaLRUv0/kOFIqiwLTGWE9Vb+9hfiXN0h12PJzJpJUU0FWi8KUIx2jxd9ozCQlmmeGYCKZuRWRKZaYaJNOxYTw9Sn6n/TqtuvY7nWj1r4q4ijDCZzCObjgQRsuoQNdIDCBB3iCZ4tbj9aL9bpqLVnFzDH8gPX2CW1Wje0=</latexit><latexit sha1_base64="C+HMfUpL7PvecPKzdioWGDTJyaA=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjeqjas2xnXqj7nloRVrNgnhN5NrOEjUo0BlV34fjmKQRFZpwrNTAdRLt51hqRjidV4apogkmMzyhA0MFjqjy8+Wpc3RmlDEKY2lKaLRUv0/kOFIqiwLTGWE9Vb+9hfiXN0h12PJzJpJUU0FWi8KUIx2jxd9ozCQlmmeGYCKZuRWRKZaYaJNOxYTw9Sn6n/TqtuvY7nWj1r4q4ijDCZzCObjgQRsuoQNdIDCBB3iCZ4tbj9aL9bpqLVnFzDH8gPX2CW1Wje0=</latexit><latexit sha1_base64="C+HMfUpL7PvecPKzdioWGDTJyaA=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS3osePEkFW0ttKFstpt26WYTdjdCCP0JXjwo4tVf5M1/47aNoKIPBh7vzTAzL0g4U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2Scxj2Q+wopwJ2tVMc9pPJMVRwOldMLtY+Hf3VCoWi1udJdSP8ESwkBGsjXSTjeqjas2xnXqj7nloRVrNgnhN5NrOEjUo0BlV34fjmKQRFZpwrNTAdRLt51hqRjidV4apogkmMzyhA0MFjqjy8+Wpc3RmlDEKY2lKaLRUv0/kOFIqiwLTGWE9Vb+9hfiXN0h12PJzJpJUU0FWi8KUIx2jxd9ozCQlmmeGYCKZuRWRKZaYaJNOxYTw9Sn6n/TqtuvY7nWj1r4q4ijDCZzCObjgQRsuoQNdIDCBB3iCZ4tbj9aL9bpqLVnFzDH8gPX2CW1Wje0=</latexit>

p(X = x1 | Y = y1) =
p(Y = y1 | X = x1)p(X = x1)

p(Y = y1)
=

2/3 · 0.5
2/3 ⇤ 0.5 + 1/3 ⇤ 0.5 =

2

3
<latexit sha1_base64="p0wtbPb3UJ4mFH0CFhWaHP6LNeQ="></latexit><latexit sha1_base64="p0wtbPb3UJ4mFH0CFhWaHP6LNeQ="></latexit><latexit sha1_base64="p0wtbPb3UJ4mFH0CFhWaHP6LNeQ="></latexit><latexit sha1_base64="p0wtbPb3UJ4mFH0CFhWaHP6LNeQ="></latexit>



Outline for today

• Proof of ridge regression soln


• Probability


• Regression from a 
probabilistic perspective 



Four levels for ML problems

1. Data & application


2. Model


3. Optimization problem


4. Optimization algorithm



Recall two optimization problems

min
w

<latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit>

||Xw � y||22
<latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit>

+�||w||22
<latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit><latexit sha1_base64="srRQn0VcFTf+NxFzmxb0Yrnf83A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmKoMuCG1dSwT6gjWEymbRDJw9mJkpI66+4caGIWz/EnX/jtM1CWw8MHM45l3vneAlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngtAWiXksuh6WlLOIthRTnHYTQXHocdrxRldTv/NAhWRxdKeyhDohHkQsYAQrLblm5Qz1uY77GI3Hj+OxW7+vu2bVqlkzoGViF6QKBZqu+dX3Y5KGNFKEYyl7tpUoJ8dCMcLppNxPJU0wGeEB7Wka4ZBKJ58dP0EnWvFREAv9IoVm6u+JHIdSZqGnkyFWQ7noTcX/vF6qgksnZ1GSKhqR+aIg5UjFaNoE8pmgRPFME0wE07ciMsQCE6X7KusS7MUvL5N2vWZbNfv2vNq4KeoowREcwynYcAENuIYmtIBABs/wCm/Gk/FivBsf8+iKUcxU4A+Mzx+jC5Ql</latexit>

