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Lecture 11 Compression
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Compression: What and Why?

« What?

- Reduce number of bits for encoding a message (e.g. image, speech, music, ...)

Basic model for data compression
[figure source: Sedgewick and Wayne, 2011]

o« Why?
- Save time/bandwidth/space when transmitting/storing
> Al: ability to compress data reflects understanding of the data

o Lossy vs. lossless compression [this lecture: lossless]



http://prize.hutter1.net/

500'000€ Prize for Compressing Human Knowledge

(widely known as the Hutter Prize. Total payout so far: 29'945€)

Compress the 1GB file enwik9 to less than the current record of about 112MB

News: Kaido Orav is

the seventh Winner! Congratulations!
The Task
Motivation
Detailed Rules for Participation
Previous Records
More Information
Discussion forum on the contest and prize
History
Committee
Frequently Asked Questions
Contestants
Links
Disclaimer

... the contest continues ...

Being able to compress well is closely related to intelligence as explained below. While intelligence is a slippery concept, file sizes are hard numbers. Wikipedia is an extensive snapshot
of Human Knowledge. If you can compress the first 1GB of Wikipedia better than your pred s, your (de essor likely has to be smart(er). The intention of this prize is to
encourage development of intelligent compressors/programs as a path to AGI.

P

Interview with Lex Fridman (26.Feb'20) (Video, Audio, Tweet)

The Task

Losslessly compress the 1GB file enwik9 to less than 112MB. More precisely:

¢ Create a Linux or Windows compressor comp.exe of size S7 that compresses enwik9 to archive. exe of size S2 such that §:=S7+52 < L := 112'578'322 (previous record).
« If run, archive. exe produces (without input from other sources) a 10° byte file that is identical to enwik9.

If we can verify your claim, you are eligible for a prize of 500'000€ x(1-S/L). Minimum claim is 5'000€ (1% improvement).
« Restrictions: Must run in =50 hours using a single CPU core and <10GB RAM and <100GB HDD on our test machine.

Remark: You can download the zipped version enwik9.zip of enwik9 here (=300MB). Please find more details including constraints and relaxations at http://prize hutter! .net/hrules.htm.


http://prize.hutter1.net/

CLIC 2024

http://www.compression.cc/challenge/
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Introduction

CLIC 2024, the 6th Challenge on Learned Image Compression, aims to advance the field of image and video compression using machine
learning and computer vision. It is also an opportunity to evaluate and compare end-to-end trained approaches against classical approaches.
We encourage the development of novel encoder/decoder architectures, novel ways to control information flow between the encoder and the
decoder, new perceptual losses, and new ways to learn quantized representations.

Updates

» November 9th, 2023. The test phase is now open. Important note: we found a problem in the MP4-to-PNG conversion script that
sometimes caused duplicate frames. It is fixed in this patch. If you use this code for your video track test phase submission, please make
sure to apply this fix before you prepare it.

¢ October 25th, 2023. Three updates:

1. The paper submission deadline and validation server closing date is now extended to Nov. 8, in line with the DCC paper submission
deadline.

2. Prizes are allocated as follows: $2000 for the first entry, $1000 for the second entry, and $500 for the third entry in each of the
four tracks. Corporate teams will not be eligible for prizes.

3. To help alleviate issues with methods running out of time, we have doubled the decode time available for video models to 20 hours
from 10 hours.

« For 2024, the challenge will move from CVPR to DCC, and will be part of the regular conference program.

Location

The winners of the compression challenge will be announced at Data Compression Conference, which is held annually in Snowbird, Utah. This
year, the conference will take place between 19 and 22 March 2024.


http://www.compression.cc/challenge/

Compression: Why in this course?

For a substantial part of this course we studied generative
models

Turns out that compression utilizes generative models, and
the better the model, the better the compression can be



Reading Material

Core reading:

Introduction to Data Compression, Guy E. Blelloch
https://www.cs.cmu.edu/~guyb/realworld/compression.pdf
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https://www.cs.cmu.edu/~guyb/realworld/compression.pdf

Applications

e Generic file compression

o Files: gzip, bzip, 7z

o Archivers: PKZIP

o  File systems: NTFS, HFS+, ZFS
e Multimedia

o GIF, JPEG

o MP3

o MPEG, DivX, HDTV
e Communication

o  Fax
o Modem
o Skype
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“Middle Out” compression




Piper Pied

Original: 327561bytes New: 163741bytes, 50% reduction

TechCrunch

NIRIIPT |

https://techcrunch.com/2015/05/03/ppiper-pied-imitates-hbos-silicon-valley-and-creates-lossle
ss-compression-for-online-images/ (lossy)



https://techcrunch.com/2015/05/03/ppiper-pied-imitates-hbos-silicon-valley-and-creates-lossless-compression-for-online-images/
https://techcrunch.com/2015/05/03/ppiper-pied-imitates-hbos-silicon-valley-and-creates-lossless-compression-for-online-images/

Universal Data Compression?

Proposition: No algorithm can compress every bitstring.

Proof [by contradiction]

- Suppose you have a universal data compression algorithm U that can compress

every bitstream.
- Given bitstring BO, compress it to get smaller bitstring B1.
- Compress Bl to get a smaller bitstring B2.
- Continue until reaching bitstring of size 0.

- Implication: all bitstrings can be compressed to 0 bits!



