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Discussion 6

fig: A neural network’s loss surface

(source: University of Maryland)

This week’s resources:

– CMU Computer Vision Lecture: Visualiz-
ing Quadratics

link

– 3Blue1Brown: Gradient descent, how neu-
ral networks learn

video

1 Taylor Expansion and Quadratic Forms

In Lecture 13, we saw that the local behavior of an error surface E(w) around a stationary
point w∗ can be approximated using its second-order Taylor expansion:

Ẽw∗(w) = E(w∗) +
1

2
(w −w∗)⊤H(w −w∗),

where H = ∇2E(w∗) is the Hessian matrix describing the local curvature. The eigenvalues
and eigenvectors of H determine the curvature along each principal direction and whether
w∗ is a minimum, maximum, or saddle point.

Consider the quadratic function:

E(w) =
1

2
w2

1 + 2w2
2 − 2w2 + 1.

(a) Find the stationary point w∗ of E(w).

Hint: Compute the gradient ∇E(w) =

[
∂E
∂w1

∂E
∂w2

]
and set it equal to zero.
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https://www.cs.cmu.edu/~16385/s17/Slides/6.1_Visualizing_Quadratics.pdf
https://www.youtube.com/watch?v=IHZwWFHWa-w
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(b) Compute the Hessian matrix H = ∇2E(w) and determine its eigenvalues λ1, λ2 and
corresponding eigenvectors u1,u2. Based on the signs of the eigenvalues, determine
whether w∗ is a local minimum, local maximum, or saddle point.

Hint: The Hessian is the matrix of second partial derivatives: Hij =
∂2E

∂wi∂wj
.

(c) Use the eigen-decomposition of the Hessian to express the 2nd-order Taylor expansion
of E(w) around w∗ in the eigenvector basis.

(d) Sketch the isocontours of E(w) and mark w∗. Indicate the eigenvector directions u1 and
u2, labeling which has the greater curvature (larger λi).
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2 Momentum vs. SGD

Consider a loss/error function E(w) with parameters w ∈ RD. Recall the stochastic gradient
descent (SGD) update rule is

w(τ) = w(τ−1) − η∇E
(
w(τ−1)

)
,

where η > 0 is the learning rate and τ is the iteration number (starting at 0).

We saw in lecture that we can improve upon vanilla SGD by adding momentum, such that

∆w(τ−1) = −η∇E
(
w(τ−1)

)
+ µ∆w(τ−2) ,

w(τ) = w(τ−1) +∆w(τ−1),

where 0 ≤ µ < 1 is the momentum parameter and ∆w(0) = 0.

(a) In a nearly flat region where the gradient direction stays almost constant, how does
momentum affect learning compared to plain SGD?

(i) It slows learning down to prevent overshooting.

(ii) It keeps the same pace as SGD.

(iii) It speeds learning up by accumulating updates in the same direction.

(iv) It randomly perturbs the updates to explore more directions.

(b) In a steep or highly curved region where the gradient direction alternates sign each step
(causing oscillations), how does momentum affect the updates?

(i) It amplifies oscillations by adding more energy to the updates.

(ii) It cancels out part of each new step, smoothing and stabilizing motion.

(iii) It leaves the oscillations unchanged.

(iv) It reverses the update direction completely.
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