min
w

<latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit><latexit sha1_base64="txTT4xVGkaJpZMyZ1GcDEtBTU5s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jFCXpIsYXbSSYbMzC4zs0pY8hVePCji1c/x5t84SfagiQUNRVU33V1RIrixvv/tra1vbG5tF3aKu3v7B4elo+OmiVPNsMFiEet2RA0KrrBhuRXYTjRSGQlsRePbmd96RG14rOp2kmAo6VDxAWfUOumhK7nqZU9T0iuV/Yo/B1klQU7KkKPWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzOYHT8m5U/pkEGtXypK5+nsio9KYiYxcp6R2ZJa9mfif10nt4CbMuEpSi4otFg1SQWxMZt+TPtfIrJg4Qpnm7lbCRlRTZl1GRRdCsPzyKmleVgK/Etxflav1PI4CnMIZXEAA11CFO6hBAxhIeIZXePO09+K9ex+L1jUvnzmBP/A+fwDPfJB0</latexit>

||Xw � y||22
<latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit><latexit sha1_base64="6O//opUmP+8AOvGItB7itHlRWuc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpIUQZcFNy4r9AVtDJPppB06eTAzqYSkf+LGhSJu/RN3/o3TNgttPXDhcM693HuPF3MmlWV9G6WNza3tnfJuZW//4PDIPD7pyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uZv73SkVkkVhS6UxdQI8CpnPCFZack0zz1HvCV2hFOW5W3+su2bVqlkLoHViF6QKBZqu+TUYRiQJaKgIx1L2bStWToaFYoTTWWWQSBpjMsEj2tc0xAGVTra4fIYutDJEfiR0hQot1N8TGQ6kTANPdwZYjeWqNxf/8/qJ8m+djIVxomhIlov8hCMVoXkMaMgEJYqnmmAimL4VkTEWmCgdVkWHYK++vE469Zpt1eyH62qjVcRRhjM4h0uw4QYacA9NaAOBKTzDK7wZmfFivBsfy9aSUcycwh8Ynz+ce5Jj</latexit>

OLS

Ridge regression

Why are these the right 
optimization problems?



Where we’re going

1. Define a probabilistic model for our data


2. Define what it means for a model to be “good” 
probabilistically


3. Do some math to show that the “best” linear 
model probabilistically corresponds to the OLS 
estimate



A probabilistic model for supervised learning

Data 

Underlying 
model 

How are they 
related?