Universal Data Compression?

Proposition: No algorithm can compress every bitstring.

Proof [by counting]

- Suppose your algorithm can compress all 1,000-bit strings.

- 21009 hossible bit strings with 1,000 bits.

- Only1+2+4+.. +2%84299=7100_1 different strings can be encoded with <

999 bits.



Why compression possible?

Example statistical pattern in text:

“.. randomising letters in the middle of words [has] little or no
effect on the ability of skilled readers to understand the text. This
is easy to denmtrasote. In a pubiltacion of New Scnieitst you
could ramdinose all the letetrs, keipeng the first two and last two
the same, and reibadailty would hadrly be aftcfeed. My ansaylis
did not come to much beucase the thoery at the time was for
Shape and senqeuce retigcionon. Saberi's work sugsegts we
may have some pofrweul palrlael prsooscers at work. The resaon
for this is suerly that idnetiyfing coentnt by paarllel prseocsing
speeds up regnicoiton. We only need the first and last two letetrs
to spot chganes in meniang.”

--- Graham Rawlinson, PhD Thesis 1976, Nottingham U.



Why compression possible?

Dataset with statistical Random data
regularities

-> compressible -> not compressible
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- Huffman
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VAE, Bits-Back Coding, Asymmetric Numeral Systems (ANS)
Flow Models
Lempel-Ziv



Naive Coding: Fixed Length (no compression!)

E.g. ASCII: 7 bits per character

USASCIl code chart
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easy for coding/decoding
but: can’t exploit statistical patterns (i.e. doesn’t compress)



Variable-length Codes

Q: How do we avoid ambiguity?

A: Ensure that no codeword is a prefix of another isuficient, but not necessary]

Ex 1. Very simple: Append special stop char/sequence to each
codeword (e.g. Morse, but might be wasteful..)
Ex 2. More general: Binary trie prefix-free code



Morse

International Morse Code

1. The length of a dot is one un
2. A dash is three units

it.

3. The space between parts of the same letter is one unit.
4. The space between letters is three units.
5. The space between words is seven units.

NI OUVOZZIA——IOMTMMUOTm>
" iIII
.Ill‘l
e |
Io

N<XX=S<C
III...
I..I:i
g 4]
.II

QUOVOONOUIRAWNE
IIIII.....
o000

I II....

I [ 3 N J
..’
I [ N ]

[ N ]
il.
I.

« Uniquely decodable
o Per “medium gap” (three
units) to separate codewords

As bits:
- Quiet slot, short=0, long=000
- Active slot, short=1, long=111
A: 10111000
B: 111010101000
C:11101011101000



Prefix-free Codes ~~ Binary Tries

Symbols in leaves
Codeword is path from root to leaf

Codeword table Trie representation Codeword table Trie representation

key value key value

I 101 0 ! 101

A 0 A 11

B 1111 B 00

c 110 C 010

D 10D - D 100

R 1110 9 R 011
Compressed bitstring Compressed bitstring .
011111110011001000111111100101 <—30 bits 11000111101011100110001 111101 =20 sifs
A B RA CA DA B RA ! AB RA CA DAB RA !

[figure source: Sedgewick and Wayne, 2011]
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Q: Optimal Prefix-free Code? A:Huffman Codes

Huffman Algorithm:

Consider probability p[i] of each symbol iin the input

- Start with one node corresponding to each symbol i (with
weight pli])
Repeat until single trie formed:

- Select two tries with min probabilities p[k] and p[l]
Merge into single trie with probability p[k]+p]l]

[Why optimal? See later in lecture]



Huffman Codes -- Example

A 0.20
B 0.10
C 0.05
D 0.21
E 0.36
F 0.08
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Huffman Codes: Example 2 (video)



https://docs.google.com/file/d/14Om0h682Aoa5HT8pYQXGPmqkCxBjx30N/preview

Huffman Codes -- Example 2 (result)

char freq encoding
A 5 0

2 1501

1 1011

1 100

2

1

110
1010

- R O N ™

0

e o
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Huffman Code -- Applications
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Shannon: Entropy = measure of information

H(X) =) p(x:)log, o(z7)
p p(T;
p(S) = {0.25,0.25,0.25,0.125,0.125} p(s) = {0.75,0.0625,0.0625,0.0625, 0.0625}
H = 3x0.25xlog,4+2x0.125 x log, 8 H =0.75 x logz(i) +4 x 0.0625 X log, 16
= 15+0.75 3 3
= 03+1
= 225 _ 138
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Entropy coding

1
p(z:)

Set code length 1; = [log, |

Example: (A, %), (B, %), (C, 7s), (D, 78)
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Kraft-McMillan Inequality

e Partl: For any uniquely decodable code C, we have that:

Z 2—l(w) <1

(s,w)eC

where I(w) is the length of codeword w for symbol s.
l.e.: lengths I(w) have to be large enough to be uniquely decodable

e Partll: For any set of lengths L, if

Zz—’gl

leL
then there is a prefix code C of the same size such that I(wi) = li (i=1,..., | L|)

— we never need to resort to a non-prefix code



Kraft-McMillan Inequality Part |: Proof (for special case of Prefix Codes)

. Part ; For any prefix code C, we have that: 2.2 <!
where li is the length of codeword i.

