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The probabilistic view: maximum likelihood, noise models, priors, and the 
bias-variance trade-off
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Complexity and Overfitting

“Sweet Spot” OverfittingUnderfitting

Raw data

Fit models to 
samples of data

More complex isn’t 
always better.
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Regularization
Regularization is the process of adding constraints or penalties to the 
learning process to improve generalization.

Many models and learning algorithms have methods to tune the 
regularization during the training process. 

OverfittingUnderfitting

More Regularization

“Sweet Spot”
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Training and Test Error vs Model Complexity

Degree 1 to 16 on 45 training points. Training MSE falls from 0.509 to 0.006. Test MSE is lowest at degree 5 
(0.0168) and reaches 9.97 at degree 16.
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Training and Test Error vs Model Complexity
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Regularization – Lagrangian Duality

•  

Violation 
magnitude

 

Imposed 
penalty

Introduce a penalty for 
breaking the constraint.

Idea of Lagrangian
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Regularization
We typically use iterative optimization algorithms to train (fit) 
the model by solving the following problem:

Data-dependent 
Error
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Regularization
We typically use iterative optimization algorithms to train (fit) 
the model by solving the following problem:

Regularizer 
Hyperparameter

Regularization 
Function

Data-dependent 
Error
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L2 Regularization (Ridge)

 

 

 

 

 

 

length of the 
residual vector
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L2 Regularization (Ridge)
 

 

 

 

 

 

 

length of the 
residual vector
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Regularization
Demo

Interactive link

https://eecs189.org/fa25/resources/assets/lectures/lec07/ridge_regression_with_regularization.html
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L1 Regularization (Lasso)
 

 

 

 

 

 

length of the 
residual vector
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Regularization
Demo

Interactive link

https://eecs189.org/fa25/resources/assets/lectures/lec07/lasso_regression_with_regularization.html
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Ridge and Lasso Coefficient Paths

Degree-10 polynomial on 15 
training points. 

Unregularized test MSE 37.70; 
ridge 0.084 and lasso 0.060 at 
their best λ. 

Lasso has 5 of 10 coefficients 
exactly zero there; ridge has 
none.

Least Absolute Shrinkage and 
Selection Operator

Lasso
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When Normal Equation Gets Tricky
•  
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Fix #1: Ridge Trick
•  
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Fix 2: Sequential Learning
•  

 

Learning rate

Known as Least 
Mean Squares or 

LMS

Future lectures
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Least Squares ≘ Maximum Likelihood
Recall: We fit a polynomial by Minimizing the sum-of-squares error.

 

Is this just algebraic convenience … or is there a 
probabilistic justification?
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Additive-Gaussian Noise Assumption
•  
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Maximum Likelihood: Multiple Inputs
•  

 

 

 

Datapoints are 
independent
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Least Squares ≘ Maximum Likelihood

•  

 

 

 

 

 
Writing the equation for a 
Normal distribution

 

Simplify and separate two terms
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Choosing 
Different Noise 
Models
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4191216Noise Model ⟺ Error Function
Zero-mean Gaussian Noise Zero-mean Laplacian Noise
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Sensitivity of MSE and MAE to a Single 
Outlier

One corrupted measurement out of 40. The squared-error fit moves from slope 2.00 to 
2.45; the absolute-error fit stays at 2.07.
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Prior Beliefs

•Regularized Least Squares
•When Normal Equation 
Gets Tricky
•MLE Recap: Least Squares 
as Maximum Likelihood
•Choosing Different Noise 
Models
•Prior Beliefs
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Recall: Beliefs and Priors

•   •  

 

 

Strong prior ensures 
alignment with beliefs

 

 

0 ——— 0.5 (prior) ——— 0.58 (Posterior mean) ——— 1.0 (MLE)
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What About Regression? MLE for Weights: 
No Prior
•  
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Belief about Parameters
•  

 

 

Likelihood function

 

Prior (small, centered)

Posterior (from Bayes rule) up to a constant:
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What Is MAP?

 
 

 

Bayes Rule

PriorLikelihood

Maximum A Posteriori (MAP):
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What Is MAP?

Maximum A Posteriori (MAP):
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Plugging in Distributions
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Does This Looks Like a Ridge Regression?

     
 

+
 

 

   
 

+

   

 

Least-Squares + Gaussian Prior ⇒ Ridge Regression



What is the relationship 
between MAP and ridge 
regression?
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