X, y = {(~xi, yi)}ni=1
<latexit sha1_base64="VxXGY1nqFPronsROulWUWCUcD+g=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCQi6KZQcONKKtgHNDFMppN26GQSZibFEPIBbvwVNy4UcesHuPNvnLRZaOuBgcM553LnHi9iVCrT/DaWlldW19ZLG+XNre2d3crefkeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63vgq97sTIiQN+Z1KIuIEaMipTzFSWnIr1d4pTGAD2mnNnhCcPmQu1YpLT+zMTWnDyu7zlFk3p4CLxCpIFRRouZUvexDiOCBcYYak7FtmpJwUCUUxI1nZjiWJEB6jIelrylFApJNOj8ngsVYG0A+FflzBqfp7IkWBlEng6WSA1EjOe7n4n9ePlX/ppJRHsSIczxb5MYMqhHkzcEAFwYolmiAsqP4rxCMkEFa6v7IuwZo/eZF0zuqWWbduz6vNm6KOEjgER6AGLHABmuAatEAbYPAInsEreDOejBfj3fiYRZeMYuYA/IHx+QN3B5oJ</latexit><latexit sha1_base64="VxXGY1nqFPronsROulWUWCUcD+g=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCQi6KZQcONKKtgHNDFMppN26GQSZibFEPIBbvwVNy4UcesHuPNvnLRZaOuBgcM553LnHi9iVCrT/DaWlldW19ZLG+XNre2d3crefkeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63vgq97sTIiQN+Z1KIuIEaMipTzFSWnIr1d4pTGAD2mnNnhCcPmQu1YpLT+zMTWnDyu7zlFk3p4CLxCpIFRRouZUvexDiOCBcYYak7FtmpJwUCUUxI1nZjiWJEB6jIelrylFApJNOj8ngsVYG0A+FflzBqfp7IkWBlEng6WSA1EjOe7n4n9ePlX/ppJRHsSIczxb5MYMqhHkzcEAFwYolmiAsqP4rxCMkEFa6v7IuwZo/eZF0zuqWWbduz6vNm6KOEjgER6AGLHABmuAatEAbYPAInsEreDOejBfj3fiYRZeMYuYA/IHx+QN3B5oJ</latexit><latexit sha1_base64="VxXGY1nqFPronsROulWUWCUcD+g=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCQi6KZQcONKKtgHNDFMppN26GQSZibFEPIBbvwVNy4UcesHuPNvnLRZaOuBgcM553LnHi9iVCrT/DaWlldW19ZLG+XNre2d3crefkeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63vgq97sTIiQN+Z1KIuIEaMipTzFSWnIr1d4pTGAD2mnNnhCcPmQu1YpLT+zMTWnDyu7zlFk3p4CLxCpIFRRouZUvexDiOCBcYYak7FtmpJwUCUUxI1nZjiWJEB6jIelrylFApJNOj8ngsVYG0A+FflzBqfp7IkWBlEng6WSA1EjOe7n4n9ePlX/ppJRHsSIczxb5MYMqhHkzcEAFwYolmiAsqP4rxCMkEFa6v7IuwZo/eZF0zuqWWbduz6vNm6KOEjgER6AGLHABmuAatEAbYPAInsEreDOejBfj3fiYRZeMYuYA/IHx+QN3B5oJ</latexit><latexit sha1_base64="VxXGY1nqFPronsROulWUWCUcD+g=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCQi6KZQcONKKtgHNDFMppN26GQSZibFEPIBbvwVNy4UcesHuPNvnLRZaOuBgcM553LnHi9iVCrT/DaWlldW19ZLG+XNre2d3crefkeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63vgq97sTIiQN+Z1KIuIEaMipTzFSWnIr1d4pTGAD2mnNnhCcPmQu1YpLT+zMTWnDyu7zlFk3p4CLxCpIFRRouZUvexDiOCBcYYak7FtmpJwUCUUxI1nZjiWJEB6jIelrylFApJNOj8ngsVYG0A+FflzBqfp7IkWBlEng6WSA1EjOe7n4n9ePlX/ppJRHsSIczxb5MYMqhHkzcEAFwYolmiAsqP4rxCMkEFa6v7IuwZo/eZF0zuqWWbduz6vNm6KOEjgER6AGLHABmuAatEAbYPAInsEreDOejBfj3fiYRZeMYuYA/IHx+QN3B5oJ</latexit>