« Proof (sketch):

<l <<l

27(4-2) leaf nodes i2n(4-3) leavesi i27(4-3) leaves: ; €—————————— 27(4-1) leaf nodes ——————————>!

Prefix Code — Tree where codewords are leaves — Expand into full tree of depth ln

Codeword i “covers” 9ln—li leaves of the expanded tree.

ln—1; in —l;
There is no overlap in leaves covered — Z 2 <2 — Z 2 =1
(]

(]



Kraft-McMillan Inequality Part II: Proof

—1;
. Partll; For any set of lengths li, if 2-2 @ <!

then there is a prefix code C of the same size such that |(wi) =
li (i=1,..., |[L])

« Proof (sketch):

h <lp<--e <1

— "N

) leaves: | €——————————— 2~(4-1) leaf nodes ——————>'

Consider full tree of depth ln
For each i, pick any node of depth L; stil available, “covering” 9l»—li leaves of the expanded tree.

ln—li ln _li
Is there enough space in the tree? Yes, if Z 2 <2 , which holds per: Z 2 <1
7

7



Consequence: Shannon Theorem 1948

e For any message distribution P(X) and associated uniquely decodable code C:
H(X) < 1.(C)
e Proof: H(X)—1.(C) = >, p(x:)log, @ — D p(a)li
— . —1 — .
- Zz p(z;) (10g2 eh) lz)
> p(xi) (log2 Tii) — log, 2“)
. 2~ 4
Zi p(z;) log, p(z7)
logy (>, 27%)

log, (1)
0

IAIA
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Converse: Optimal Prefix Code is within 1 of H(X)

12

e Can we have a prefix code with code lengths  I; = [log,

Sl = 3 g ok sty p(z:)
S Z 92~ logs, ﬁzi)
=2 p(=) — yes! Per Kraft-McMillan there is a prefix

, code with these lengths

e Now, what’s the expected code length for this code?

la = Zp(mi)li = Zp(wi)flog p(;ﬂ
< 3 pla)1 +og )
=1+ Xi:p(wi) log 1@
— 1+ H(X)
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Huffman Codes are optimal prefix codes

Proof (sketch): by induction on number of symbols n

- Call the two lowest probability symbols x and y
- Optimal prefix codes have two leaves in every lowest level branch

(otherwise, could do one less split)

- W.l.o.g. can have x and y have the same parent

- — every optimal prefix tree has x and y together at lowest level with same parent

- No matter the tree structure, the additional cost of having x and y (rather than
simply a parent symbol z) = p(x) + p(y)

- The n symbol Huffman code tree adds this minimal extra cost to the optimal n-1
symbol Huffman code tree (which is optimal by induction)



Quick Recap

1
Entropy = expected encoding length when encoding each symbol i with log, (@) bits
1
H(X) =) p(z:)log,
p p(z;)

Theorem [Shannon 1948] If data source P(X) is an order 0 Markov model, then
any compression scheme must use >= H(X) bits per symbol on average

Theorem [Huffman 1952] If data source P(X) is an order 0 Markov model, then
the Huffman code uses <= H(X) + 1 bits per symbol on average
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What if we use p to approximate p?

Expected code length when using pA to construct code:

- Zpi logﬁli - ;pilogi + ;pilogi

= K L(p||p) + H(p) — pay price = KL(l.)
— log likelihood objective for learning p is
aligned with compression

Recall: KL(. |] .) >=

Proof: KL( log — 1)1 —>1 =logl=0
(pllq) Di og pi(—1)log 0g Pz 0g



What if P(X) has high entropy?

High entropy would mean long code length...
Decrease the entropy by considering P(X|C):
1
H(X|C) = E p(c) Y p(z|c)log,
- p(zlc)
Conditional entropy is smaller:

H(X|C) < H(X) Zp(c Zp z|c) logy ——

Note: Autoregressive models do this!

( )




Entropy of the English Language

Q. How much information is in each character of the English language?
Q. How can we measure it? '\
model = English text

A. [Shannon's 1951 experiment]

* Asked subjects to predict next character given previous text.
* The number of guesses required for right answer:

# of guesses 1 2 3 4 5 =6
Fraction 079 008 003 002 002 005

» Shannon's estimate: about 1 bit per char [0.6 - 13 ].

Compression less than 1 bit/char for English ? If not, keep trying!

UC Berkeley -- Spring 2024 -- Deep Unsupervised Learning -- Pieter Abbeel, Kevin Frans, Philipp Wu, Wilson Yan -- L11 Compression



Entropy of the English Language

bits/char

bits [log(96) | 7

entropy 4.5
Huffman Code (avg.) 4.7

[ Entropy (Groups of 8) 24 ]

Asymptotically approaches: | 1.3
Compress 3
Gzip 2.7
BOA 20

Table 1: Information Content of the English Language

[Calgary Corpus; Belloch 2013]
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+1 7

Theorem [Huffman 1952] Huffman code uses <= H(X) + 1 bits per symbol on average
Q: Sounds great, but is it great? Or might it still be pretty bad?

A: if we have good predictive models which make H(X) very low, then this can be very
high overhead

E.g.: P(X)={0.9, 0.05. 0.05} — H(X) =0.569
Best (per symbol) code: {0, 11, 10} — expected code length=0.9 +.1+.1=1.1
— almost double!

