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Abstract

In this project, we set the stage for theoretical study of 
hierarchical learning on neural networks via gradient descent. 
Our main goal is to design good synthetic toy settings for 
studying this non-trivial setting of learning. We define 
hierarchical learning, and consider various desired properties of 
a hierarchical learning problem which make it meaningfully 
hierarchical, likely to be amenable for analysis, and difficult 
enough that existing tools in the theory literature will not 
succeed. We then design some toy problems, and show 
empirically that they have these properties.

Defining Hierarchical Learning Examples of 1-D Toy Problems Designed

Example


Dog: Two Circles (Eyes) + Triangle (Nose) below

Truck: Circle (wheel) next to smooth patch.


Low Level Features: Circles, Triangles, Smooth patch

Higher Level Features: [Spacial] Combinations Low-level features.

First Layer Convolutions

Left: Patches maximally activating 
convolutional filters in layers 1-3 of 8 Layer 
CNN in [1].

Right: Patches maximally activating filters in 
layers 1-2 of Simple 4 Layer CNN. 

First Layer Convolutions
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Definition: Hierarchical Learning Problem

Measured as 
∥Wt − W0∥/∥W0∥ > 1

Class 1 Class 2

Problem 1 F1 in any location F2 in any location

Problem 2 F1 AND F2 F1 XOR F2

Problem 3 F1 OR F2 … OR Fk F1 OR F2 … OR Fk

Problem 4 (F1 AND F2 ) OR (F3 AND 
F4), sequentially

(F1 AND F3) OR (F2 AND 
F4), sequentially

Feature 1                           Feature 2

Example from Problem 4, Class 1

Epochs to

0.1 Test Err

Prop. 1?

(Must Train 
all layers)

Prop. 2?

(Interpret
able)

Prop. 3?

(Dev 
from Init)

Prop. 4?

(Layer-W-
Training)

Problem 1 4 No No No No

Problem 2 50 Yes No Yes Yes

Problem 3 44 Yes Yes Yes Yes

Problem 4 46 Sort-of Yes Yes No

CIFAR-10 
on CNN

(Trained to 
0.3 error)

Yes Yes Yes Yes

Histogram over 20 trained filters 
of max alignment with a feature.

Alignment between 20 trained 
filters and each ground truth 
feature.

Before Training


After Training
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Second Layer Convolutions


Second Layer Convolutions


Third Layer Convolutions