f : ~x ! f(~x)
<latexit sha1_base64="CgwfA4vHYaSLyaOe138FDLAknbc=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhNuFOBMUqYGMlEcwH5ELY2+wlS/Zuj925aDhS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM82PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29upaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMMfXE38xpApzWV0B6OYtUPSi3jAKQEjdezD4BJ7Q0bThzH2FO/1gSgl73FQytSTjl10ys4UeJG4GSmiDNWO/eV1JU1CFgEVROuW68TQTokCTgUbF7xEs5jQAemxlqERCZlup9NXxvjYKF0cSGUqAjxVf0+kJNR6FPqmMyTQ1/PeRPzPayUQXLRTHsUJsIjOFgWJwCDxJBfc5YpRECNDCFXc3IppnyhCwaRXMCG48y8vkvpp2XXK7u1ZsXKTxZFHB+gIlZCLzlEFXaMqqiGKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sD5/AO2ZmnE=</latexit><latexit sha1_base64="CgwfA4vHYaSLyaOe138FDLAknbc=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhNuFOBMUqYGMlEcwH5ELY2+wlS/Zuj925aDhS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM82PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29upaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMMfXE38xpApzWV0B6OYtUPSi3jAKQEjdezD4BJ7Q0bThzH2FO/1gSgl73FQytSTjl10ys4UeJG4GSmiDNWO/eV1JU1CFgEVROuW68TQTokCTgUbF7xEs5jQAemxlqERCZlup9NXxvjYKF0cSGUqAjxVf0+kJNR6FPqmMyTQ1/PeRPzPayUQXLRTHsUJsIjOFgWJwCDxJBfc5YpRECNDCFXc3IppnyhCwaRXMCG48y8vkvpp2XXK7u1ZsXKTxZFHB+gIlZCLzlEFXaMqqiGKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sD5/AO2ZmnE=</latexit><latexit sha1_base64="CgwfA4vHYaSLyaOe138FDLAknbc=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhNuFOBMUqYGMlEcwH5ELY2+wlS/Zuj925aDhS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM82PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29upaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMMfXE38xpApzWV0B6OYtUPSi3jAKQEjdezD4BJ7Q0bThzH2FO/1gSgl73FQytSTjl10ys4UeJG4GSmiDNWO/eV1JU1CFgEVROuW68TQTokCTgUbF7xEs5jQAemxlqERCZlup9NXxvjYKF0cSGUqAjxVf0+kJNR6FPqmMyTQ1/PeRPzPayUQXLRTHsUJsIjOFgWJwCDxJBfc5YpRECNDCFXc3IppnyhCwaRXMCG48y8vkvpp2XXK7u1ZsXKTxZFHB+gIlZCLzlEFXaMqqiGKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sD5/AO2ZmnE=</latexit><latexit sha1_base64="CgwfA4vHYaSLyaOe138FDLAknbc=">AAACCnicbVA9SwNBEN2LXzF+nVrarAYhNuFOBMUqYGMlEcwH5ELY2+wlS/Zuj925aDhS2/hXbCwUsfUX2Plv3CRXaOKDgcd7M8zM82PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29upaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMMfXE38xpApzWV0B6OYtUPSi3jAKQEjdezD4BJ7Q0bThzH2FO/1gSgl73FQytSTjl10ys4UeJG4GSmiDNWO/eV1JU1CFgEVROuW68TQTokCTgUbF7xEs5jQAemxlqERCZlup9NXxvjYKF0cSGUqAjxVf0+kJNR6FPqmMyTQ1/PeRPzPayUQXLRTHsUJsIjOFgWJwCDxJBfc5YpRECNDCFXc3IppnyhCwaRXMCG48y8vkvpp2XXK7u1ZsXKTxZFHB+gIlZCLzlEFXaMqqiGKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sD5/AO2ZmnE=</latexit>

yi = f(~xi) + zi
<latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit>

What is z?



A probabilistic model for supervised learning
yi = f(~xi) + zi

<latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit>

What is z?

• Mean = 0


• All z_i are independent 

• Each z_i comes from the same 
distribution (identically distributed)

i.i.d 
assumptions 

(independent 
identically 

distributed)



A probabilistic model for supervised learning
yi = f(~xi) + zi

<latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit><latexit sha1_base64="Hi5+fLvqPPSPkNbJVl+FxBnMHAo=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiVISSiKAboeDGlVSwD2hDmEwn7dDJg5lJMYa68VfcuFDErX/hzr9x2mah1QMXDufcy733eDFnUlnWl1FYWFxaXimultbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8uJ3xpRIVkU3qo0pk6A+yHzGcFKS665l7oMXSC/0h1Rkt2NXXaEjtG9y1yzbFWtKdBfYuekDDnqrvnZ7UUkCWioCMdSdmwrVk6GhWKE03Gpm0gaYzLEfdrRNMQBlU42/WCMDrXSQ34kdIUKTdWfExkOpEwDT3cGWA3kvDcR//M6ifLPnYyFcaJoSGaL/IQjFaFJHKjHBCWKp5pgIpi+FZEBFpgoHVpJh2DPv/yXNE+qtlW1b07Ltes8jiLswwFUwIYzqMEV1KEBBB7gCV7g1Xg0no03433WWjDymV34BePjG2nxlZs=</latexit>

What is z?