— Reduce +1 costs by encoding a chunk of symbols together



Very Simple Chunk Encoding: Run-length Coding

« Encode many symbols together, pay the +1 less frequently.

E F ITU-T T4 Group 3 Fax for black-and-white bitmap images (~1980)
.g. Fax . .
* up to 1728 pixels per line
* typically mostly white.
one for white and one for black

Step 1. Use run-length encoding.
Step 2. Encode run lengths using Two‘(uffman codes.

0 00110101 0000110111
. - 1 000111 010
2 0111 11
3 1000 10

3w 2w 194w

1000 010 0111 11 010111 0111 63 00110100 000001100111
64+ 11011 0000001111
192+ 2
128+ 10010 000011001000
Huffman codes built from 1728+ 010011011 0000001100101

frequencies in huge sample
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Arithmetic Coding

e Key motivation: flexible system to group multiple symbols to avoid the potential
“+1” overhead on every symbol

e How many symbols? Which symbols to group?

e Key idea: encode through indexing into distribution
o No need to decide how many symbols or which symbols
o Works streaming over the data

e PS:very compatible with autoregressive models! :)

[Rissanen, Jorma J. "Generalized Kraft inequality and arithmetic coding." IBM Journal of research and development 20.3 (1976): 198-203.]



Simple Arithmetic Coding Example

P(2) =0.8; P(1) =0.2; let’s encode: “aaba”

0 0.8 1.0

0 0.64 0.8

0 0.512 0.64

l!‘! 0.6144 064

— send interval [0.512, 0.6144)
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How to encode an interval?

Naive attempt:

Represent each interval by selecting the number within the interval which has the fewest bits in binary fractional
notation, and use that as the code.

E.g. if we had the intervals [0, .33), [.33, 67), and [.67, 1) we would represent these with .01(1/4), .1(1/2), and
.11(3/4). It is not hard to show that for an interval of size s we need at most I - log2 s1 bits to represent such a
number. The problem is that these codes are not a set of prefix codes.

Instead:

Have each binary number correspond to interval of all possible completions.
So for above example: .00 [0, .25), .100 [.5, .625), .11 [.75, 1)

For interval of size s can always find a codeword of length - log2 s1+ 1

— code length <= H(X) +2 [+1 from rounding up, +1 from the +1]

Note: +2 overhead only once for full sequence X



Any remaining challenges?

e Interval could keep straddling (e.g.) 0.5, in which case can’t send the first bit till
entire bit sequence has been encoded
o  Solution: split message into blocks

e Assumes infinite precision
o Solution: integer implementation (see Blelloch 2013)
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Arithmetic Coding with Autoregressive Models

Recall: P(2) = 0.8; P(1) = 0.2; let’s encode: “aaba”

BUT: no need for p(.) to be the same everywhere
0 P(x1) 1.0

0 P(x2|x1)
— use
autoregressive
0 P(x3|x2,x1) [oselienk

— the better log-prob of the

P(x4[x3,x2,x1) autoregressive model, the
better the compression
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References for this lecture

GE Hinton, D Van Camp, "Keeping Neural Networks Simple by Minimizing the Description Length of the
Weights", 1993

Brendan J. Frey and Geoffrey E. Hinton, “Efficient Stochastic Source Coding and an Application to a
Bayesian Network Source Model,” The Computer Journal 1997

Jarek Duda, “Asymmetric numeral systems: entropy coding combining speed of Huffman coding with
compression rate of arithmetic coding,” 2007

James Townsend, Thomas Bird, David Barber, “Practical lossless compression with latent variables using
bits back coding,” ICLR 2019

Friso Kingma, Pieter Abbeel, Jonathan Ho, “Bit-Swap: Practical Bits Back Coding with Hierarchical Latent
Variables,” ICML 2019



Refresher on Coding

1
Entropy = expected encoding length when encoding each symbol i with log, (@) bits
1 (]
H(X) =) p(z:)logy —
p p(z;)
Theorem [Shannon 1948] If data source P(X) is an order 0 Markov model, then

any compression scheme must use >= H(X) bits per symbol on average

Theorem [Huffman 1952] If data source P(X) is an order 0 Markov model, then
the Huffman code uses <= H(X) + 1 bits per symbol on average

Arithmetic Coding (AC): Pays only +2 for entire batch of symbols.



Key Assumptions

Previous slide assumes we have a model p(x) for which we can:

e Huffman: tractably enumerate all x
e Arithmetic Coding: tractably assign intervals to each x

— Generically: small number of possible values x can take on

When violated?

e When x continuous --- but easily “fixable” (see next slide)
e When x high-D --- challenge we need to address!
o Key observation:
m some high-D distributions still allow for convenient coding
m leverage that to efficiently code mixture models of easy high-D distributions
key win: mixture models much more expressive then individual components!



Continuous domain for X

A real number x has infinite information, so we can’t expect to send x exactly
— assume discretization with some precision t

— can discretize in x domain (or, alternatively, in the cumulative distribution domain)
E.g. X~ N(0,1):

Differential Entropy <> Entropy of discretized variable

H (2disc,t) = — > tp(w;) log(tp(z;))
= =) ;tp(z;)logp(z )—Etp(xz-)logt
— | p(x)logp(x)dx —logt [ p(x)
h(x) — logt

Q

-> matches intuition: making t smaller results in

— can use Huffman coding and AC again more buckets hence higher entropy
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Some high-dimensional P(x) allow for easy coding

X is high dimensional, but P(X) sometimes still easy to encode

« E.g
- X~N(O,l)
can treat as n independent random variables (n = dimensionality of x)
each independent variable can be coded efficiently (per previous slide)

o X autoregressive
(see previous lecture)



Mixture Models

Mixture models allow to represent wider range of distributions
than their components

E.g. mixture of Gaussians = much more complex distribution than
a single Gaussian



Key Question

If P(X) is a mixture model of easily encodable distributions, can
we efficiently encode P(X)?

Reminders:
* We’ll make our illustrations in 1-D to get the point across in a way that’s easy to draw

on slides, but keep in mind we are covering a method that generalizes to high-D.

* We won’t allow ourselves to rely on domain of X being small, in which case the
solution is trivial by simply calculating the marginal for each value X can take on,
summed over all mixture components and then using Huffman or AC.

Alright, now let’s see if we can handle these harder cases!



Mixture Model Running Example

P(z) = 3 p(ip(ali)

p(a:|7,) assumed easy to code for

1
p(z7)

— will cost:  log
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Scheme 1: “Max-Mode” Coding

P(z) = 3 p(ip(ali)

Expected code length:

To code x:
e Findithat maximizes p(i | x) (x is fixed, so also max p(i,x)) 1.(C) = Zx p(x) min; log ﬁ
e Sendi ---cost:log 1/p(i) 1

e Sendx ---cost:log1/p(x|i) - Zi,w p(j, ) min; log p(t,x)

Optimal?  NO --- because also sending i and because effectively using different distribution Q(x) — cost: H(X) + KL(P| | Q)

f(2) = f(21G1) /2 + f(=]|G2)/2

Fla) =d f(21G1)/2, 2 <2
fla) = { f(z]G;)/?, :c>:r:g

xo r —>
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Scheme 2: “Posterior-Sampling” Coding

P(z) = 3 p(ip(ali)

To code x:
e Sampleifrom p(i|x)
e Sendi ---cost:log 1/p(i) --- why p(i), why not p(i|x)? b/c recipient doesn’t have x
e Sendx ---cost:log1/p(x]i) --- this is probably efficient, but not as efficient as using best ...
1
Expected code length: 1 (C) = i.z) 1o
a( ) ;p( I ) gp(’L,CU)
Optimal?  Yes and No. Yes if we like to send (i, x), b/c we use log 1/p(x,i)

BUT: we are looking to send just x, so overhead of log 1/p(i|x)

This is actually more expensive than the max-mode scheme from the previous slide
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Scheme 3: Bits-Back Coding

P(z) = Zp(i)p(wli)

To code x:
e Sampleifrom p(i|x)
e Sendi ---cost:log 1/p(i) --- why p(i)? b/c recipient doesn’t have x
e Sendx ---cost:log1/p(x]i) --- this is probably efficient, but not as efficient as using best ...

BITS-BACK IDEA (EXACT INFERENCE):

recipient decodes i, x + knows p(i|x)

— can reconstruct the random bits used to sample p(i|x)

— those random bits were also sent — these are log 1/p(i|x) random bits, which we now don’t have to count
— bits-back coding cost: log 1/p(i) + log 1/p(x]i) - log 1/p(i|x) =log p(i|x) / (p(i) * p(x|i)) = log 1/p(x)

— Optimal!!!



Bits-Back Coding in a Picture

Symbol data — — Symbol data
Sender —»  Lossless —w Receiver

Auxiliary data — compression — Auxiliary data

Assumptions:
(1) We can compute p(i|x)
(2) We have auxiliary random data we like to transmit
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Bits-Back Coding with Approximate Inference

P(z) = Zp(i)p(wli)

To code x:

e Sampleifrom q(i|x)
e Sendi ---cost:log 1/p(i)
e Sendx ---cost:log1/p(x]i)

BITS-BACK IDEA (APPROXIMATE INFERENCE):

recipient decodes i, x + knows q(i|x)

— can reconstruct the random bits used to sample q(i|x)

— those random bits were also sent — these are log 1/q(i|x) random bits, which we now don’t have to count

— bits-back coding cost: log 1/p(i) + log 1/p(x|i) - log 1/qg(i|x) = Evidence Lower Bound (ELBO) from VAE



How about that source of random bits we’d like to also send?

BB-ANS stack Variables Operation y — 1
Extra information S =X
I | S0
—log q(yo | s0)
A
I - 80, Yo Draw sample yo ~ q(y | sg) from the stack.
—log p(so | yo)
A
[ : Yo Encode sp ~ p(s|yo) onto the stack.
—log p(yo)
—
I | | : Encode yo ~ p(y) onto the stack.
\— _/
N

this encoding can serve as
random bits for the next one
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A quick history of bits-back coding

Wallace, 1990; Hinton & van Camp, 1993

- Bits-back idea
Frey & Hinton, 1996

- Bits-back implementation with arithmetic coding; but not very natural fit
Duda, 2009

Asymmetric Numeral Systems (ANS) coding

Townsend, Bird & Barber, ICLR 2019

- Bits Back with ANS (BB-ANS)
F. Kingma, Abbeel & Ho, ICML 2019; Ho, Lohn, Abbeel, NeurlPS 2019

Bit Swap
Local Bits Back Coding



Asymmetric Numeral Systems (ANS)

alr'S TECHNICA BIZGIT TECH SCIENCE POLICY CARS

GAMING & CULTURE  STORE

Inventor says Google is patenting work
he put in the public domain

Creator of a breakthrough compression algorithm fights to keep it patent-free.