• zero-mean, i.i.d


• Assume a Gaussian distribution

zi
iid⇠ N (0,�2)

<latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit><latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit><latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit><latexit sha1_base64="asJ0eGhXlzbsViBl2RMXHAseqHA=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoSJkpgl0W3LgqCrYKnVoy6W0NTWaG5I5Yh/kVN/6KGxeKuBN/xvSx0NYDgcM555J7TxBLYdB1v5zcwuLS8kp+tbC2vrG5VdzeaZoo0RwaPJKRvgmYASlCaKBACTexBqYCCdfB4GzkX9+DNiIKr3AYQ1uxfih6gjO0UqdYfewI6htkfKBBpj7CA6ZCdLMs9Y1QGfUVwzvOZFrPDt1jGxV9xW4rR51iyS27Y9B54k1JiUxx0Sl++t2IJwpC5JIZ0/LcGNsp0yi4hKzgJwZiuwbrQ8vSkCkw7XR8YUYPrNKlvUjbFyIdq78nUqaMGarAJkf7mllvJP7ntRLsVdupCOMEIeSTj3qJpBjRUV20KzRwlENLGNfC7kr5HdOMoy21YEvwZk+eJ81K2XPL3uVJqVaf1pEne2SfHBKPnJIaOScXpEE4eSIv5I28O8/Oq/PhfE6iOWc6s0v+wPn+AXvEpEg=</latexit>

Therefore:
yi

iid⇠ N (f(~xi),�
2)

<latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit><latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit><latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit><latexit sha1_base64="GYkwn8IyXWbA7nkHncx0B7gRXQs="></latexit>



Where we’re going

1. Define a probabilistic model for our data


2. Define what it means for a model to be “good” 
probabilistically


3. Do some math to show that the “best” linear 
model probabilistically corresponds to the OLS 
estimate



Maximum Likelihood Estimation
= Family of models, e.g., f✓(x) = ✓Tx

<latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit><latexit sha1_base64="d60EcnbOTt8IEmzPxstees1okKE=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRQTdCwY0rqdAXtGPJpJk2NJMZkjvSMhTc+CtuXCji1p9w59+YtrPQ1gMXTs65l9x7/FhwDY7zbS0tr6yurec28ptb2zu79t5+XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uJ74jQemNI9kFUYx80LSkzzglICROvZh0Enb0GdAxsXhKb7Cs8d9FQ87dsEpOVPgReJmpIAyVDr2V7sb0SRkEqggWrdcJwYvJQo4FWycbyeaxYQOSI+1DJUkZNpLpzeM8YlRujiIlCkJeKr+nkhJqPUo9E1nSKCv572J+J/XSiC49FIu4wSYpLOPgkRgiPAkENzlilEQI0MIVdzsimmfKELBxJY3IbjzJy+S+lnJdUru3XmhfJvFkUNH6BgVkYsuUBndoAqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AsGSW7A==</latexit>

f✓
<latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit><latexit sha1_base64="+OvG+YE7OaUXqW0pqYpXV0rIHI8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxZNUsB/YlrLZTtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFIc/7dgpr6xubW8Xt0s7u3v5B+fCoaeJUc2zwWMa6HTCDUihskCCJ7UQjiwKJrWB8M/NbT6iNiNUDTRLsRWyoRCg4Iys9hv2sSyMkNu2XK17Vm8NdJX5OKpCj3i9/dQcxTyNUxCUzpuN7CfUypklwidNSNzWYMD5mQ+xYqliEppfNL566Z1YZuGGsbSly5+rviYxFxkyiwHZGjEZm2ZuJ/3mdlMLrXiZUkhIqvlgUptKl2J297w6ERk5yYgnjWthbXT5imnGyIZVsCP7yy6ukeVH1vap/f1mp3eVxFOEETuEcfLiCGtxCHRrAQcEzvMKbY5wX5935WLQWnHzmGP7A+fwB6lWRGQ==</latexit>