Jarek Duda, “Asymmetric numeral systems: entropy coding combining
speed of Huffman coding with compression rate of arithmetic coding,” 2007



Asymmetric Numeral Systems

e High level idea: use natural numbers as encodings, the longer the symbol sequence, the higher the natural
number becomes

e Example: p(a)=1/4 ; p(b)=3/4
o 1/4 of natural numbers should correspond to a symbol sequence ending in a
o 3/4 b

N={0,1,2,3,4,5,6,7,8,9,--- }

Let’s encode bab

o  Encoding process: (encoding so far, new symbol) -> new encoding

m (0,a)->0 m (Ob)->1
m (la)->4 B (L,b)->2
= (2,a)->8 m (2,b)->3
m (3,b)->5
m (4,b)->6

o  General scheme:
m (x,s)-> x/p(s) [approximately]



Asymmetric Numeral Systems

e High level idea: use natural numbers as encodings, the longer the symbol sequence, the higher the natural
number becomes

e General scheme:
o  (x,s)-> x/p(s) [butmadeinto an integer]

e Henceweendupwith T =

1
e And code-length: log rr ~ C —+ Z log
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Bits-back with ANS (BB-ANS)

Published as a conference paper at ICLR 2019

PRACTICAL LOSSLESS COMPRESSION WITH LATENT
VARIABLES USING BITS BACK CODING

James Townsend, Thomas Bird & David Barber

Department of Computer Science

University College London

{james .townsend, thomas.bird,david.barber}@cs.ucl.ac.uk

ABSTRACT

Deep latent variable models have seen recent success in many data domains.
Lossless compression is an application of these models which, despite having
the potential to be highly useful, has yet to be implemented in a practical man-
ner. We present ‘Bits Back with ANS’ (BB-ANS), a scheme to perform lossless
compression with latent variable models at a near optimal rate. We demonstrate
this scheme by using it to compress the MNIST dataset with a variational auto-
encoder model (VAE), achieving compression rates superior to standard meth-
ods with only a simple VAE. Given that the scheme is highly amenable to par-
allelization, we conclude that with a sufficiently high quality generative model
this scheme could be used to achieve substantial improvements in compression
rate with acceptable running time. We make our implementation available open
source at https://github.com/bits-back/bits-back.

[James Townsend, Thomas Bird, David Barber, “Practical lossless compression with latent variables using bits back coding,” ICLR 2019]
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BB-ANS

Latent variable model with approximate posterior g
p(x) =Y p(x|z)p(z)

Encoding phase:

1. Decode (i.e. sample) z ~ ¢(z|x) from an auxiliary source of random bits
2. Encode x using p(x|z)
3. Encode z using p(z)

Expected codelength: E,.,.x) [logq(z|x) — log p(x, z)]
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BB-ANS

i Senderbitstream « Note the stack behavior of the
encoding/decoding
| — decode z with go(z|x)

B

e eodezwitpw < Arithmetic coding aligns with

Resetver queues/streams
bitstream

> deedezwipe o ANS provides coding scheme

e . compatible with stacks
1475 encode z with pa(z|x)

[James Townsend, Thomas Bird, David Barber, “Practical lossless compression with latent variables using bits back coding,” ICLR 2019]



BB-ANS -- VAE has continuous latent variables

« We can discretize the continuous distribution
« Let’s assume we discretize z at level 02
o Expected encoding length with bits-back:

p(z|2:)p(2i)dz
q(zi|x)oz

—EQ(zi)z) |log

— 0z cancels out, so only cost is in KL between continuous
distribution and discrete approximation [Hinton & van Camp, 1993]

[James Townsend, Thomas Bird, David Barber, “Practical lossless compression with latent variables using bits back coding,” ICLR 2019]



BB-ANS -- Are the bits clean?

I ' S0, Yo Draw sample o ~ q(y | so) from the stack.

H Yo Encode so ~ p(s|yo) onto the stack.

— — — Encode yo ~ p(y) onto the stack.

We assume we sample from q(z|z)

But is our random bit source truly random?

The bits come from compressing the previous datapoint

z was encoded with p(z), but came from q(z|z)

What matters is q(2)

And really: KL(g(2)||p(2))

VAE objective has this as one of the terms, but in practice non-zero

[James Townsend, Thomas Bird, David Barber, “Practical lossless compression with latent variables using bits back coding,” ICLR 2019]



How well does VAE bits-back work?

Dataset Raw data VAEtest ELBO BB-ANS bz2 gzp PNG WebP
Binarized MNIST 1 0.19 0.19 025 033 078 04
Full MNIST 8 1.39 1.41 142 164 279 210

Table 2: Compression rates on the binarized MNIST and full MNIST test sets, using
BB-ANS and other benchmark compression schemes, measured in bits per dimension.
We also give the negative ELBO value for each trained VAE on the test set.

BB-ANS with
Dataset Raw data PixelVAE (predicted) bz2 gzip PNG WebP
Binarized MNIST 1 0.15 025 033 078 044
ImageNet 64 x 64 8 3.66 6.72 695 571 464

Table 3: Predicted compression of BB-ANS with PixelVAE against other schemes,
measured in bits per dimension.

[James Townsend, Thomas Bird, David Barber, “Practical lossless compression with latent variables using bits back coding,” ICLR 2019]
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Bit-Swap: Recursive bits-back

- Deep latent variable models can achieve better log likelihoods than single-layer
models, especially when encoders and decoders are restricted to be fully
factorized. Example model:

éo(lLilL-l)_l ‘Ia(lzlzl)'_l _ qo(z1|x) ]

. ..... ,@_. ()

o(Zr-1|zL polz1|z2) "Ipa(x|z|)
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Bit-Swap: Recursive bits-back

Algorithm 1 BB-ANS for lossless compression with hier-  Algorithm 2 Bit-Swap (ours) for lossless compression
archical latent variables. The operations below show the  with hierarchical latent variables. The operations below

procedure for encoding a dataset D onto a bitstream. show the procedure for encoding a dataset D onto a bit-
Input: data D, depth L, pg(X,21.1.), go(21.1]|X) stream.
Require: ANS Input: data D, depth L, pg(x,21.1), g6(21.1|X)
Initialize: bitstream Require: ANS
repeat Initialize: bitstream
Take x € D repeat
decode z; with gg(2z1|x) Takex € D
fori=1to L —1do decode z; with gg(z|x)
decode z; 1 with qg(2;.1|2;) encode x with pg(x|z7)
end for fori=1to L —1do
encode x with pg(x|2z;) decode z; 1 with gg(2z;11|2;)
fori=1to L —1do encode z; with pg(2z;|2z;+1)
encode z; with pg(z;|zi+1) end for
end for encode z, with p(z)
encode z, with p(zr) until D = @
untilD = g Send: bitstream

Send: bitstream [Kingma F., Abbeel, Ho. ICML 2019]



BB-ANBIt-Swap

Sender Sender

bitstream D bitstream

decode z with ga(zi|x)

decode z3 with ga(z3|22)

encode x with pa(x|z1)

encode z2 with pe(z2|z3)

Receiver Receiver

bitstream bitstream

decode z3 with p(z3)

decode z1 with pa(zi|z2)

encode z> with ga(z2|z1)

(b) BB-ANS

(a) Bit-Swap (ours)
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Bit-Swap Results

Bit-Swap does not need to decode all latents z, at once, so it
needs fewer auxiliary bits to start bits-back coding.

CIFAR-10 model optimization (columns 2 and 3) and test data compression results (columns 4 to 8) for various
depths of the model (column 1).

Depth (L) ELBO —L(0) # Parameters Avg. Net Bitrate Scheme Initial (n = 1) CMA (n = 50) CMA (n = 100)

1 4.57 45.3M

2 3.83 45.0M 3.85+0.77 BB-ANS 12.66 £ 0.61 4.03 £0.11 3.93 £ 0.08
Bit-Swap 6.76 + 0.63 3.91+0.11 3.87 +0.08

4 3.81 44.9M 3.82+£0.83 BB-ANS 22.30 £ 0.83 4.19 £ 0.12 4.00 £ 0.09
Bit-Swap 6.72 £ 0.67 3.89 £0.12 3.85 £ 0.09

8 3.78 44 ™M 3.79 £0.80 BB-ANS 44.24 + 0.87 4.60 £0.12 4.19 £0.09
Bit-Swap 6.53 £ 0.74 3.86 £0.12 3.82 £+ 0.09

[Kingma F., Abbeel, Ho. ICML 2019]



Outline

- Compression: What and Why

- Universal lossless compressor?

- Coding of symbols

- Theoretical limits

- Coding Considerations

- Autoregressive Models and Arithmetic coding

- VAE, Bits-Back Coding, Asymmetric Numeral Systems (ANS)
- Flow Models

- Lempel-Ziv
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Compression with Flows

- Flows are likelihood-based models, so there shodld HeQdhe

corresponding compression algorithm l
alelals
—log p(x) = —logp(z) — log|det J(x)| ﬁ

;‘;Q B



Coding Continuous Data

Flows define probability density functions:

—log p(x) = —logp(z) — log|det J(x)
Cannot code continuous data. This needs infinite precision!

Instead, discretize the data to high precision
- Tile data space with hypercubes of volume 6X
Let B(x) be the unique hypercube containing x

- And code according to the derived probability mass function:

P(X) := fB(}_{) p(x) dx —log P(X) ~ — log p(X)d,
Desired codelength:
—log p(x)0, = —logp(f (X)) — log |det J(X)| — log d,



Compression with Flows

Now we have a probability mass function for a flow:
—logp(x)d, = —logp(f(X)) — log[det J(x)| — log o

Are we done?
No. Naive coding takes exponential resources.

Must harness model structure for computational efficiency
We have seen how to do this for AR models and VAEs
What about flows?



Compression with Flows

—logp(x)d, = —logp(f(X)) — log[det J(x)| — log o,

Naive attempt: code z = f(x) using the prior p(z) (using the
same discretization scheme)
This does not work. If the flow is trained well, the distribution of
latents will match the prior, so there is no compression.

To get the Jacobian determinant term, we must account for how the
flow changes volume



Compression with Flows

—log p(X)d, = —logp(f(X)) — log |det J(X)| — log d.