Each theta gives us an implied value for the probability 
(i.e., likelihood) of the data we observed

The “best” model is the one that maximizes the likelihood

L(✓;D) = p(data = D | model = f✓)
<latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit><latexit sha1_base64="rq0KXDeDeYG8quCv9hBSA1eoAdw="></latexit>

✓̂MLE = argmax✓L(✓;D)
<latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit>



Analyzing the MLE solution
The “best” model is the one that maximizes the likelihood

✓̂MLE = argmax✓L(✓;D)
<latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit><latexit sha1_base64="uB5G19qJ2H/UPvE9kPC9n7l9zhM="></latexit>

✓̂MLE = argmax✓L(✓;X, y) = p(y1, · · · , yn | x1, · · · , xn, ✓,�
2)

<latexit sha1_base64="7GEFkZboupx97h+y2sC29siAg/A="></latexit><latexit sha1_base64="7GEFkZboupx97h+y2sC29siAg/A="></latexit><latexit sha1_base64="7GEFkZboupx97h+y2sC29siAg/A="></latexit><latexit sha1_base64="7GEFkZboupx97h+y2sC29siAg/A="></latexit>

=) ✓̂MLE = argmax✓

nY

i=1

p(yi | ~xi, ✓,�
2)

<latexit sha1_base64="weU4kQEM9DPB1ktqXq+UvMMOWWo="></latexit><latexit sha1_base64="weU4kQEM9DPB1ktqXq+UvMMOWWo="></latexit><latexit sha1_base64="weU4kQEM9DPB1ktqXq+UvMMOWWo="></latexit><latexit sha1_base64="weU4kQEM9DPB1ktqXq+UvMMOWWo="></latexit>



Insight: argmax p <-> argmax logp

✓̂MLE = argmax✓

nY

i=1

p(yi | ~xi, ✓,�
2)

<latexit sha1_base64="KN9q9d5msruXIlU9WKPNe+IsCWY="></latexit><latexit sha1_base64="KN9q9d5msruXIlU9WKPNe+IsCWY="></latexit><latexit sha1_base64="KN9q9d5msruXIlU9WKPNe+IsCWY="></latexit><latexit sha1_base64="KN9q9d5msruXIlU9WKPNe+IsCWY="></latexit>

=) ✓̂MLE = argmax✓ log
nY

i=1

p(yi | ~xi, ✓,�
2)

<latexit sha1_base64="0baNg/ss46zFyF56soDohPmqkPE="></latexit><latexit sha1_base64="0baNg/ss46zFyF56soDohPmqkPE="></latexit><latexit sha1_base64="0baNg/ss46zFyF56soDohPmqkPE="></latexit><latexit sha1_base64="0baNg/ss46zFyF56soDohPmqkPE="></latexit>

=) ✓̂MLE = argmax✓

nX

I=1

log p(yi | ~xi, ✓,�
2)

<latexit sha1_base64="ts4n35IDxay7inEwq+SbblnMl2k="></latexit><latexit sha1_base64="ts4n35IDxay7inEwq+SbblnMl2k="></latexit><latexit sha1_base64="ts4n35IDxay7inEwq+SbblnMl2k="></latexit><latexit sha1_base64="ts4n35IDxay7inEwq+SbblnMl2k="></latexit>

✓̂MLE = argmax✓L(✓;X, y) = argmax✓ logL(✓;X, y) = argmax✓l(✓;X, y)
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MLE justifies OLS

✓̂MLE = argmin✓

nX

i=1

(yi � f✓(xi))
2
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Linear regression model:

✓̂MLE = argmin✓

nX

i=1

(yi � ✓Txi)
2 = ||y �X✓||22
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Next time

• Maximum a posteriori estimates  
(i.e., what’s the justification for the ridge 
regression optimization problem?)


• Bias / variance tradeoff