Better attempt: construct encoder and decoder and apply
bits-back coding

plzlx) = N(z f(x),0°I(x)I(x)")  and  p(x|z) =N (x; f~'(2),0%T)
g t1(2)

f(i( X
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Local Bits-Back Coding

Decode z ~ N( f(x),02J(%)I(x)T)6.
Encode x using N'(f~1(z), 0%I)é,
Encode z using p(z)4,

Resulting codelength:
E.L(x,2) = —log p(x)d, + O(d?)

This encoder and decoder defines a VAE whose variational bound

matches the flow log likelihood, up to first order.
[Ho, Lohn, Abbeel. NeurlPS 2019]



Local Bits-Back Coding: Algorithms

Direct implementation requires computing and factorizing the
Jacobian
O(d3) time and O(d?) space

Better than exponential, but not good enough for high dimensional
data

Solution: Specialize further

Autoregressive flows: code one dimension at a time. Jacobian free,
linear time.

Composition: code one layer, then recursively code the next layer
RealNVP family: Jacobian free, linear time & parallelizable

[Ho, Lohn, Abbeel. NeurlPS 2019]



Compression with Flows: Discrete Data

We achieved the codelength —log P(X) ~ —log p(X)d,.
Suitable for high precision data
But not for low precision data (16-32 bits per dimension extra)

Solution: apply bits back to the extra precision

P(x) = /[ Pl ) do

p(x+u)
q(ulx)

Eu~g(ulx) [— log ] > —log /[0 b p(x +u) du = — log P(x).

Resulting codelength is the variational dequantization bound



Local Bits-Back Coding

Resuls for Flow++, a RealNVP-type model

Compression algorithm  CIFAR10  ImageNet 32x32  ImageNet 64x64

Theoretical 3.116 3.871 3.701
Local bits-back (ours) 3.118 3.875 3.703

[Ho, Lohn, Abbeel. NeurlPS 2019]
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Local Bits-Back Coding

- Caveat: large auxiliary bits requirement
- Need high precision for Jacobian to be an accurate
representation of the flow model

Net codelength (bits/dim) (model NLL: 3.10)

Auxiliary bits required (bits/dim)

—logs i/
81012 14 16 18 20 22 24 26 28 30 32

15.39 : - 1659
- 505 14.64 13.37 12.61 12.30 12.16

_logald
81012 14 16 18 20 22 24 26 28 30 32

59.37
61.73 207.76 -1 261 11.37 10.56 10.26 10.13 10.09
| 1 ) 1 l 1
6 8 10 12 14 16
~loga ~loge
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Types of Statistical Methods

Static model. Same model for all texts.

* Fast.

*Not optimal: different texts have different statistical properties.
*Ex: ASCIl, Morse code. Huffman code (generic p).

Dynamic model. Generate model based on text.
*Preliminary pass needed to generate model.
*Must transmit the model.

* Ex: Huffman code (p fitted to entire text).

Adaptive model. Progressively learn and update model as you read text.
*More accurate modeling produces better compression.

*Decoding must start from beginning.

*Ex: LZW. (~ “p” fitted to text seen so far)



General structure of LZ algorithms

Given a position in a file, look through the preceding part of the file to find the
longest match to the string starting at the current position, and output some code
that refers to that match.

Variations:
o How far back to look (sliding window)
o When to add strings to the dictionary



LZ77

(figure source: Belloch 2013; see Blelloch 2013 for other LZ(W) variants)

Step Input String Output Code
| @ a ¢ a a ¢ a b ¢ a b a a a c (0,0, a)
2 a [aJ ¢ a a ¢ a b ¢ a b a a a c (1; 1,¢)
3 a a ¢ [aJa ¢ a b ¢ a b a a a c (3,4,b)
4 a a ¢ a a ¢ a b a b a a a c (3,3,a)
5 a a ¢ a a ¢ a b ¢ a b a [a] a ¢ (1.2.€)

Figure 12: An example of LZ77 with a dictionary of size 6 and a lookahead buffer of size 4. The
cursor position is boxed, the dictionary is bold faced, and the lookahed buffer is underlined. The
last step does not find the longer match (10,3,1) since it is outside of the window.
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LZ77

- Why does this work? Roughly, for an ergodic source, the

average time T to look into the past to see x is 1/p(x)

- The integer T can be coded with approximately log(T) bits
- So after a long time, E[log(1/p(x))] bits per symbol have been

used, which is optimal.
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Some Extra Readings

- Townsend et al. HiLLoC: lossless image compression with hierarchical latent variable models (ICLR 2020)
- Compression on large images using a fully convolutional deep latent variable model
- Havasi et al. Minimal Random Code Learning (ICLR 2019)
- Alternative to bits-back coding
- Encoder draws K=2X19l1P) sgmples 2.~ p(z), then transmits a random number from 1 to K to code
one particular z
- Decoder uses the same random number generator to recover the sample z
- Thisis a low-bias sample from q, and takes log K = KL(q| | p) bits to encode z. This achieves the
bits-back codelength without bits back.
- Yang et al. Feedback Recurrent Autoencoder (2019)
- Encoder/decoder architecture for lossy compression for sequential data
- Astime progresses, the encoder simulates the decoder so it can provide more informative bits for
the future, which saves on codelength



